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Local minima of the best low multilinear rank approximation of tensors
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Abstract— Higher-order tensors are generalizations of vectors and matrices to third- or even higher-order arrays of
numbers. We consider a generalization of column and row
rank of a matrix to tensors, called multilinear rank. Given
a higher-order tensor, we are looking for another tensor, as
close as possible to the original one and with multilinear
rank bounded by prespecified numbers. In this paper, we give
an overview of recent results pertaining the associated cost
function. It can have a number of local minima, which need to
be interpreted carefully. Convergence to the global minimum
cannot be guaranteed with the existing algorithms. We discuss
the conclusions that we have drawn from extensive simulations
and point out some hidden problems that might occur in real
applications.

statistics, biomedical signal processing, telecommunications
and many other fields.
The best low multilinear rank approximation of a tensor
is a generalization of the best low-rank approximation of
a matrix. Truncation of the singular value decomposition
(SVD) yields the unique optimal solution in the matrix case.
However, in the tensor case, the corresponding minimization
problem often has several local minima. Moreover, truncation
of the higher-order singular value decomposition (HOSVD)
[3], [10], [11] leads to a suboptimal solution. The latter is
often a good starting point for iterative algorithms.

I. INTRODUCTION

A transparent way to define the problem in mathematical
terms is to look for a solution of the minimization problem

Higher-order tensors are generalizations of vectors and
matrices, i.e., they are arrays of numbers indexed with more
than two indices. A mode-n vector of an N th-order tensor,
n = 1, 2, . . . , N, is a vector, obtained by varying the nth
index of the tensor and fixing the rest of the indices. This is
a straightforward generalization of a column or a row vector
of a matrix. As in matrix algebra, the concept of rank plays
an essential role in tensor algebra. The mode-n rank of the
tensor is the number of linearly independent mode-n vectors.
The mode-n ranks may be different for each n. The n-tuple
of mode-n ranks is called the multilinear rank of the tensor
[5]. It is a generalization of column and row rank of a matrix.
In this sense, the best low multilinear rank approximation
of a higher-order tensor is a tensor, as close as possible
to the original one and such that it has multilinear rank
bounded by given numbers. This approximation is used for
dimensionality reduction and signal subspace estimation in
an increasing number of applications, including higher-order
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II. PROBLEM FORMULATION

min kA − Âk 2 ,

(1)

where A is the original tensor, Â has bounded multilinear
rank and the considered norm is the Frobenius norm (the
square root of the sum of squares of all elements). However,
this formulation is inconvenient for applying optimization
algorithms directly. Equivalently [9], [4], for a third-order
tensor A, we look for column-wise orthonormal matrices
U, V and W, such that
max kA •1 UT •2 VT •3 WT k 2

(2)

is achieved, where “•i ”, i = 1, 2, 3 stands for the mode-i
product of a tensor with a matrix, see [3]. The optimal tensor
Â is then derived from
Â = A •1 UUT •2 VVT •3 WWT .
Similar expressions can be obtained for tensors of order
higher than three. We consider only third-order tensors for
simplicity.
A traditional algorithm for solving the latter problem is
the higher-order orthogonal iterations (HOOI) [4], [9]. Other
algorithms have recently been proposed in the literature, see
[6] and the references therein. Note that it is enough to
find the column spaces of the U, V and W matrices. The
particular entries of U, V and W are not essential since
multiplying any of the three matrices from the right by an
orthogonal matrix leads to the same final approximation Â.
On the other hand, standard optimization algorithms face
a difficulty caused by this invariance property. There are
infinitely many equivalent solutions whereas numerical algorithms have proven convergence properties if the solutions
are isolated. The invariance can be removed by working on
quotient matrix manifolds [1].
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III. LOCAL MINIMA
The cost function (1) has local nonglobal minima. This is
a key observation since the best low-rank approximation of a
matrix has a unique minimum, which can be obtained from
the truncated SVD. In the case of higher-order tensors, even
if the iterative algorithms are initialized with the truncated
HOSVD, convergence to the global minimum cannot be
guaranteed.
Our simulations [7] indicate that in case of tensors with
low multilinear rank, perturbed by a small amount of additive
noise, the algorithms converge to a small number of local
minima. Increasing the noise level leads to tensors that are
less structured and then more local minima are found. This
behavior is related to the distribution of the multilinear
singular values of the tensor. Let A(1) be a matrix the
columns of which are the mode-1 vectors of the tensor and let
R1 be the mode-1 rank of the noise-free tensor. In case of low
noise level, there is a gap between the R1 th and (R1 + 1)th
singular values of A(1) and a similar property holds for the
other two modes. For high noise levels this property is lost
and the approximation problem becomes more difficult.
Another interesting result is that in the above experiment
the difference between the cost function values at the different local minima that were found seems to be small. This
is good news for applications where the best low multilinear
rank approximation is used as a compression tool, since there
different local minima would lead to similar compression
rates. On the other hand, the column spaces of two matrices
U1 and U2 from (2) corresponding to two different local
minima are very different and the same holds for V and W
[7]. This difference may have important consequences for
applications where the actual subspaces of the matrices are
of interest.
Finally, we mention that different algorithms could converge to different local minima, even if the algorithms are
initialized in the same way. This fact could be exploited
in order to find a larger set of local minima. If the global
minimum is required or if some properties of the desired
solution are known, all found solutions could be examined
in order to find the most suitable one.
IV. PARTICLE SWARM OPTIMIZATION
Instead of performing a number of independent runs,
the landscape of the cost function could also be explored
using a stochastic population-based technique. Searching
for the global minimum of the best low multilinear rank
approximation problem, an algorithm based on (guaranteed
convergence) particle swarm optimization ((GC)PSO) [8],
[12] can be considered. Several points, called particles, are
initialized randomly and evolve in the search space following
simple rules. Each point is attracted by its individual best
position, the global best position of all particles and also
tends to continue along its latest direction. The behavior
of the points resemble the behaviour of social groups.
Convergence to a stationary point is guaranteed with a slight
modification of the algorithm [12] concerning the update
of the best particle at each iteration. In order to improve
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the convergence speed, a gradient component could also be
taken into account. An adaptation of GCPSO to the best low
multilinear rank approximation problem is presented in [2].
Note that the optimization problem takes place on a product
space of three Grassmann manifolds and not just in Rn .
Some preliminary results for low multilinear rank tensors
affected by additive noise are given in [2]. The algorithm
seems to find the desired local minimum for low noise levels.
For high noise levels, the landscape of the cost function
becomes too intricate and the current version of the algorithm
often converges to another stationary point.
Finally, we mention that the PSO algorithm also has
niching capabilities that could be explored in order to find
different local minima. This will be discussed in future work.
V. CONCLUSIONS
The problem considered in this paper is finding the best
low multilinear rank approximation of a higher-order tensor.
The first iterative algorithm was proposed in 1980 [9] and a
number of algorithms have appeared in the literature since
then. However, all of them search for any (local) minimum of
the problem and the provided solution is not further analyzed.
There are applications where any local minimum could be
used without losing much precision. However, the solutions
are in general essentially different from each other to the
extent that in certain types of applications taking just any
minimum may lead to false results.
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