Proceedings of the 19th International Symposium on Mathematical Theory of Networks and Systems – MTNS 2010 • 5–9 July, 2010 • Budapest, Hungary

Robust output controller design based on adaptive model reduction for
parabolic PDE systems
Sivakumar Pitchaiah and Antonios Armaou† , Senior Member, IEEE & Member AIChE
that become available during the course of process evolution.
However, generating such an ensemble is not straightforward
(and may be experimentally infeasible) as it necessitates
using a suitably designed input [5], [16] to excite the process
sufficiently.
In our previous work [17], [9], we focused on the development of an adaptive model reduction methodology (called
adaptive proper orthogonal decomposition (APOD)) to compute and recursively modify the empirical eigenfunctions,
required for the formulation of ROM, in a computationally
efficient manner as more information from the processes becomes available. Initially, the eigenfunctions were computed
using POD employing relatively less number of snapshots
that was available offline. The covariance matrix needed
in the execution of POD is computed, offline, using these
snapshots. The dominant eigenspace of this matrix is updated
recursively (using APOD) as new snapshots from the process
are added to the ensemble, simultaneously increasing or
decreasing its dimensionality if required. Thus capturing any
new trends that becomes available during process evolution.
We maintain that as long as the dimensionality of the
dominant eigenspace remains small (which is true for dissipative PDE systems), the computational burden for updating
the dominant eigenspace remains small and can be easily
performed online. The methodology was successfully applied
in feedback control of spatially distributed processes.
The feedback controller designed in the above work,
however, requires the availability of full state measurements
of the process. The availability of such full state measurements is usually restricted due to limited availability
of sensors. We addressed this issue [10] by requiring the
availability of full state measurements only periodically (with
a sufficiently large period), thus relaxing the necessity for
full state measurements and extending the applicability of
APOD. The designed static output feedback controller was
successfully utilized to address the problem of stabilization
and tracking in Kuramoto-Sivashinksy equation [2], [1] and
FitzHugh-Nagumo equation [12], [3], [11].
However, the PDE models for most transport-reaction
processes are not perfect; the uncertainties springing from
partially known time-varying process parameters, exogenous
disturbances, unmodeled dynamics. The controllers designed
without considering these uncertainties might lead to unstable closed-loop system [4].
In the present work, we address the issue of robust
controller design for processes modeled by uncertain dissipative PDEs using continuous measurements from restricted
number of sensors. Combining a robust controller design

Abstract— The problem of designing robust feedback controller for spatially distributed processes, described by
parabolic PDE systems, is addressed by designing robust
output feedback controllers using adaptive proper orthogonal
decomposition methodology (APOD). Initially, an ensemble
of eigenfunctions is constructed based on a relatively small
data ensemble which is then recursively updated as additional
process data becomes available periodically. These eigenfunctions are then utilized in deriving a reduced order model
(ROM) of the PDE system by employing the Galerin’s method.
The obtained ROM is further utilized for the synthesis of
robust feedback controllers via geometric techniques. Under the
assumption that the number of measurements sensors is equal
to the number of modes of the ROM, we obtain the the estimates
for the states of the ROM using a static observer. Utilizing these
estimated states in the robust controllers leads to robust output
feedback controllers that guarantee boundedness of the state
along with uncertainty attenuation in the infinite-dimensional
system. As new data from the closed-loop process becomes
available we update the ROM (and hence the robust controller)
by employing APOD. The theoretic results are successfully
applied to a representative example of dissipative PDEs with
nonlinearities and uncertainty.

I. I NTRODUCTION
Many industrially relevant chemical processes involve
coupling of transport phenomena (fluid flow, heat and mass
transfer) and chemical reactions and are mathematically
described by partial differential equation systems (PDEs).
Typical examples [4] of such processes are plasma-enhanced
chemical vapor deposition, Czochralski crystal growth, plugflow and packed-bed reactors used to produce specialty
chemicals and many other fluid dynamical systems. Designing feedback controllers for these distributed processes, to
achieve desired product specifications is non trivial owing to
the infinite dimensional mathematical descriptions.
The standard approach to design feedback controllers for
these PDE systems are based upon the reduced order model
(ROM) of the original infinite dimensional PDE system. One
of the common approaches to compute the ROM is the
method of weighted residuals, where the basis functions are
found using proper-orthogonal decomposition (POD) along
with method of snapshots [13], [5]. This method, however,
assumes an a priori availability of a large ensemble of
snapshots to characterize the behavior of any new trends
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methodology for dissipative PDE systems with APOD and
static feedback controllers that give partial information about
the process behavior, we synthesize robust controllers that
can account for complex process behavior, model uncertainty
and irregular process domains. The proposed approach is
applied to the representative example of a thin catalytic rod
with uncertain process parameters. The proposed controller
successfully stabilizes the closed loop system around the
open-loop unstable steady state.

satisfy the boundary conditions in Eq.2. We define the inner
product and norm in H as follows:
Z

where φ1 , φ2 ∈ H [Ω, Rn ]. Defining the state function x on
H [Ω, Rn ] as x(t) = x̄(z,t),t > 0, z ∈ Ω, the operator L in
H [Ω, Rn ] as
A x = L x̄
(5)




d no −1 x̄
d x̄
, . . . , n −1 = 0 on Γ
x ∈ D(A ) = x ∈ H [Ω, Rn ]; q x̄,
dη
dη o

We focus on the problem of feedback control of spatially
distributed processes described by dissipative PDEs with the
following state-space description:

(1)



d no −1 x̄
d x̄
, . . . , n −1 = 0 on Γ
q x̄,
dη
dη o

(2)

(4)

Ω

II. M ATHEMATICAL PRELIMINARIES

∂x̄
= L x̄ + b(z)u + f (x̄) +W (x̄)θ(t),
∂t
R
yc = RΩ c(z)x̄dz,
ym = Ω s(z)x̄dz.

φ1 (z)φ2 (z)dz, ||φ1 ||2 = (φ1 , φ1 )1/2

(φ1 , φ2 ) =

and the input, controlled output and measured output operators as B u = bu, C x = (c, x), S x = (s, x) the system of Eq.1-3
takes the form
ẋ = A x + B u + f (x), x(0) = x0 .
yc = C x, ym = S x.

(6)

where f (x) = f (x̄(z,t)) and x0 = x̄0 (z). We assume that the
nonlinear functions f (x) and W (x) are locally Lipschitz with
respect to its arguments.
III. C ONSTRUCTION OF EMPIRICAL EIGENFUNCTIONS
USING ADAPTIVE PROPER ORTHOGONAL DECOMPOSITION

and the following initial condition
x̄(z, 0) = x¯0 (z).

In this section, we first utilize the available off-line process
data and compute the empirical eigenfunctions. These eigenfunctions are updated online, using the closed loop process
data, to capture the global dynamics of the system. For
convenience, we slightly abuse the terminology and continue
to address empirical eigenfunctions as eigenfunctions (or as
basis) for the rest of the paper. Without loss of generality
the presentation that follows focuses on x(z) ∈ R.

(3)

In the above PDE system, x̄(z,t) ∈ Rn denotes the vector
of state variables, yc ∈ Rl denotes the vector of controlled
outputs, t is the time, ym ∈ R p denotes the vector of measured
outputs, z∈ Ω ⊂ R is the spatial coordinate, Ω is the domain
of definition of the process and θ = [θ1 , · · · , θq ] ∈ Rq denotes
the vector of uncertain variables which may include uncertain
process parameters or exogenous disturbances. L is a dissipative and linear (and bounded) spatial differential operator,
f (x̄) is a nonlinear vector function which is assumed to be
sufficiently smooth with respect to its arguments, c(z) is
a known smooth vector function of z which is determined
by the desired performance specifications in the domain Ω
and s(z) is a known smooth vector function of z which is
determined by the location and type of measurement sensors
d x̄
d no −1 x̄
(e.g., point or distributed sensing). q(x̄, dη
, . . . , dη
no −1 ) is
a nonlinear vector function which is assumed to be sufd x̄
ficiently smooth, dη
denotes the derivative in the diΓ
rection perpendicular to the boundary, x̄0 (z) is the initial
condition, W (x̄) is a nonlinear vector function, θ(t) denotes
uncertain process parameters or exogenous disturbances. u =
[u1 , u2 , · · · , uk ] ∈ Rk denotes the vector of manipulated inputs,
b(z) ∈ Rn×k is a known smooth matrix function of z of the
form [b1 (z), b2 (z), · · · , bl (z)], where bi (z) describes how the
ith control action ui (t) is distributed in the spatial domain
Ω. We assume that for a given set of initial and boundary
conditions the system of Eqs. 1-3 has a unique solution.
To simplify the presentation, we now formulate the
parabolic PDE system of Eq.1 as an infinite dimensional
system in the Hilbert space H (Ω, Rn ) with H being the
space of n-dimensional vector functions defined on Ω that

A. Karhunen-Loève expansion
For comparison purposes we now present a brief overview
of KLE [14], [6], also known as proper orthogonal decomposition(POD), in the context of the parabolic PDE system
in Eq.1. Let {vk }Nk=1 be the collection of N data snapshots,
where vk denotes the snapshot of the system available at
time tk . Each snapshot, x̄(z,tk ), is the spatial profile of the
system states at a particular time instant. The problem of
obtaining the characteristic profile φ(z) from these snapshots
vk can be mathematically formulated as one of maximizing
the following objective function.
Maximize

h(φ, vκ )2 i
(φ, φ)

s.t. (φ, φ) = 1, φ

∈ L2 ([Ω])

(7)

where h·i is the ensemble average. The solution to the
above problem is obtained as a solution of the following
eigenvalue problem.
Z

K(z, z̄)φ(z̄)d z̄ = λφ(z)

(8)

Ω

where K(z, z̄) is the two-point correlation function given by
the following expression:
K(z, z̄) = hvκ (z)vκ (z̄)i
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One possible solution is to continue augmenting the
ensemble of snapshots and subsequently recomputing the
eigenfunctions as more information regarding the process
becomes available. However, this would require repeated
evaluations of the eigenvalue-eigenvector problem of a continuously increasing in size covariance matrix which may
become computationally expensive with time and hence
unsuitable for online computations.
To circumvent the latter problems, a computationally less
expensive algorithm [17] that allows for construction and
recursive update of eigenfunction, once new measurements
from the process become available, will now be presented.
This methodology called adaptive proper orthogonal decomposition (APOD) consists of two steps:
1) Initial basis Construction: We use the initially available collection of N off-line data snapshots, {vk }Nk=1 , to
construct the initial basis for Eq.1-3. We first construct the
covariance matrix CN then solve the following eigenvalueeigenvector problem (Eq.11)

A computationally efficient method to obtain the solution of
the above integral equation is provided by the method of
snapshots wherein the requisite eigenfunctions are expressed
as a linear combination of the available snapshots:
φ(z) = ∑ψk vk (z)

(10)

k

where ψk denotes the kth element of a vector ψ.
Substituting the above equation in Eq.8 the resultant eigenvalue problem is
CN ψ = λψ
(11)
where the (κ,k)th element CNκk of matrix CN is defined as
1
(12)
vκ (z̄)vk (z̄)d z̄
N Ω
and by construction vector, ψ represents the eigenvector of
CN . The solution of the above eigenvalue problem yields
N eigenvectors ψ1 , ψ2 , · · · ψN which can be used in Eq.10
to construct N eigenfunctions φκ (z), κ = 1, . . . , N. By construction, matrix CN is symmetric and positive semi-definite,
and thus, its eigenvalues, λκ , κ = 1, . . . , N, are real and nonnegative. The relative magnitude of the eigenvalues represents a measure of the fraction of the “energy” embedded in
the ensemble captured by the corresponding eigenfunctions.
We order the calculated empirical eigenfunctions such that
CNκk :=

Z

λ1 > λ2 > . . . > λN .

CN ψ = λψ
to compute N eigenvalues. We partition the eigenspace of
the covariance matrix, CN , into two subspaces; the dominant
one containing the modes which capture at least ε̄ percent
of energy in the ensemble (denoted as P) and the orthogonal
complement to P containing the rest of the modes (denoted as
Q). Such a partition is possible due to the fact that the dominant dynamics of dissipative PDEs are finite (typically small)
dimensional [15]. Note that we define ε as the percentage
energy of the ensemble captured by dominant eigenfunctions.
We assume that out of N possible eigenvectors of CN , m have
m
N
ε̄
;
the corresponding eigenvalues such that ∑ λi / ∑ λi ≤
100
i=1
i=1
m eigenmodes of CN capture ε percent of energy in the
ensemble. These eigenvectors are then used in the following
equation
φi (z) = ∑ψki vk (z), i = 1, · · · , m.

(13)

Furthermore, the computed eigenfunctions are orthogonal by
construction.
B. Adaptive Proper Orthogonal Decomposition
KLE requires apriori availability of sufficiently large
ensemble of PDE solution data in which all the possible
spatial modes (including those that might appear in closedloop evolution of the system Eq.1) are excited. This is
necessary to ensure that the resulting eigenfunctions (and
hence the reduced order model (in section 4) computed
using these eigenfunctions) capture the global dynamics of
the system during the closed-loop process evolution. This
large ensemble of solution data should then be generated
by computing the solutions of the PDE system for different
values of u(t) and different initial conditions [5]. However, it
is difficult to generate such an ensemble and no well defined
methodology exists for generating it.
The resulting empirical eigenfunctions, therefore, are representative of the corresponding ensemble only. As a result,
the approximate ODE model of Eq.21 obtained through
Galerkin’s method using these empirical eigenfunctions may
not be a valid approximation of the parabolic PDE model
Eq.1 in a broad region of state space (H (Ω)). Also complete open-loop excitation of the process would be not be
sufficient, as the closed-loop process will not in general stay
within the same region of state space during it’s evolution.
As a result the optimal basis functions obtained through the
open-loop system excitation may actually become irrelevant
and superfluous, thus increasing the observer size unnecessarily.

k

to compute N eigenfunctions; here φi represents the ith eigenfunction and ψi is the ith eigenvector of CN . An orthonormal
basis for the subspace P can be obtained as:
Z = [ψ1 , ψ2 , . . . , ψm ], Z ∈ RN×m

(14)

where ψ1 , ψ2 , . . . , ψm denote the eigenvectors of CN that
correspond to the eigenvalues λ1 , λ2 , . . . , λm . Note that the
eigenfunctions computed by these eigenvectors capture the
dominant dynamics of the PDE system of Eq.1-3. The
orthogonal projection operators P and Q onto subspaces P
and Q can be computed as
P = ZZ T , Q = I − ZZ T

(15)

where I denotes the identity matrix of dimension N.
2) Online basis refinement: During the course of closed
loop process evolution we assume that periodically new
snapshots become available. We recursively update the orthonormal basis for the subspace P upon the periodic arrival

2183

S. Pitchaiah and A. Armaou • Robust Output Controller Design Based on Adaptive Model Reduction for Parabolic PDE Systems

of these new snapshots, possibly by increasing or decreasing
the size of the basis if required and by maintaining the
accuracy of basis by performing orthogonal power iteration,
while the orthonormal basis for Q can be computed from
the fact that Q is the orthonormal complement of P. We
maintain that the extra work required for the above process is
small as long as the dimension of P is small (this amounts to
choosing an appropriate value for ε̄). The algorithm outlined
below computes an approximation to Z without requiring
the solution of the eigenvalue-eigenvector problem of the
covariance matrix (Eq.11). We assume that during each
step at most one eigenmode joins the subspace P. We also
assume that the process sampling is fast enough so that
the appearance of new patterns is captured during process
evolution. The algorithm requires the dimensionality of the
covariance matrix, CN , to remain constant, which we achieve
by discarding the oldest snapshot from the ensemble as a new
one is obtained. As a new snapshot from the process becomes
available, the subspace P may change in the following three
ways:
• The dimension of the dominant subspace P may increase i.e., one mode corresponding from Q becomes
necessary to capture the desired percentage of energy
in the ensemble.
This is ascertained by monitoring the contribution of
the dominant eigenvalue of cq = QCN Q, namely λm+1
towards the total energy of the ensemble.
• Some of the eigenmodes of the subspace P may no
longer be necessary to capture the required ε percent of
the energy. In this case, the basis Z should be updated
and its dimension should be simultaneously decreased.
To test this the following m × m matrix H = Z T CN Z is
introduced. If only m̂, with m̂ < m, eigenvalues of H are
dominant then the basis Z is updated and its dimension
is simultaneously decreased.
• The dimensionality of P remains unchanged. However
the basis Z is updated, whenever the current basis is not
accurate, to maintain the accuracy of the basis.
The following one step power iteration Z = orth(CN Z)
is executed (if necessary after analyzing the accuracy of
the current basis) to maintain the accuracy of the basis
after each addition of a snapshot.
Based on the new values of Z, we now compute the revised
eigenfunctions φ1 , φ2 , . . . , φm as a linear combination of the
snapshots given by the following equation
φi (z) = ∑ψki vk (z), i = 1, · · · , m.

system evolution as opposed to all other proper orthogonal
decomposition-based reduction approaches that are based on
open-loop snapshots, and thus, these snapshots and the resulting ROM account for the impact of controller functional
form on the process. It is important to note this intimate
relation between APOD and the controller.
IV. G ALERKIN ’ S METHOD
In this section, we derive a finite-dimensional approximation (ROM) of the system of Eq.6 using the APOD computed
empirical eigenfunctions. Let Hs , H f be the two subspaces
of H (Ω). We assume that the subspaces Hs and H f are
appropriately defined such that the H f subspace includes all
the fast evolving and stable process modes, while Hs includes
the slow evolving and possibly unstable ones. By definition
such a separation exists for dissipative processes and a finite
number of modes belongs in Hs , owing to the elliptic nature
of the spatial differential operator.
For our model and controller construction, we assume
that the eigenfunctions that capture the desired percentage
of energy of the snapshot ensemble (denoted as ε in the
subsection 3.2.2) also form a complete basis of Hs . We thus
define Hs =span{φ1 , φ2 , . . . , φm } and H f = H \ Hs . Clearly
H = Hs ⊕ H f and H f is an infinite-dimensional subspace,
while Hs is a finite-dimensional one.
Defining orthogonal projection operators P and Q the state
x ∈ H (Ω) can be decomposed as xs = P x ∈ Hs and x f = Q x ∈
H f . The state x of the system of Eq.1 now can be expressed
as:
x = xs + x f = P x + Q x
(17)
Applying P and Q to the system of Eq.6 and using the above
decomposition of x the system of Eq.6 can be equivalently
expressed as:
dxs
= As α(t) xs + Bs α(t) u + fs α(t) (xs , x f ) +Ws α(t) (xs , x f )θ(t)
dt
∂x f
= A f α(t) (x f ) + B f α(t) u + f f α(t) (xs , x f ) +W f α(t) (xs , x f )θ(t)
∂t
yc = Cα(t) xs + Cα(t) x f , ym = Sα7(t) xs + Sα(t) x f
xs (0) = P x(0) = P x0 , x f (0) = Q x(0) = Q x0
α(t) ∈ K := {1, · · · ,℘}
(18)
where As = PA (xs + x f ), Bs = P B , fs = P f , A f =
Q A (xs +x f ), B f = Q B and f f = Q f and the notation ∂x f /∂t
is used to denote that the state x f belongs in an infinite
dimensional subspace (H f ). ℘ is the total number of times
APOD was invoked during the closed-loop process operation,
α : [0, ∞) → K is the switching signal which is assumed
to be a piecewise continuous (from the right) function of
time. Note that the updates made by APOD in the empirical
eigenfunctions will also result in an update of As , fs , u, Ws ,
A f , f f and W f in the above equation. As a result α(t), which
takes on different values in the finite index set K , is used to
to index As , fs , Ws , u, A f , f f , W f .

(16)

k

where ψki denotes the kth element of vector ψi .
Using these eigenfunctions, we refine our reduced order
model (ROM) in Eq.21 and reconfigure the controller (Eq.24)
using the updated reduced-order model. This step assures
that the ROM captures new trends that appear when the
process traverses through variable state space during closedloop operation.
Remark 1: In the proposed approach for model reduction
approach the snapshots used are obtained during closed-loop
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|λm+1 |
, the system of Eq.18 can be written
|λ1 |
in the following form:

where the subscript s in ycs and yms indicates that these
outputs are associated with the xs subsystem.

Using that ε =

dxs
= As α(t) xs + Bs α(t) u + fs α(t) (xs , x f ) +Ws α(t) (xs , x f )θ(t)
dt

V. ROBUST NONLINEAR STATIC O UTPUT FEEDBACK
CONTROL

In this section, we utilize the m dimensional subsystem in
∂x f
Eq.21
ε
= A f εα(t) (x f ) + εB f α(t) u + ε f f α(t) (xs , x f ) + εW f α(t) (xs , x f )θ(t) in designing robust nonlinear static output feedback
∂t
controllers for the parabolic PDE system of the form given
in Eq. 1-3. As the availability of full state measurements
yc = Cα(t) xs + Cα(t) x f , ym = Sα(t) xs + Sα(t) x f
is usually restricted in practice due to limited availability
(19)
of sensors, we assume the availability of snapshots (for
where A f ε α(t) is an unbounded differential operator deupdating the ROM of Eq.21 using APOD) periodically. The
fined as A f ε α(t) = εA f α(t) . As the operators As α(t) , A f ε α(t)
controller, however, is designed based on continuous point
are of same order of magnitude the above system in Eq. 19
measurements available from restricted number of sensors.
is in the standard singularly perturbed form [7] with xs being
We consider the synthesis of static output feedback conthe slow states and x f being the fast states. Introducing the
troller of the following form:
t
fast timescale τ = ε and setting ε = 0 we obtain the following
infinite dimensional fast subsystem of Eq.19
u = F (ym )
(22)
∂x f /∂t = A f ε α(t) x f

(20)

where F (·) is a smooth vector function.
In order to estimate of the states xs (namely x̃s ) of the
finite dimensional system of Eq.21, from limited number of
continuous point measurements, ym we impose the following
requirement on the number of available measurements.
Assumption 5.1: The number of available point
measurements, p, is equal to or greater than the number of
modes of the xs subsystem, m, i.e. p ≥ m, and the inverse
of the operator S , S ⊥ , exists, so that x̃s = S ⊥ ym .

Assumption 4.1: The infinite dimensional fast subsystem
in Eq. 20 is assumed to be exponentially stable, as long as
ε << 1.
Assumption 4.2: There exists known positive constants,
θbk such that |θk (t)| ≤ θbk , k = 1, · · · , q
Lemma 4.1: Consider the infinite dimensional system in
Eq.1, the residual signal, r(t), given by the norm of the state
reconstruction error r(t) = kx(t) − xr (t)k remains bounded
and the bound r0 (t) is given by:
q
r0 (t) = 2e2(k1 +k2 +k3 )t r(0)

When the finite-dimensional space, Hs , is expressed using
the empirical eigenfunctions as basis functions the operator
S ⊥ becomes a matrix and is given by

where k1 ,k2 and k3 are positive numbers, xr is the reconstructed state vector of x given by xr = ∑m
i=1 xsi φi . The proof
of the above lemma will be presented in [8].
At the beginning of each time interval, wherein APOD is
invoked, APOD updates the slow subspace (Hs ) and ensures
that the value of ε to be small (i.e., ε << 1). However, during
the closed-loop process operation (till APOD is invoked for
the next time) the value of ε may increase thus rendering the
fast subsystem in Eq. 20 to be no longer exponentially stable.
To avoid such scenarios, we increase the dimensionality of
the slow subspace Hs , if required, by shifting the eigenfunctions from the fast subspace H f till the bound on the residual
signal, r(t), given by the norm of the state reconstruction error
r(t) = kx(t)−xr (t)k in lemma 4.1 is satisfied thus eliminating
the possibility of value of ε to increase. As a result the
exponential stability of infinite- dimensional subsystem in
Eq. 20 is guaranteed.
Setting ε = 0 in the system of Eq.18, we have that x f =
0 and thus the following m-dimensional xs subsystem is
obtained:
dxs
= As (xs , 0) + Bs u + fs (xs , 0)
dt
ycs = C xs , yms = S xs

S ⊥ = (S T S )−1 S T

(23)

Note that the existence of inverse of matrix S depends on the
location and shape of the measurement sensors; this amounts
to properly choosing s(z) in Eq.1.
Assumption 5.2: l = m, i.e., the number of control actuators is equal to the number of slow modes and the inverse
of matrix Bs exists.
Theorem 5.1: Consider the system of Eqs.1-3 for which
assumptions holds and the finite-dimensional system of Eq.
for which assumptions 4.2 & 5.2 holds, under the robust
output feedback controller.
⊥
⊥
u = Bs −1
α(t) ((Λs − As α(t) )S ym − f s α(t) (S ym , 0) . . .
q

− χ( ∑ Ws α(t),k (S ⊥ ym , 0)θbk )
k=1

S ⊥ ym
|S ⊥ y

m| + φ

)

(24)

where χ, φ are adjustable parameters with χ > 1 and φ > 0.
Then there exists positive real numbers (δ, φ∗ ) such that
for each φ ≤ φ∗ , there exists ε∗ (φ) such that if φ ≤ φ∗ ,
ε ≤ ε∗ (φ) and max{|xs (0), kx f (0)k2 , kθk, kθ̇k} ≤ δ. Then the
above controller guarantees the boundedness of the state of
the closed-loop system
The proof of the above theorem will be presented in [8].

(21)

xf ≡ 0
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we conclude that the steady-state x(z,t) = 0 is an unstable
one. The control problem can be formulated as designing a
state feedback controller that stabilizes the rod temperature
close to the spatially open-loop unstable steady-state.

VI. A PPLICATION TO DIFFUSION REACTION PROCESS
We use the above methodology to stabilize an unstable
steady state of a typical diffusion-reaction process with a
time varying uncertainty. Specifically, we consider a zeroth order exothermic reaction A → B taking place on a thin
catalytic rod. The temperature of the rod is adjusted by means
of an actuator (by cooling the rod) located along the length
of the rod. Assuming that the reactant A is present in excess,
the spatial profile of the dimensionless temperature of the rod
is described by the following parabolic PDE
∂x ∂2 x
= 2 + βT,n (e−γ/(1+x) − e−γ )
∂t
∂z
+βU (b(z)u(t) − x) + e−γ/(1+x) θ(t),

(25)

subject to the following boundary condition and initial conditions
Fig. 1.

x(0,t) = 0, x(π,t) = 0, x(z, 0) = 0.05.

(a) Open-loop profile of Eq.25 for extended time interval.

In order to obtain a finite dimensional approximation
of the infinite dimensional system of Eq.25, initially an
ensemble of 100 snapshots was generated for u(t) = 0. Each
snapshot is a spatial profile obtained at a fixed time instant
from numerical simulations of Eq.25-Eq.26. Note that an
exhaustive sampling of the state-space of the PDE for a
number of different initial conditions and magnitudes of
actuation was not required during the ensemble generation
phase. Application of POD at this initial stage resulted in
a two dominant eigenfunction which captured more than
99.9% of the energy embedded in the ensemble. To stabilize
the system at the spatially uniform steady-state x(z,t) = 0
the controlled output, yc,i , is chosen to be the first dominant
eigenmode.
Based on this eigenfunction a ROM was subsequently
derived by applying Galerkin’s method to the PDE system
of Eq.25-26. Subsequently, the ROM was utilized to design
a output-feedback robust controller in Eq.24. The adjustable
parameters χ, φ were assigned to be 1.2 and 0.005 respectively. During closed-loop process operation it was assumed
that snapshots of the process evolution are available every
ts = 0.25 seconds.

(26)

0
The dimensionless rod temperature is given as x = T −T
T0 ,
0
where T is the temperature of the reactor in K and T0 is
the reference temperature used. The domain of this process
is Ω = [0, π]; z is the spatial coordinate along the axis of the
rod, βT,n denotes the nominal dimensionless heat of reaction,
γ denotes the dimensionless activation energy, βU denotes
the dimensionless heat transfer coefficient, u(t) denotes the
magnitude of actuation, θ(t) denotes a time varying uncertainty in the dimensionless heat of reaction and b(z) accounts
for the spatial profile of the actuator. A spatially distributed
actuation with b(z) = H(z − 0.3π) − H(z − 0.7π), where H(·)
denotes the standard Heaviside function was considered. Full
state measurements (snapshots) of the system are assumed
to be available periodically at a period of t = 0.25. On the
other hand, continuous point measurements were assumed
to be available from 6 point measurement sensors placed
uniformly across the domain of the process (−π, π). The
sensor shape distribution function, s(z) at these respective
positions would be si (z) = δ(z−Pi ); i = 1, . . . , 6, here Pi is the
location of ith sensor. The nominal values of the parameters
used were βT,n = 50, γ = 4, and βU = 2. In this numerical
study, the slowly varying uncertainty in the process model
(Eqs.25-26) is assigned to be θ(t) = βT,n sin(0.524t).
For the above system the spatial differential operator L in
Eq.1 takes the form
∂2 x
Lx = 2
∂z

the nonlinear function f (x) can be represented as
f (x) = βT (e−γ/(1+x) − e−γ ) − βU x
−γ

and the process uncertainty W (x)θ = e 1+x θ(t). Note that the
process uncertainty is a non vanishing term in the PDE.
Numerical results

Fig. 2. Closed loop temperature profile of Eq.25 using distributed actuation
b(z) = H(z − 0.3π) − H(z − 0.7π).

Figure 1 presents the evolution of the PDE for u(t) = 0
from an initial condition of x(z, 0) = 0.05. It is observed
that the system evolves away from the above steady-state
leading to a very poor open-loop behavior for x(z,t). Hence,

Figure 2 presents the spatiotemporal profile of the rod
temperature under closed-loop operation. Clearly the con-
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Fig. 3. Control action needed to stabilze Eq.25 calculated using robust
controller; no measurement noise.

troller regulates the process in a neighborhood close to the
desired setpoint x(z,t) = 0, attenuating the effect of the
uncertain variable, βT , on the process. Figure 3 presents the
corresponding control action, u(t) that was utilized to achieve
the above control objective. We note that the control action
is a smooth function of time, without any discontinuities
and chattering. As the new process measurements from
the closed-loop operation were included in the ensemble
while simultaneously old snapshots were removed, the slow
subspace (Hs ) was updated thus ensuring the validity of the
ROM throughout the closed-loop process operation.

Fig. 4. Closed loop temperature profile of Eq.25 using distributed actuation
b(z) = H(z − 0.3π) − H(z − 0.7π) (no uncertainty compensation).

Finally to present the importance of the uncertainty compensation in the designed controller (Eq.24), we present the
evolution of the close-loop rod temperature profile (Eq.25)
without uncertainty compensation in figure 4. Clearly, process becomes unstable as the controller does not account for
the uncertainty.
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