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A Geometric Revisit to the Trace Quotient Problem
Hao Shen, Klaus Diepold, and Knut Hüper

Abstract— This paper studies the problem of trace quotient,
or trace ratio maximization, which has enormous applications
in computer vision, pattern recognition and machine learning. We provide a geometric revisit to the problem in the
framework of optimization on smooth manifolds. The set of
critical points of the trace quotient is analyzed. Local quadratic
convergence properties of the so-called Iterative Trace Ratio
(ITR) scheme, which recently became an attractive solver to
the problem, is studied. Based on this result, different from a
popular realization of ITR, which requires to solve a symmetric
eigenvalue problem at each iteration, we propose a simple,
efficient algorithm, which employs only one step of the parallel
Rayleigh quotient iteration at each iteration. An numerical
experiment demonstrates the local convergence properties of
ITR.

I. INTRODUCTION
In recent years, the problem of dimensionality reduction
(DR), which aims to uncover certain low-dimensional structure from original high-dimensional data, has attracted enormous research attentions in computer vision, pattern recognition and machine learning. Many popular DR methods,
such as linear discriminant analysis [1], locality preserving
projection [2], and graph embedding [3], result in the socalled trace quotient or trace ratio problem, which is usually
formulated as the problem of maximizing the following cost
function, cf. [4], [5],
f : St(k, m) → R,
f (X) :=

tr(X > AX)
,
tr(X > BX)

(1)

where m > k. Here, A ∈ Rm×m is assumed to be
symmetric positive semi-definite, B ∈ Rm×m is assumed
to be symmetric positive definite and St(k, m) denotes the
Stiefel manifold
St(k, m) := {X ∈ Rm×k |X > X = Ik }.

(2)

In many applications, the trace quotient problem as maximizing the cost function f as defined by (1) is often replaced
by an alleged simpler problem [4], namely the quotient trace
problem, which maximizes the following cost function
g : St(k, m) → R,
g(X) := tr(X > AX(X > BX)−1 ),

(3)

X 7→ XΘ with ΘΘ> = Ik ,

(4)

i.e., it all induces a function on the Graßmann manifold
Gr(k, m). In this paper, we revisit the trace quotient problem
and the general ITR scheme in the framework of optimization
on smooth manifolds, specifically on the Graßmann manifold.
This paper is organized as follows. In Section II, we
briefly introduce some basic concepts about the Graßmann
manifold, which are needed in our later analysis. Section III
characterizes global maximum and critical points of the
trace quotient. In Section IV, local quadratic convergence
properties of the general ITR scheme are proved. A simple
realization of ITR is proposed. Finally in Section V, local
convergence properties of ITR algorithms are demonstrated
by some numerical experiments.
II. MATHEMATICAL PRELIMINARIES
Recall some basic concepts of the Graßmann manifold.
We will identify Gr(k, m) as the set of all rank-k symmetric
projection operators on Rm [8], i.e.,
Gr(k, m) := {P ∈ Rm×m |P = P >, P 2 = P, tr P = k}. (5)

which can be used to solve the symmetric generalized eigenvalue problem [6]. It is known, that for specific applications,
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e.g. dimensionality reduction and classification, solutions
given by solving the trace quotient problem often significantly outperform the solutions provided by its counterpart,
i.e the quotient trace problem. Therefore, development of
efficient algorithms for solving the trace quotient problem is
highly attractive in real applications.
Recently, an iterative algorithmic scheme, the so-called
Iterative Trace Ratio (ITR) algorithm, became dominant for
solving the trace quotient problem [7]. A concrete implementation, cf. Algorithm 1 in [7], involves solving a symmetric eigenvalue problem at each iteration. Although such
a concrete realization of the ITR scheme has been shown to
converge globally and locally quadratically fast [5], it might
become prohibitively expensive when the dimensionality of
the problem is huge. Moreover, to our best knowledge, local
convergence properties of the general ITR scheme have not
been published yet.
It is easily seen that the trace quotient f above is invariant
with respect to orthonormal basis changes of X, namely
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Let us denote the set of all m × m skew-symmetric matrices
by

so(m) := Ω ∈ Rm×m Ω = −Ω> .
(6)
The tangent space of Gr(k, m) at P ∈ Gr(k, m) is given by
TP Gr(k, m) := {[P, Ω] | Ω ∈ so(m)}

(7)
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with matrix commutator [A, B] := AB − BA. Let P ∈
Gr(k, m) and let Ξ ∈ TP Gr(k, m) be a tangent vector.
We consider the Euclidean Riemannian metric on Gr(k, m)
induced by the embedding space of symmetric matrices,
which is defined by the Frobenius inner product, i.e.
hΞ1 , Ξ2 i := tr(Ξ1 Ξ2 )

(8)

for all Ξ1 , Ξ2 ∈ TP Gr(k, m) The unique geodesic γP,Ξ
through P in direction Ξ ∈ TP Gr(k, m) is given by
γP,Ξ : R → Gr(k, m),
γP,Ξ (t) := et[Ξ,P ] P e−t[Ξ,P ] .

(9)

Let

O(m) := Q ∈ Rm×m Q> Q = Im ,

(10)

be the Lie group of all m × m orthogonal matrices. As
Gr(k, m) is a homogeneous space of O(m), one can represent any point P ∈ Gr(k, m) by


I 0 >
P =Q k
Q
(11)
0 0
for suitable Q ∈ O(m), and can accordingly represent


0 −Z >
[Ξ, P ] = Q
Q> ,
(12)
Z
0
where Z ∈ R(m−k)×k , cf. [9].

Corollary 1: The point P ∗ being critical is equivalent to
e
Φ(P ∗ ) := Q> Φ(P ∗ )Q being block diagonal. Here the first
diagonal block is of dimension k × k, consequently, the
second block is of dimension (m − k) × (m − k).
We certainly expect that characterizing critical points gives
e 11 (P ∗ ) compared to
us conditions on the eigenvalues of Φ
∗
e
those of Φ22 (P ), where
"
#
∗
e
Φ
(P
)
0
11
e ∗) =
Φ(P
(16)
e 22 (P ∗ ) .
0
Φ
Again by invariance, without loss of generality we might
e ∗ ) is not only block
choose the orthogonal Q such that Φ(P
diagonal, it is even diagonal. To characterize the critical
points further we need second order derivative information.
For Ξ ∈ TP Gr(k, m) arbitrary we get, by using (11), (12),
and (15),

d2  t[Ξ,P ]
−t[Ξ,P ]
f
e
P
e
dt2
t=0 P =P ∗
1
=
tr ([[Ξ, P ∗ ], [[Ξ, P ∗ ], P ∗ ]]Φ(P ∗ ))
tr(BP ∗ )
i

h
1
−2Z > Z
0
(17)
e ∗)
Φ(P
tr
=
>
0
2ZZ
tr(BP ∗ )
k m−k
X
X
2
=
z 2 (σj − λi ),
tr(BP ∗ ) i=1 j=1 ij
| {z }
>0 as B0

III. ANALYSIS OF THE TRACE QUOTIENT
With the knowledge about the Graßmann manifold from
above, we study the trace quotient, now redefined on
Gr(k, m), i.e.,
f : Gr(k, m) → R,
tr(P A)
.
f (P ) :=
tr(P B)

e 11 (P ∗ ), whereas
where {λi }ki=1 denotes the spectrum of Φ
m−k
∗
e
{σj }j=1 denotes that of Φ22 (P ).
Corollary 2: Local maxima of f are characterized by the
condition that {λi }ki=1  {σj }m−k
j=1 .
Now let us characterize the global maximum of the trace
quotient f . Obviously, for any P ∈ Gr(k, m),

(13)

In the rest of the paper we refer the trace quotient to the
definition as in (13).
First of all, we characterize critical points of the trace
quotient f as defined in (13). Taking the first derivative of
f at P ∈ Gr(k, m) in direction Ξ ∈ TP Gr(k, m) leads to

d  t[Ξ,P ]
D f (P )Ξ =
f e
P e−t[Ξ,P ]
dt
t=0
 

tr(P A) 
1
(14)
tr Ξ A −
B
=
.
tr(P B)
tr(P B)
|
{z
}
=A−f (P )B=:Φ(P )

tr(P Φ(P )) = tr(P A) − f (P ) tr(P B)
= 0.

Theorem 2: Let P ∗ be a local maximum of f . Then P ∗
is even a global maximum.
Proof: For any P ∈ Gr(k, m), it holds
tr(P ∗ Φ(P ∗ )) = 0
≥ tr(P Φ(P ∗ ))
= tr(P A) − f (P ∗ ) tr(P B)

(19)

f (P ∗ ) ≥ f (P ),

(20)

i.e.
∗

Theorem 1: The critical points of f are exactly the solutions of
[P, [P, Φ(P )] = 0.
(15)
Proof: The result follows as for any symmetric m ×
m matrix S the mapping S 7→ [P, [P, S]] is the orthogonal
projection of S into the tangent space of Gr(k, m) at P ∈
Gr(k, m), cf. [10].
Recall the representation of P ∈ Gr(k, m) as given by (11).
By invariance we can conclude the following.
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(18)

which implies that P is a global maximum of f .
Lemma 1: Let P ∗ be a global maximum of f . Assume
{λi }ki=1  {σj }m−k
j=1 , meaning that there is a gap between
the k-th largest eigenvalue of Φ(P ∗ ) and the k + 1-st largest
eigenvalue of Φ(P ∗ ). Then the global maximum is unique
with nondegenerated Hessian.
Proof: [Sketch] Uniqueness follows from the standard
discussion of the generalized Rayleigh quotient function
defined on the Grassmann manifold, cf. [8], [11]. The second
statement is easily seen from (17).
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IV. GENERAL ITR AND TWO REALIZATIONS
In this section, we study local convergence properties of
the general iterative trace ratio scheme. The techniques used
here are similar to the work in [12].
The general ITR algorithm, which was originally proposed
in [7], can be summarized as follows.
Algorithm 1: General ITR Algorithm
Step 1: Given an initial guess P0 ∈ Gr(k, m), and set
i = 0.
Step 2: Update

 
tr(Pi A)
e
B .
Pi+1 ← argmax tr P A −
tr(Pi B)
e∈Gr(k,m)
P

Then, we compute the first derivative of s at P ∗ in direction
Ξ ∈ TP ∗ Gr(k, m) as
D s(P )Ξ|P =P ∗ =

∂sη
∂η

η=f (P ∗ )

· D η(P )Ξ|P =P ∗

+ D sη (P )Ξ|P =P ∗
∂sη
· D η(P )Ξ|P =P ∗ .
=
∂η η=f (P ∗ )

Since η is chosen to be the trace quotient f as in (24), by
the critical point condition of f , i.e., D η(P )Ξ|P =P ∗ = 0,
we just show
D s(P )Ξ|P =P ∗ = 0.

Step 3: If kPi+1 − Pi kF is small enough, stop.
Otherwise, set i = i + 1 and go to Step 2.
Here, k · kF is the Frobenius norm of matrices.
Obviously, the key point of Algorithm 1 is how to solve
the maximization problem in Step 2 efficiently. Similar to
theorem 4.1 in [12], we have the following result.
Theorem 3: For a given η ∈ R, let
sη : Gr(k, m) → Gr(k, m),

(21)

i ∈ N0

(22)

(28)

(29)

Thus, the result follows.
It can be shown that, e.g. at the i-th iteration, a global
maximizer to this sub-problem is the orthogonal projector
corresponding to the k largest eigenvalues of A − f (Pi )B.
This strategy leads to the following algorithm, referred to
here as EIG-ITR algorithm, which is the most dominating
implementation of ITR in applications [5], [7].

with
Pi+1 = sη (Pi ),

be a quadratically fast and locally differentiable algorithm,
or alternatively, one step of such an algorithm to compute


max tr Pe (A − ηB) .
(23)
e∈Gr(k,m)
P

Consider the sequence {(Pi , ηi )} with i = 0, 1, 2, . . . , generated by the recursions

Pi+1 = sηi (Pi ),
(24)
ηi+1 = f (Pi ),
with f being the trace quotient defined in (13), X0 ∈
Gr(k, m) arbitrary, and η0 = f (X0 ). If the sequence
{(Pi , ηi )} converges to (P ∗ , f (P ∗ )), where P ∗ is the global
maximum of f , then it converges locally quadratically fast.
Proof: Let us define
s : Gr(k, m) → Gr(k, m),

P 7→ sη(P ) (P ).

(25)

We need to show that the first derivative of this algorithmic
map s, i.e.
D s(P ) : TP Gr(k, m) → Ts(P ) Gr(k, m)

(26)

vanishes at P ∗ .
If P ∗ ∈ Gr(k, m) is the unique global maximum of f ,
then it can be shown that P ∗ is a fixed point of s, i.e.
s(P ∗ ) = P ∗ , following the result from Lemma 1. Since
sη (P ) solves the maximization problem defined in (23), the
first derivative of sη at P ∗ in direction Ξ ∈ TP ∗ Gr(k, m)
must vanish, i.e.
D sη (P )Ξ|P =P ∗ = 0.

(27)
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Algorithm 2: EIG-ITR Algorithm
Step 1: Given an initial guess P0 = X0 X0> ∈ Gr(k, m),
where X0 ∈ St(k, m), and set i = 0.
Step 2: Compute an orthonormal eigenbasis
Xi+1 ∈ St(k, m) corresponding to the k largest
eigenvalues of
Φ(Pi ) = A − f (Pi )B.
>
Step 3: Update Pi+1 ← Xi+1 Xi+1
.
Step 4: If kPi+1 − Pi kF is small enough, stop.
Otherwise, set i = i + 1 and go to Step 2.
Local convergence properties of EIG-ITR follows directly
from Theorem 3.
Lemma 2: If P ∗ ∈ Gr(k, m) is the unique global maximizer of the trace quotient f as defined in (13), then the
EIG-ITR algorithm converges locally quadratically fast to
P ∗.
It is clear, that if the dimension m of the problem
increases, computing all eigenvalues of an m × m symmetric
matrix at each iteration becomes prohibitively expensive. In
the rest of this section, we propose a simple, alternative
approach to solve the sub-problem in Step 2 of Algorithm 1.
At the i-th iteration, we apply only one step of the parallel
Rayleigh Quotient Iteration (RQI), cf. Algorithm 4.1 in [13],
which is locally cubically convergent to k eigenvectors of
Φ(Pi ). We refer to our proposed algorithm as RQI-ITR.
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Algorithm 3: RQI-ITR Algorithm
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Step 1: Given an initial guess P0 = X0 X0> ∈ Gr(k, m),
where X0 ∈ St(k, m), and set i = 0.
Step 2: Compute Φ(Pi ) = A − f (Pi )B.
Step 3: Solve for Z ∈ Rm×k
Φ(Pi )Z − Z diag(X > Φ(Pi )X) = X.
>
Step 4: Update Xi+1 ← (Z)Q , and Pi+1 ← Xi+1 Xi+1
.
Step 5: If kPi+1 − Pi kF is small enough, stop.
Otherwise, set i = i + 1 and go to Step 2.
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10

EIG−ITR
RQI−ITR
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Here, (Z)Q gives the orthogonal Q-factor from Z after
performing Gram-Schmidt orthonormalization.
Local convergence properties of RQI-ITR can be summarized as follows.
Lemma 3: If P ∗ ∈ Gr(k, m) is the unique global maximizer of the trace quotient f as defined in (13), then the
RQI-ITR algorithm converges locally quadratically fast to
P ∗.
V. NUMERICAL EXPERIMENTS
In this section, we demonstrate the local quadratic convergence properties of both EIG-ITR and RQI-ITR. In our
experiment, we set m = 10 and k = 7. The convergence is
measured by the distance of the accumulation point P ∗ ∈
Gr(k, m) to the i-th iterate Pi ∈ Gr(k, m), i.e. by the
Frobenius norm kP ∗ − Pi kF . It can be seen from Fig. 1
that both EIG-ITR and RQI-ITR are locally quadratically
convergent to the unique global maximizer P ∗ of the trace
quotient f as defined in (13).
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[9] K. Hüper and F. Silva Leite, “On the geometry of rolling and
interpolation curves on S n , SOn , and Grassmann manifolds.,” J.
Dyn. Control Syst., vol. 13, no. 4, pp. 467–502, 2007.
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[12] K. Hüper and U. Helmke, “A new algorithm for the generalized
eigenvalue problem,” in Proceedings of the 21st IEEE International
Conference on Acoustics, Speech, and Signal Processing (ICASSP
1997), 1997, pp. 35–38.
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