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Column distances for 2D-convolutional codes
Diego Napp Avelli, Carmen Perea and Raquel Pinto

G(z1 , z2 ) ∈ F[z1 , z2 ]n×k whose columns constitute a basis
for C, i.e., such that

Abstract— In this work we introduce the concept of column
distance for delay-free two dimensional (2D) finite support
convolutional codes. We present its principal properties and
an upper and lower bound for the column distances.

C

= ImF[z1 ,z2 ] G(z1 , z2 )
= {v̂(z1 , z2 ) ∈ Fn [z1 , z2 ] : ∃ û(z1 , z2 ) ∈ Fk [z1 , z2 ]
v̂(z1 , z2 ) = G(z1 , z2 )û(z1 , z2 )},
(2)
is called an encoder of C. The elements of C are called
codewords.

I. INTRODUCTION
2D convolutional codes are the higher dimensional generalization of 1D convolutional codes. These codes may prove
useful in transmission of 2D pictures, the storage of digital
information etc. While 1D convolutional codes have been
thoroughly understood, the literature about 2D convolutional
codes is quite limited. Fornasini and Valcher [2], introduced
the general theory for the study of two-dimensional (2D)
convolutional codes constituted by sequences indexed on Z2 ,
discussing issues such as the characterization of such codes
in terms of their internal properties and input-output representations. In [6] the same authors consider 2D convolutional
codes in which the codewords have compact support in Z2 ,
and present several properties of their encoders and syndrome
formers (parity-check matrices) under different hypotheses
on the code structure. They also introduced the dual codes
of such codes. However crucial aspects of the theory of
2D convolutional codes such as the construction of codes
with designed free distance or decoding algorithms, have
not been deeply studied. In order to construct ”good“ 2D
convolutional codes it is important to have some distance
measures. In this paper, we consider 2D convolutional codes
over a finite field F, constituted by 2D trajectories with values
in Fn ,
v : N2 → Fn : (i, j) 7→ v(i, j)
(1)

Two full column rank matrices G(z1 , z2 ), Ḡ(z1 , z2 ) ∈
F[z1 , z2 ]n×k are equivalent encoders if they generate
the same 2D finite support convolutional code, i.e., if
ImF[z1 ,z2 ] G(z1 , z2 ) = ImF[z1 ,z2 ] Ḡ(z1 , z2 ), which happens if
and only if there exists a unimodular matrix U (z1 , z2 ) ∈
F[z1 , z2 ]k×k such that G(z1 , z2 )U (z1 , z2 ) = Ḡ(z1 , z2 ) [6],
[7]. Moreover, in all that follows, we consider the particular
case in that G(z1 , z2 ) ∈ F[z1 , z2 ]n×k satisfies that G(0, 0) is
full column rank.
Following the ideas in [1] we call separation sets the sets
in Z × Z defined as
Cl = {(i, j) ∈ Z × Z, i + j = l},

We write the (encoder) matrix G(z1 , z2 ) of C as,
G(z1 , z2 ) :=

ν
X
X

Gij z1i z2j ∈ F[z1 , z2 ]n×k ,

(4)

l=0 i+j=l

and the corresponding parity check matrix as

with finite support in N2 , i.e., which are zero in all points
(i, j) outside a finite subset of N2 . We generalize of one of
the most important distance measures for 1D convolutional
codes to 2D convolutional codes, namely, the column distance. We present its principal properties and we also derive
an upper and lower bound.

H=

µ X
X

Hij z1i z2j ∈ F[z1 , z2 ]n×(n−k) .

(5)

l=0 i+j=l

Obviously, H(0, 0) has full (row) rank. For every
l ∈ N the 2D truncated generator matrices GcCl ∈
(l+1)(l+2)
(l+1)(l+2)
n×
k
2
2
F
is defined by GcCl :=
G00

II. PRELIMINARIES

G10 G00
G01 0
G20 G10
G11 G10
G02 0

In all this paper we consider the following definition of
2D finite support convolutional codes.




 .
 .
 .
 .
 ..
G G
 l0 (l−1)0
 .

Definition 1 [6], [7] A 2D finite support convolutional code
C of rate nk is a free F[z1 , z2 ]-submodule of F[z1 , z2 ]n ,
where k is the dimension of C. A full column rank matrix
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and
the
parity-check
matrices
HCcl
∈
(l+1)(l+2)
(l+1)(l+2)
(n−k)×
k
2
2
is defined
in
analogous
F
P
i j
way. Further, if we identify u =
ij uij z1 z2 with its
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l = 0, 1, . . . . (3)
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corresponding series (u00 , u10 , ....), then we denote by uCi
the vector associated to u in the separation set Ci and

Proposition 1 The separation set column distances of a
code C satisfy

u[C0 ,Cl ] := (uC0 , uC1 , .., uCl ).

dcC0 ≤ dcC1 ≤ dcC2 · · · ≤ distc (C),

T

The identity H G = 0 and the full ranks of G00 and H00
immediately imply the full rank of the truncated matrices as
well as the identities
{GcCl u, u ∈ F

(l+1)(l+2)
k
2

} = {v ∈ F

(l+1)(l+2)
n
2

where distc (C) denotes the separation set column distance
upper bound.
Equation (7) implies the following fact, which can be
regarded as the analogous result of Proposition 2.1 of ([4])
for separation set column distance for 2D convolutional
codes.

, (HCcl )v = 0}

for all l ∈ N.
An important measure of robustness of a code is its
distance. We define theP
notion of distance as in [7]. The
n
i j
weight of v̂(z1 , z2 ) =
(i,j)∈N2 v(i, j)z1 z2 ∈ F[z1 , z2 ] ,
n
2
with v(i, j)
P ∈ F for (i, j) ∈ N , is given by
wt(v̂) =
wt(v(i,
j)),
where
wt(v(i,
j)) is the
(i,j)∈N2
number of nonzero elements of v(i, j). The distance between
v̂1 (z1 , z2 ), v̂2 (z1 , z2 ) ∈ F[z1 , z2 ]n , is dist(v̂1 , v̂2 ) = wt(v̂1 −
v̂2 ).

Proposition 2 Let d ∈ N. The following properties are
equivalent:
1) dcCl = d
2) none of the first n rows of HCcl is contained in the span
of any other d-2 rows and one of the first n rows of
HCcl is in the span of some other d − 1 rows of that
matrix.

Definition 2 Given a 2D finite support convolutional code
C, the distance of C is defined as
dist(C)

=

(8)

The following upper bound on the separation set column
distance is an immediate consequence of the previous result.

min{dist(v̂1 , v̂2 ) : v̂1 (z1 , z2 ), v̂2 (z1 , z2 ) ∈ C,
v̂1 (z1 , z2 ) 6= v̂2 (z1 , z2 )}.

Theorem 1 For every l ∈ N0 we have

Note that the linearity of C implies that

dcCl ≤ (n − k)

dist(C) = min{wt(v̂) : v̂(z1 , z2 ) ∈ C, v̂(z1 , z2 ) 6= 0}
.

(l + 2)(l + 1)
+1
2

On the other hand, if we define
III. COLUMN DISTANCES

C1 = {v̂(z1 , 0) : v̂(z1 , z2 ) ∈ C}
and
C2 = {v̂(0, z2 ) : v̂(z1 , z2 ) ∈ C}

In this section we introduce the concept and the main results of this paper. Since 2D convolutional codes is the higher
dimensional (nontrivial) generalizations of 1D convolutional
codes, the definitions and results introduced here for 2D convolutional codes can be also considered as a generalizations
of the concepts and properties of column distances for 1D
convolutional codes. Considering 2D information sequences
where uC0 6= 0 and using the notation introduced in the previous section, we present, as a generalization of the concept
of column distances for one dimensional convolutional codes
(see [3], chapter 3) the following definition:

of a 2D finite support convolutional C, it is easy to check that
Ci is a (free) submodule of Fn [zi ], i = 1, 2, and therefore a
1D finite support convolutional code [5].
Let G(z1 , z2 ) ∈ F[z1 , z2 ]n×k be an encoder of C and
define the polynomial matrices
G(z1 , 0) ∈ F[z]n×k and G(0, z2 ) ∈ F[z]n×k .

(10)

Hence, if G(z1 , z2 ) is an encoder of C then C1 =
ImF[z] G1 (z) and C2 = ImF[z] G2 (z). Note, however the fact
that G(z1 , z2 ) is an encoder of C does not imply, in general,
that G1 (z) and G2 (z) are also encoders of C1 and C2 ,
respectively. But, if G(z1 , z2 ) is factor prime then G1 (z) and
G2 (z) are encoders. Taking into account these considerations
we furnish the following lower bound on the separation set
column distance.

Definition 3 The l-th separation set column distance of the
two dimensional convolutional code C is given as

(6)
dcCl = min {weight GcCl u[C0 ,Cl ] }
uC0 6=0

=

(9)


T
min {weight v[C0 ,Cl ] , / HCcl v[C0 ,Cl ] = 0}.
(7)

vC0 6=0

where GcCl is the truncated matrix of an encoder matrix
G(z1 , z2 ) of C.

Theorem 2 Let C be a 2D finite support convolutional code
with a right factor prime encoder matrix G(z1 , z2 ). Then For
every l ∈ N0 we have

Note that, the l-separation set column distance is invariant
over the class of equivalent encoding matrices because we
are considering the particular case in that G(0, 0) is full
column rank. In these case the minimization over uC0 6= 0
in (7) is the minimization over the set of sequences v[C0 ,Cl ]
of codewords situated in the first quarter plane.

dcCl ≥ dcl (C1 ) + dcl (C2 ) − dcC0
where dcl (Ci ) is the l-column distance of the code Ci , i = 1, 2.
Note that dcC0 = dc0 (C1 ) = dc0 (C2 ).
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IV. CONCLUSIONS AND FUTURE WORKS
We think that this paper is a first step in the study of
distance measures of 2D convolutional codes. It would be
nice to obtain also an upper bound over the distance of a 2D
convolutional codes of fixed parameters, in a similar way that
the Generalized Singleton bound. On the other hand, using
the results presented in this paper, we are working in the
construction of 2D convolutional codes with large column
distances.
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