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Recursive estimation of GARCH processes
László Gerencsér† , Zsanett Orlovits‡ and Balázs Torma†

Abstract— ARCH processes and their extensions known as
GARCH processes are widely accepted for modelling financial
time series, in particular stochastic volatility processes. The offline estimation of ARCH and GARCH processes have been analyzed under a variety of conditions in the literature. The main
contribution of this paper is a rigorous convergence analysis
of a recursive estimation method for GARCH processes with
large stability margin under reasonable technical conditions.
The main tool in the convergence analysis is an appropriate
modification of the theory developed by Benveniste, Métivier
and Priouret.

Analysis of financial data has received considerable attention in the literature during the last 20 years. Several models
have been suggested to capture special features such as
volatility clustering of financial time series. (This means that
long periods of low volatility are followed by short periods
of high volatility.) Similar phenomena has been experienced
in telecommunication networks and EEG signals of epileptic
patients. A minimum requirement for a mathematical model
of these time-series is to ensure that the conditional variance
of the observation process is time-varying. This is not true
for linear processes. The first widely accepted non-linear
stochastic volatility model, due to R. Engle [10], is the
so-called ARCH (autoregressive conditional heteroscedastic)
model. Here volatility is modelled as the output of a linear
FIR (finite impulse response) system, combined with static
non-linearities, driven by observed log-returns. In turn, logreturns are assumed to be defined as an i.i.d. process multiplied by the current volatility. Thus we get a stochastic
non-linear feedback system, driven by an i.i.d. process. In
the case of GARCH (generalized autoregressive conditional
heteroscedastic) models, introduced by Bollerslev in [4], the
linear FIR system is replaced by a general linear ARMA
system. More precisely, (yn ), with −∞ < n < +∞, is
called a GARCH process of order (r, s) if it satisfies
y n = σn ε n ,
r
s
∑
∑
2
2
(σn2 − γ ∗ ) =
αi∗ (yn−i
− γ∗) +
βj∗ (σn−j
− γ ∗ ),
j=1

where σn2 is the conditional variance of yn given its own
past up to time (n − 1), (εn ) is an i.i.d. sequence of random
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i=1

j=1

The system parameter vector will then be defined as
θ∗ = (α0∗ , . . . , αr∗ , β1∗ , . . . , βs∗ ).

I. I NTRODUCTION

i=1

2
variables with zero mean and unit variance, γ ∗ = Eyn−i
=
2
∗
∗
Eσn−j > 0 and αi , βj ≥ 0, i = 1, . . . , r, j = 1, . . . , s
denotes the true, unknown parameters of the model. An
alternative standard parametrization is obtained by defining


r
s
∑
∑
α0∗ = γ ∗ 1 −
αi∗ −
βj∗  .
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Extensive experimental analysis have shown that even low
order GARCH models, such as GARCH(1, 1) fit well to
financial data, see e.g. [10], [5], [22], [25].
The estimation, or identification, of the parameters of
GARCH processes has attracted considerable attention recently, see e.g. [3], [18], [21], [23], [27]. All the cited works
consider the so-called off-line estimation problem, when the
collection of data and statistical analysis are separated in
time. The weakest conditions for the strong consistency of
an off-line quasi likelihood method has been given in Berkes
et al., see [3].
However, given that financial time series are often sampled
at high frequency, a more convenient, and less expensive
approach would be to use an on-line or recursive method.
Here, at time n, we use the estimate of the parameters at time
n − 1 and the observation at time n to update the estimated
parameters at time point n. While there is an extensive literature on the recursive estimation of linear stochastic systems,
see e.g. the books Ljung and Söderström [20] or Benveniste
et. al. [2], the recursive estimation of GARCH processes has
attracted little attention until recently. A recursive method
for estimating the parameters of an ARCH process has
been presented in Dahlhaus and Subba Rao [8]. For the
recursive identification of GARCH models Aknouche and
Guerbyenne [1] propose an algorithm based on the recursive
least squares (LSQ) method. They show the consistency of
the proposed algorithm only in some restricted sense under
strong conditions on the underlying process. A recursive
estimation method for GARCH processes, supported only
by empirical evidence, is developed by Kierkegaard et al.
[16].
The main contribution of this paper is a rigorous convergence analysis of a recursive estimation method for GARCH
processes, with large stability margin, under reasonable technical conditions. The construction and the analysis is based
on the theory of stochastic approximation with Markovian
dynamics presented in Benveniste et. al [2], appropriately
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modified, in particular by applying a suitable resetting mechanism. We outline the proof of almost sure convergence and
Lq -convergence up to certain q-s, using the results of [14].
Our results complement the results of [1], [8] in the sense
that our algorithm will converge not only in almost sure sense
but also in Lq up to certain q-s.
II. A N OVERVIEW OF GARCH(r, s) PROCESSES
Let (yn ), with −∞ < n < +∞, be a strictly stationary
GARCH(r, s) process satisfying the equation
yn = σn εn ,

(1)

σn2

where
is the conditional variance of yn given its own
past up to time (n − 1), and (εn ) is an i.i.d. sequence of
random variables with zero mean and unit variances, and
Eσn2 = Eyn2 < ∞.
A key ingredient of GARCH models is a feedback mech2
anism in which σn2 is defined in terms of past values yn−i
via the linear dynamics
(σn2 − γ ∗ ) =

r
∑

2
− γ∗) +
αi∗ (yn−i

s
∑

2
− γ ∗ ), (2)
βj∗ (σn−j

j=1

i=1

r
∑

αi∗ z −i ,

D(z −1 ) = 1 −

i=1

s
∑

βj∗ z −j ,

j=1

equation (2) can be written in a compact form as
D∗ (z −1 )(σ 2 − γ ∗ ) = C ∗ (z −1 )(y 2 − γ ∗ ),

(3)

where z −1 is the backward shift operator. In the following
we will assume that the polynomials C ∗ and D∗ are stable
and relative prime. Defining the state vector
2
2
Xn∗ = (yn2 , . . . yn−r+1
, σn2 , . . . , σn−s+1
),

it is easy to see that Xn∗ satisfies a linear state equation

with

∗
= A∗n+1 Xn∗ + u∗n+1 ,
Xn+1

n ∈ Z,


ξ ∗ ε2n
0 

ξ∗ 
S̄



 ∗ 2
η εn
 S̄
∗
An = 
 η∗
0

and


α0∗ ε2n
 0 

u∗n = 
 α0∗  ,
0

(4)

(5)

ξ ∗ = (β1∗ , . . . , βs∗ ),

and S̄ is the shift matrix having 1-s in the sub-diagonal, and
0-s elsewhere. It is easy to see that Xn∗ is a Markov process.
A necessary and sufficient condition for the existence of
a second order stationary solution of (2) is that
r
∑
i=1

αi∗ +

s
∑

βj∗ < 1,

u
Fn−
= σ{ui : i ≤ n}

are independent for any n.
Theorem 2.1: Consider the generalized linear autoregressive model (24) satisfying Condition 2.1. Assume that that
the model (24) is irreducible and that both E log+ ∥A0 ∥ and
E log+ ∥u0 ∥ are finite. Then (24) has a strictly stationary
solution if and only if the top-Lyapunov exponent
λ(A) := lim

1
log E∥An . . . A1 ∥
n

is strictly negative.
The above result is due to Bougerol and Picard, [6]. A simple application of the above theorem is when we consider a
GARCH-process with the stability condition (6). Then EA is
sub row-stochastic, hence, by the Perron-Frobenius theorem
ρ(EA) < 1, which in turn implies λ(A) ≤ log ρ(EA) < 0,
(the latter inequality being not quite trivial), from which the
existence of a strictly stationary and causal solution follows.
III. O FF - LINE IDENTIFICATION
The literature on the identification estimation of GARCH
models is almost exclusively devoted to off-line quasimaximum likelihood (ML) methods. The weakest condition
under which consistency and asymptotic normality of the
estimator hold are formulated by Berkes et al. [3]:
Condition 3.1: The system noise process (εn ), an i.i.d.
process with zero mean and unit variance, there exists some
δ > 0 such that
(
)
E |ε2n |1+δ < ∞,
and the density of εn around zero is of the form

where
η ∗ = (α1∗ , . . . , αr∗ ),

A
Fn+
= σ{Ai : i > n},

n→∞

2
2
with γ ∗ = Eyn−i
= Eσn−j
> 0 and αi∗ , βj∗ ≥ 0, i =
1, . . . , r, j = 1, . . . , s. Defining the polynomials

C(z −1 ) =

It is easy to see that a second order stationary solution is
necessarily strictly stationary.
Conditions for the existence of a unique, strictly stationary
and causal solution of (1), without restrictions on the moments, can be formulated in terms of a state-space representation, (24). Thus, consider the so-called generalized linear
autoregressive model (24) without specifying the matrices
A∗n = An and the vectors u∗n = un , instead, assuming only
the following condition:
Condition 2.1: Assume that (An , un ) is an i.i.d. sequence
of random matrices, and the σ-fields

(6)

fε (t) = O(|t|−c ) with 0 < c < 1.
For the identification of the parameters of GARCH processes we proceed similarly to ARMA processes. Write
θ = (α0 , α1 , . . . , αr , β1 , . . . , βs )T and let K ⊂ Rr+s+1
denote the set of θ-s such that the stability condition (6)
holds and the polynomials C and D, defined by these θs, are stable. Let K0 ⊂ int K be a compact domain such
that θ∗ ∈ intK0 . For a fixed tentative value of the system
parameters, say θ, we invert the system

j=1

see [4], [24]. Necessity follows trivially by taking expectation
2
2
in equation (2), and noting that γ ∗ = Eyn−i
= Eσn−j
> 0.
2416

σ̄n2 (θ) − γ =

r
∑
i=1

2
αi (yn−i
− γ) +

s
∑
j=1

2
βj (σ̄n−j
(θ) − γ) (7)
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to get the frozen parameter process σ̄n2 (θ), using the initial
values
yn = 0 and

σ̄n2 (θ) − γ = 0

for all n ≤ 0.

Then we compute the estimated driving noise ε̄n (θ) by the
inverse equation
yn
(8)
ε̄n (θ) =
σ̄n (θ)
with n ≥ 0. Assuming that εn is standard normal, the
(conditional) log-likelihood function, modulo a constant, can
be expressed via σ̄n2 (θ) as
(
)
N
N
∑
∑
1
yn2
2
LN =
ln =
−
log σ̄n (θ) + 2
.
(9)
2
σ̄n (θ)
n=1
n=1
The right hand side depends on θ∗ via (yn2 ). To stress
dependence of LN on both θ and θ∗ , we shall write LN =
LN (θ, θ∗ ). The same cost function is used also in the nongaussian case. Then the general abstract estimation problem,
assuming for a moment stationary initialization, is to find
the solution of the non-linear algebraic equation
Eθ∗

∂
l0 (θ, θ∗ ) = 0.
∂θ

The conditional quasi-maximum likelihood estimation θ̂N of
θ∗ is defined as the solution of the equation
∂
LN (θ, θ∗ ) = LθN (θ, θ∗ ) = 0.
(10)
∂θ
The differentiation here is taken in the almost sure sense.
More exactly: θ̂N is a random vector such that θ̂N ∈ K for
all ω, and if the equation (10) has a unique solution in K,
then θ̂N is equal to this solution. By the measurable selection
theorem such a random variable exists.
Define the asymptotic cost function, (a negative loglikelihood for the gaussian case) as
[ (
)]
1
y2
W (θ, θ∗ ) = lim E
log σ̄n2 (θ) + 2 n
.
(11)
n→∞
2
σ̄n (θ)
Then the the asymptotic estimation problem is
(
)
σ̄θ,n (θ)
y2
∂
W (θ, θ∗ ) = lim E 3
1 − 2n
= 0.
n→∞
∂θ
σ̄n (θ)
σ̄n (θ)

with Dn−1 = D(z −1 , θn−1 ), and similarly for Cn−1 .
The convergence properties of the above stochastic gradient methods can be improved, and the analysis can be
simplified by using a stochastic Newton method. Note, that
we have
R∗ =

σ̄θ,n (θ)σ̄θ,n (θ)T
∂2
∗
∗ = lim 2 E
W
(θ,
θ
)|
|θ=θ∗ .
θ=θ
n→∞
∂θ2
σ̄n2 (θ)

Thus the stochastic Newton method would read:
(
)
1 −1 σθ,n
yn2
θn =θn−1 − Rn−1
1− 2 ,
n
σn
σn
(
)
T
σθ,n σθ,n
1
2
Rn =Rn−1 +
− Rn−1 .
n
σn2

(14)
(15)

The analysis of algorithm (13) to be outlined in this paper, is
based on the BMP-theory and its modification by a resetting
mechanism, given in [14]. These will be summarized in the
next section. The analysis is equally applicable to (14)-(15).
IV. T HE BMP

SCHEME

Following [2], we formulate the following general problem. Let (Ω, F, P ) be a probability space. Let (Xn (θ)),
with θ ∈ D ⊂ Rd , be an Rk -valued Markov-chain over
(Ω, F, P ) with transition kernel Πθ (x, A), having a unique
invariant measure µθ . The initial state X0 (θ) is assumed to
have distribution µθ . Let H be a mapping from D × Rk to
Rd . Then the basic estimation problem of the BMP-theory
is to solve the equation
Eµθ H(θ, Xn (θ)) = 0,
using observed values of H(θ, Xn (θ)), or their computable
approximations. We assume that a unique solution θ∗ ∈ D
exists. For the solution of the above problem the following
stochastic approximation procedure is proposed: starting with
some initial condition θ0 = ξ define recursively
θn = θn−1 +

1
H(θn−1 , Xn ),
n

(16)

X0 = x0 ,
(12)

The existence of the above limits can be easily proven, see
e.g. [3]. Also note that, by Lemma 5.5 of [3], θ∗ is the a
unique solution of the asymptotic problem in K0 .
The on-line algorithm: For the solution of the above
estimation problem the following stochastic approximation
procedure is proposed: starting with some initial condition
θ0 ∈ K0 we define recursively
(
)
1 σθ,n
yn2
θn = θn−1 −
1− 2 ,
(13)
n σn
σn
where σn and σθ,n denote the on-line estimates of σ̄n (θn−1 )
and σ̄θ,n (θn−1 ), respectively. Thus, at time n, the volatility
process σ is generated via the feedback equation
[Dn−1 (z −1 )(σ 2 − γn−1 )]n = [Cn−1 (z −1 )(y 2 − γn−1 )]n
2417

where x0 ∈ Rk is a possibly random initial state, and Xn is
a non-homogeneous Markov chain defined by
P (Xn+1 ∈ A|Fn ) = Πθn (Xn , A).
Here Fn is the σ-field of events generated by the random
variables X0 , . . . , Xn , and A is any Borel subset of Rk .
Convergence of stochastic approximation procedures given
above in (16) has been studied under various sets of assumptions, see Benveniste et al. [2], Delyon [9]. A similar SA
method with mixing rather than Markovian state dynamics
has been studied in Gerencsér [12], [13].
A key tool in the analysis of the above method is a socalled ODE method, see below for details, in which the
partial sums of the correction terms in (16) are approximated
by the solution of an ordinary differential equation. These
partial sums are first approximated by a suitable martingale

L. Gerencsér et al. • Recursive Estimation of GARCH Processes

using a standard device in the in the theory of a Markov
chains, namely the Poisson equation. This is defined by
(I − Πθ )u = g
to be solved for u for a possibly large class of functions g,
satisfying Eµθ g = 0. A major observation of the BMP theory
is that existence an uniqueness of the solution for a relatively
small class of functions g, to be denoted by Li(q), implies
existence an uniqueness for a much larger class. A standard
tool in this analysis is to prove that (Xn (θ)) is geometrically
ergodic for an appropriate class of functions.
V. BASIC ASSUMPTIONS
In BMP theory we need a number of verifiable technical
conditions, ensuring that (Xn (θ)) is geometrically ergodic
for an appropriate class of functions. We will formally state
only one of these conditions which is critical when BMP
theory is applied to the analysis of recursive estimation
of GARCH processes. The condition below expresses onestep boundedness and r-step contraction of the Markovian
dynamics.
Condition 5.1: Assume that for all q ≥ 1 and for any
compact subset Q ⊂ D there exists a constant K such that
for any θ ∈ Q and all x ∈ Rk :
∫
Πθ (x, dy)(1 + |y|q+1 ) ≤ K(1 + |x|q+1 ).
Assume furthermore, that for all q ≥ 1 and for any compact
subset Q ⊂ D there exist r ∈ N, 0 < α < 1 and β ∈ R such
that for any θ ∈ Q and all x ∈ Rk :
∫
Πrθ (x, dy)|y|q+1 ≤ α|x|q+1 + β.
To ensure geometric ergodicity we need also a condition
implying that the Markov chain forgets its initial condition
exponentially fast,. i.e. we need an upper bound on
|Πnθ g(x) − Πnθ g(x′ )|

(17)

for a class of functions g specified below. To ensure some
kind of regularity of the solution µθ (x) with respect to θ
we need to impose regularity conditions both on Πnθ and
on H(θ, x). In particular, we assume that the kernels Πnθ
are Lipschitz-continuous, uniformly in n, with respect to θ,
implying convenient upper bounds for
|Πnθ g(x) − Πnθ′ g(x)|

(18)

for a class of functions g specified below.
The class of functions for which the standard inequalities
of geometric ergodicity has to be established is the so-called
class Li(q), which defined as follows: for a measurable realvalued function g on Rk and any q ≥ 0 define the norms
||g||q := ess sup
x

|g(x)|
,
1 + |x|q

x1 =
̸ x2

Li(q) = { g : ||∆g||q < +∞}.
The updating function H(θ, x) will satisfy the following:
Condition 5.2: There exists q ≥ p ≥ 1 such that for any
compact subset Q ⊂ D there exists a constant K depending
only on Q, such that for all θ, θ′ ∈ Q and any x ∈ Rk :
||∆H(θ, ·)||p ≤ K
|H(θ, x)| ≤ K(1 + |x|p+1 )
|H(θ, x) − H(θ′ , x)| ≤ K|θ − θ′ |(1 + |x|p+1 ).
VI. T HE RESETTING MECHANISM
Convergence of the estimator sequence (θn ) with probability strictly less than 1 has been proved in [2], in Theorem
13, p. 236 of Part II. A critical issue in the analysis of the
BMP scheme is that θn may eventually leave its domain of
definition. This is sometimes referred to as the boundedness
problem. A simple remedy for this is to restrict the process
to D, or to a compact truncation domain D0 ⊂ D containing
θ∗ in its interior, by stopping the process if θn would
leave D0 . This situation is getting even worse, when an
additional criterion for stopping is introduced: namely, when
the process will be stopped, if the difference between two
successive estimators exceeds a fixed threshold. A set of
technical conditions and rigorous analysis of the effect of
resettings has been first given by Gerencsér [12].
A BMP-scheme modified by an appropriate time-varying
resetting mechanism has been proposed and analyzed by
Delyon [9]. Gerencsér and Mátyás [14] use a fixed, fairly
arbitrary truncation domain and a fixed threshold to prevent
the estimates from making large jumps.
In the following we present the modified stochastic approximation algorithm introduced by Gerencsér and Mátyás
in [14], using a suitable resetting mechanism, which is
shown to converge with probability 1 to θ∗ , under reasonable
technical conditions.
Since the updating function H is defined on D × Rk , the
SA algorithm (16) makes sense only if θn−1 ∈ D. Hence
we will require that the estimator lie in a compact truncation
domain D0 ⊆ D, with properties specified below. In addition
we would like to prevent the estimates from making large
jumps. Therefore we have to modify our algorithm to enforce
these boundedness conditions. Let us choose a fixed small
number ε > 0. Let τ0 ≡ 0 and for i ≥ 1 define recursively
the stopping times
τi := τie ∧ τij ,
where
τie = inf{k > τi−1 : θk ∈
/ D0 }
τij = inf{k > τi−1 : |θk − θk−1 | > ε}.
Here x ∧ y = min(x, y). τi is thus the first time after τi−1 at
which the algorithm either leaves D0 or a jump of magnitude
at least ε occurs. At τi we re-initialize both the parameter
value and the state vector of the algorithm: we set

and also
||∆g||q = sup

Then the class of test functions Li(q) is defined as

|g(x1 ) − g(x2 )|
.
|x1 − x2 |(1 + |x1 |q + |x2 |q )

θτi := ξ0
2418

and Xτi := x0 .
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To formalize the resetting procedure let θi− denote the value
of θ computed at time i by (16) and define the set
Bi = {ω | θi− ̸∈ D0 or |θi− − θi−1 | > ε}.
The algorithm with resetting:

VIII. A PPLICATION TO GARCH PROCESSES
In this section we outline the proof of convergence for the
recursive algorithm for GARCH processes, (13), modified
with resetting. Recall that the inverse system defining the
mapping from y to ε̄ is defined by, following (7) and (8),

1
θi = θi−1 +(1−χBi ) H(θi−1 , Xi )+χBi (ξ0 −θi−1 ), (19)
i
with θ0 = ξ0 , where Xi follows the dynamics

σ̄n2 (θ) − γ =

Xi = (1 − χBi )f (Xi−1 , θi−1 , Ui ) + χBi x0 ,

with initial values yn = 0 and σ̄n2 (θ) − γ = 0 for all n ≤ 0,
or briefly by

X0 = x0 ,

realizing the Markovian dynamics, with a Borel-measurable
mapping f from Rk ×D×[0, 1] to Rk , and a random variable
U uniformly distributed on [0, 1].

Let θ̄(t, s, ξ) denote the general solution. To ensure convergence of (θn ) we have to require asymptotic stability of the
associated ODE. To ensure that the parameter sequence (θn )
is not bounced back and forth by resetting we need to impose
some conditions on the shape of the truncation domain D0
and on the position of the initial value ξ relative to D0 .
Condition 7.1 below is taken from [13].
Condition 7.1: Let D0 ⊂ D be a compact truncation
domain. Assume that for any ξ ∈ D0 , θ̄(t, 0, ξ) ∈ D is
defined for any t ≥ 0, and for some θ∗ ∈ int D0 we have
lim θ̄(t, 0, ξ) = θ∗

t→∞

for any initial value ξ ∈ D0 . Assume furthermore, that we
have an initial estimate ξ0 such that for all t ≥ 0 we have
θ̄(t, 0, ξ0 ) ∈ intD0 .
The theorem below is the main result of [14]:
Theorem 7.1: Consider algorithm (19) and assume that
Condition 5.1, 5.2 and 7.1 hold, and certain technical conditions expressed via (17) and (18) hold. Let ε, the limiting
rate of θn , be sufficiently small. Then
n

w.p.1,

and also in Lq , for any q ≥ 1.
Remark 7.1: Conditions 5.1 can be relaxed: instead of
assuming it for all q ≥ 1, it is sufficient to require that
it holds for some q such that
q > 2(p + 1),
where p is the exponent, characterizing the growth rate of
H, see Condition 5.2. Then Lq -convergence holds with this
particular q.
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s
∑

2
βj (σ̄n−j
(θ) − γ) (21)

j=1

D(z −1 )(σ̄ 2 − γ) = C(z −1 )(y 2 − γ)

(22)

and by
ε̄n (θ) =

The convergence of the sequence (θn ) is analyzed using a
so-called ODE-method. The ODE-method is stated in various
forms in Kushner and Clark [17], Ljung [19], Benveniste et
al. [2]. For SA procedures with resetting see Gerencsér [12],
[13]. The ODE method indicates that the (θn ) is closely
related to the solution of the associated ODE
d
θ̄s = h(θ̄s ), θ̄0 = ξ.
(20)
ds

lim θn = θ

2
αi (yn−i
− γ) +

i=1

VII. C ONVERGENCE

∗

r
∑

yn
σ̄n (θ)

for n ≥ 0.

(23)

Extending the state vector Xn∗ by
2
(θ))T ,
Z̄n (θ) = (σ̄n2 (θ), . . . , σ̄n−s+1

it is easy to see that Z̄n (θ) follows the dynamics
(
)
Yn
Z̄n+1 (θ) = B(θ)
+ v(θ), n ≥ 0,
Z̄n (θ)
with

(
η
B(θ) =
0

ξ
S̄

)

( )
α0
v(θ) =
,
0

and

(24)

(25)

where
η = (α1 , . . . , αr ),

ξ = (β1 , . . . , βs ),

and
2
Yn = (yn2 , . . . , yn−r+1
)T ,

Thus the extended state-vector
( ∗ )
Xn
X̄ne (θ) =
Z̄n (θ)
will follow a linear dynamics with a state-transition matrix
of the following triangular structure:
 ∗

An 0
Aen (θ) =  x ξ 
x S̄
and with input

(
wne (θ)

=

)
u∗n
.
v(θ)

Note that the (2, 2) block of Aen (θ), i.e.
(
)
x ξ
x S̄
is stable due to the assumed stability of D(z −1 ).
It is easy to see that (X̄ne (θ)) is a (parameter-dependent)
Markov process. The state vector X̄ne (θ) will be further
extended by its derivative with respect to θ, denoted by
e
X̄θ,n+1
(θ). Differentiating the state-equation for X̄ne (θ) with
respect to θi , and then collecting these equation for all i-s,
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e
we get that X̄θ,n
(θ) follows a linear dynamics with state
transition matrix

Ãen (θ) = diag(Aen (θ), . . . , Aen (θ)).
Defining the extended state-vector ψ̄n (θ) as
)
( e
X̄n (θ)
ψ̄n (θ) =
e
(θ)
X̄θ,n
we get that ψ̄n (θ) follows a linear dynamics with a blocktriangular state transition matrix
( e
)
An (θ)
0
Pn (θ) =
.
x
Ãen (θ)
It is obvious that ψ̄n (θ) is (a parameter dependent) Markov
process. Since the asymptotic estimation problem (12) can be
formulated in terms of ψ̄n (θ), the BMP theory is applicable,
and we end up with the SA procedure (13). To prove the
convergence of (13), suitably modified with resetting, we
need to verify the conditions given in [2], or [14]. In this
paper we will focus on a single condition, formulated exactly
above, namely Condition 5.1.
To simplify the notations we drop the dependence on θ.
The main step in the verification of Condition 5.1 is to prove
that the so-called q-th mean Lyapufnov exponent associated
with the i.i.d. sequence of matrices P = (Pn ), and defined
as
1
λq (P) = lim
log E∥Pn . . . P1 ∥q ,
n→∞ n
is strictly negative. A sufficient condition for the negativity
of λq (P) is formulated by Feigin and Tweedie [11]: namely
⊗q

with some C = C(ε) > 0.
We are now ready to state our main theorem:
Theorem 8.2: Let D∗ (z −1 ) be stable, and let ε, the limiting rate of θn , be sufficiently small. Let the truncation
domain D0 be such that for all θ ∈ D0 the corresponding
polynomial D(z −1 ) is stable, and let Condition 7.1 be
satisfied. Assume further that with some even q ≥ 6
ρ[E(A∗0 )⊗q ] < 1

(28)

is satisfied. Then the estimator sequence θn given by (13),
and modified by a resetting mechanism converges to θ∗
w.p.1, and also in Lq , with rate
E1/q |θn − θ∗ |q = O(n−(α∧ 2 ) ),
1

where −α < 0 is the Lyapunov-exponent of the associated
ODE.
Remark 8.1: The Lyapunov-exponent of the associated
ODE is given by the maximum of the real-parts of the
eigenvalues of the Jacobian-matrix of the right hand side
at θ = θ∗ . An analogous theorem is valid for the stochastic
Newton method. In this case α = −1, and the convergence
1
rate in Lq is O(n− 2 ).
Remark 8.2: The verification of (28) is not easy. A rough
upper bound for ρ[E(A∗0 )⊗q ] is given by the following
inequality: assuming
r
∑
i=1

αi∗ +

s
∑

βj∗ < 1,

j=1

and setting A := E(A0 ), we have, for any even q,

(26)

q
ρ[E(A0 )⊗q ] ≤ ρ[E(ε̄20 · I)⊗q · A⊗q ] ≤ E(ε̄2q
0 )ρ(A) . (29)

implies that λq (P) < 0. Here ρ(·) denotes the spectral
radius, and M ⊗q denotes the q-th Kronecker power of the
matrix M . See also [15] for a slightly simplified proof.
The verification of (26) can be significantly simplified by
exploiting the block-triangular structure of Pn . Namely, we
have the following theorem, see [15]:
Theorem 8.1: Let A be a random matrix having a blocktriangular structure
(
)
A1 0
A=
B A2

Here we used the special structure of the An , and the
properties of the Kronecker product. Thus ρ[E(A0 )⊗q ] < 1
is satisfied if
1
ρ(A) <
.
(30)
1/q
E (ε̄2q
0 )
Remark 8.3: Note that, by the Perron-Frobenius theorem,
the stability condition implies that ρ(A) < 1. Thus condition
(30) can be interpreted as requiring that A has a large
stability margin. Since E1/q (ε̄2q
0 ) > 1, this restricts the range
of applicability of Theorem 8.2. The extent of this restriction
will be discussed below. However, experimental results show
that the recursive GARCH algorithm given by (13), and
modified by a resetting mechanism works excellently even
for as small stability margins as 2%. For the verification of
(30) a good upper bound for ρ(A) is given in Theorem 1 of
Stefanescu [26].

ρ[E(P0 )

] < 1,

with A1 and A2 being square matrices. Assume that A ∈
Lq (Ω, F, P ) for some integer q ≥ 2, even or odd. Then
⊗q
ρ[ E(A⊗q ) ] = max{ρ [ E(A⊗q
1 ) ] ; ρ [ E(A2 ) ]}. (27)

Corollary 8.1: Let q be an integer, even or odd, and let
D(z −1 ) be stable. Then
ρ[E(A∗0 )⊗q ] < 1 implies

Finally the reason for q ≥ 6: the correction term in our
SA algorithm (13) is defined via the function
[
]
σθ
y2
2
2 2
2
H = H(θ; y , σ , yθ , σθ ) =
1− 2 .
σ
σ

ρ[E(P0 )⊗q ] < 1.

If q is even, then it follows that
1
λq = λq (P) = lim
log E∥Pn . . . P1 ∥q < 0.
n→∞ n
It follows that for any ε > 0 we have

Thus it is straightforward to see that Condition 5.2 holds
with p = 1. The condition that q > 2(p + 1), and q even
brings us to the condition q ≥ 6.

E∥Pn . . . P1 ∥q ≤ Ce(λq +ε)n
2420
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IX. S IMULATION RESULTS
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Numerical studies indicate that the accuracy of the estimator depends strongly on the stability margin

Figure 1 shows the trajectory of θn for simulated observations generated by a GARCH(1,1) model with parameters
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driven by gaussian noise. The stability margin is now 0.1.
The convergence is excellent in this case.
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Fig. 2. The diagonals of the inverse of the Fisher information matrix as
functions of the stability margin.
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The inverse of the estimated Fisher information of the
above model is


29.5458
2.8821 −7.8397
1.4024 −1.6001 
Iˆ−1 =  2.8821
−7.8397 −1.6001 2.8507
with eigenvalues




0.0903
λ =  1.6957  .
32.0127

The relatively high value in the (1, 1) position indicates that
the estimation of the parameter α0∗ is less accurate than the
estimation of α1∗ and β1∗ . The condition number, denoted by
κ is moderately high κ = 353.69.
This observation is reinforced by Figure 2. Here the diagonals of the inverse of the estimated Fisher information matrix
and the condition number are plotted against the stability
margin. The accuracy of the estimate of α0 decreases, while
the accuracy of α1 , β1 increases with decreasing stability
margins. The condition number also increases with decreasing stability margins. The estimation problem becomes badly
ill-conditioned for stability margins less that 2%, i.e. when
α1∗ + β1∗ > 0.98.
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