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Reverse-Maximum Distance Profile Convolutional Codes over the
Erasure Channel*
Virtudes Tomás§ , Joachim Rosenthal† and Roxana Smarandache‡
In order to mend this situation, the protocol that the
Internet uses is the retransmission of lost packets until they
are correctly received. But this delay on the information
has damaging effects on real-time communications. Forward
error correction is a technique that allows to avoid this
retardment. Until now mainly block codes have been used for
this purpose, with maximum distance separable (MDS) block
codes being the ones achieving the best performance [3]. In
this paper we consider the less studied class of convolutional
codes [1], [2] to accomplish this task.
Convolutional codes treat the information as a complete
sequence [9] and this provides them with what we call the
sliding window property, that is, convolutional codes can
move along the sequence and frame windows of different
sizes where it is convenient. The information is not separated
in blocks of a fixed length as in the block code case, i.e.,
they do not have a fixed grouping of a fixed length. Thanks
to this property convolutional codes can adapt the decoding
process to the concrete patterns of erasures happening in a
sequence.
the fact that only erasures occur over the erasure channel
makes the complexity of the decoding process to be polynomial. Using the subclass of maximum distance profile (MDP)
convolutional codes [7] which perform like MDS block codes
in each window size, we show with some examples how these
codes achieve better results in situations where MDS block
codes cannot complete the decoding [14].
With the intention of improving the decoding algorithm,
we introduce a new type of codes: reverse-MDP convolutional codes. These codes are more powerful than the
MDP ones because they behave as MDP codes not only
forward, but in a backward direction as well. Thanks to this
doubled MDP property of reverse-MDP codes we implement
an inverted recovering process that allow to solve situations
that neither MDS block codes nor MDP convolutional codes
can deal with [15]. Based on these results we propose
reverse-MDP convolutional codes as a very good alternative
to block codes when transmitting over the erasure channel.
In additton, we give a particular construction for this new
subclass of codes.
The paper is organized as follows. Section II provides
the necessary background on convolutional codes for the
development of the paper. In Section III we illustrate our
proposed decoding algorithm over the erasure channel. We
also provide examples and special concerns to be noticed
when comparing MDP convolutional codes with MDS block
codes. In Section IV we introduce the idea of backwards

Abstract— The loss of transmitted packets over an erasure
channel, such as the Internet, can generate delay of the received
information due to retransmission, and this can have adverse
effects in real-time applications. Error forward correction is
a technique used to avoid this delay. Until now mainly block
codes have been used for this purpose and convolutional codes
have been much less studied. In this paper we study in detail
the use of convolutional codes over this channel and we show
that the complexity of decoding is polynomial. We see how
maximum distance profile (MDP) convolutional codes can deal
with situations which are not possible for a maximum distance
separable (MDS) block code and we introduce a new concept:
reverse-MDP convolutional codes. Reverse-MDP codes double
the potential of MDP convolutional codes since they behave as
MDP codes in a forward and a backward sense. Due to this
fact, we propose this new kind of codes as very good candidates
to improve the decoding process. In addition, we provide a
particular construction for reverse-MDP convolutional codes.

I. INTRODUCTION
The main and most widely used representative of the
class of erasure channels is the Internet. To be transmitted
through this type of communication channels the information
is divided in packets that either arrive correctly to the receiver
or do not arrive due to different reasons. One cause is that
the packets are usually protected with mechanisms that allow
to know if the information is in error and when this is
the case, the packet is erased and shown as not received.
Another reason is that the physical restrictions of the systems
can make certain packets disappear sometimes. For instance,
when a buffer is full packets can be dropped out until this
situation is restored, and all those would appear as erased
as well. The receiver knows which are the received packets
and where exactly the erasures happen. The second reason
provides the channel with the following special behavior: if
a packet is erased at instant t, the probability that the packet
received at instant t+1 is erased increases. Therefore erasures
tend to occur in bursts. This is an important point to take into
account when modeling the channel.
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decoding process and we define and prove the existence of
reverse-MDP convolutional codes. In Section V we give a
method to construct reverse-MDP convolutional codes and
finally, we provide some conclusions in Section VI.

code (MDS) [12] if its free distance equals the generalized
Singleton bound.
A more local distance measure, is the column distance
[8], dcj (C), given by the expression

dcj (C) = min wt(v[0,j] (z)) | v(z) ∈ C, v0 6= 0

II. C ONVOLUTIONAL CODES
Let F be a finite field. We view a convolutional code C of
rate k/n as a submodule of F[z]n (see [5], [11], [10]) that
can be described as

where v[0,j] (z) = v0 + v1 z + · · · + vj z j represents the j-th
truncation of the codeword v(z) ∈ C. It is related with the
dfree (C) in the following way

n
o
C = v(z) ∈ F[z]n | v(z) = G(z)u(z), u(z) ∈ F[z]k

dfree (C) = lim dcj (C).

where G(z) is an n × k full-rank polynomial matrix called
a generator matrix for C, u(z) is the information vector
and v(z) is the code vector or codeword.
The maximum degree of all polynomials in the j-th
column of G(z) is called the j-th column degree of G(z)
and we denote it by δj .
We define the degree δ of a convolutional code C as the
maximum of the degrees of the determinants of the k × k
sub-matrices of any generator matrix of C. Then we say that
C is an (n, k, δ) convolutional code [9].
The high order coefficient matrix of G(z), G∞ , is the
matrix whose j-th column is formed by the coefficients of
z δj in the j-th column of G(z).
We say that a code C is observable (see, e.g., [13], [10])
if the generator matrix G(z) has a polynomial left inverse
and G(0) is full rank. If C is an observable code then it can
be equivalently described through a parity check matrix. In
other words, there exists in this case an (n − k) × n full rank
polynomial matrix H(z) such that

The j-th column distance is upper bounded [4], [7]
dcj (C) ≤ (n − k)(j + 1) + 1

L=


H0

 H1 H0


(j+1)(n−k)×(j+1)n
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we can expand the kernel representation in the following way
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Then MDP convolutional codes are characterized as following:
Theorem 2.1 ([4, Th. 2.4]): Let Gj and Hj be like in (7)
and (6). Then the following are equivalent:
(a) dcj = (n − k)(j + 1) + 1;
(b) every (j + 1)k × (j + 1)k full-size minor of Gj formed
from the columns with indices 1 ≤ t1 < · · · < t(j+1)k ,
where tsk+1 > sn for s = 1, 2, . . . , j, is nonzero;
(c) every (j+1)(n−k)×(j+1)(n−k) full-size minor of Hj
formed from the columns with indices 1 ≤ r1 < · · · <
r(j+1)(n−k) , where rs(n−k) ≤ sn for s = 1, 2, . . . , j, is
nonzero.

An important distance measure for convolutional codes is
the free distance:
dfree (C) := min {wt(v(z)) | v(z) ∈ C, v(z) 6= 0} .

Rosenthal and Smarandache [12] showed that an (n, k, δ)
convolutional code has a free distance upper bounded by
 

δ
+ 1 + δ + 1.
k

Pm
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Hν

dfree (C) ≤ (n − k)

(5)



H(z) = H0 + H1 z + · · · + Hν z ν

..

  

δ
δ
+
.
k
n−k

An (n, k, δ) convolutional code C is said to have maximum
distance profile (MDP) if dcL (C) = (n − k)(L + 1) + 1 (see
[4], [7]). In this case, every dcj (C) for j ≤ L is maximal, so
we can say that the column distances of MDP codes increase
as rapidly as possible for as long as possible.
The following theorem characterizes MDP codes algebraically.PAssume that the parity check matrix is given as
ν
H(z) = i=0 Hi z i . For each j > ν let Hj = 0 and define:

If we write v(z) = v0 + v1 z + . . . + vl z l (with l ≥ 0) and
we represent H(z) as a matrix polynomial

H0
 ..
 .

 Hν









(4)

and the maximality of any of the column distances implies the maximality of all the previous ones, that is, if
dcj (C) = (n − k)(j + 1) + 1 for some j, then dci (C) =
(n − k)(i + 1) + 1 for i ≤ j (see [4], [7]). The (m + 1)-tuple
(dc0 (C), dc1 (C), . . . , dcm (C)) is called the column distance
profile of the code [8].
Since no column distance can achieve a value greater than
the generalized Singleton bound, the largest integer j for
which that bound (4) can be attained is j = L,

n
o
C = v(z) ∈ F[z]n | H(z)v(z) = 0 ∈ F[z]n−k .



(3)

j→∞

(2)

This bound is known as the generalized Singleton bound
[12] since it generalizes in a natural way the Singleton
bound for block codes. Moreover, an (n, k, δ) code is defined to be a maximum distance separable convolutional
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In order to find the value of this unique vector, we solve
the full column rank system, find a solution and retain the
part which is unique. Then we slide n bits to the next n(L +
1) window and proceed as above. This concludes the proof
of our claim.
As an immediate result we have that the best scenario happens when the convolutional code is an MDP convolutional
code.
Corollary 3.2: Let C be an (n, k, δ) MDP convolutional
code. If in any sliding window of length (L + 1)n at most
(L + 1)(n − k) erasures occur in a transmited sequence then
we can completely recover the sequence in polynomial time
in δ.
One must notice that although in Corollary 3.2 we fix
the value L, other window sizes can be taken during the
process in order to optimize it. The parameter L gives an
upper bound on the length of the window that we can take
to correct. For every j ≤ L, in a window of size (j + 1)n
we can recover at most (j + 1)(n − k) erasures. This means
that we can conveniently choose the size of the window at
each step depending on the distribution of the erasures in the
sequence. This is an advantage that these codes have over
block codes. If we receive a part of sequence with a few
errors we do not need to wait until we receive the complete
block, we can already decode within very small windows.
This property allows us to recover the erasures in situations
where the MDS block codes cannot do it. The following
example illustrates this scenario.
Example 3.3: Let us take a (2, 1, 50) MDP convolutional
code to decode over an erasure channel. In this case the
decoding can be completed if in any sliding window of length
202 there are not more than 101 erasures; 50% of the erasures
can be recovered.
The MDS block code which achieves a comparable performance is a [202, 101] MDS block code. In a block of 202
symbols we can recover 101 erasures, that is again 50%.
Assume that we use a (2, 1, 50) MDP convolutional code
and a [202, 101] MDS block code to transmit over an erasure
channel. Suppose we have been able to correctly decode up
to an instant t and then we receive the following pattern of
erasures

A code satisfying the conditions of Theorem 2.1 is said
to have the MDP property. MDP convolutional codes are
similar to MDS block codes within windows of size (L+1)n.
III. D ECODING OVER AN ERASURE CHANNEL
Let us suppose that we use an MDP convolutional code C
to transmit over an erasure channel. Then we can state the
following result.
Theorem 3.1: Let C be an (n, k, δ) convolutional code
with dcj0 the j0 -th column distance. If in any sliding window
of length (j0 + 1)n at most dcj0 − 1 erasures occur, then we
can completely recover the transmited sequence.
Proof: Assume that we have been able to correctly
decode up to an instant t − 1. Then we have the following
homogeneous system:

vt−ν
. 

 .. 


vt−1 



? 

..
=0

.
 ? 


. . . H0  . 
 .. 
?








Hν Hν−1 . . . H0
H ν . . . H1
..
.

H0

Hj0 Hj0 −1

(8)

where ? takes the place of a vector that had some of the
components erased. Let the positions of the erased field
elements be i1 , . . . , ie , e ≤ (L+1)(n−k)1, where i1 , . . . , is ,
s ≤ n, are the erasures occurring in the first n-vector erased.
We can take the columns of the matrix in equation (8) that
correspond to the coefficients of the erased elements to be the
coefficients of a new system. The rest of the columns in (8)
will help us to compute the independent terms. In this way
we get a nonhomogeneous system with (L + 1)n equations
and e, at most (L + 1)(n − k), variables.
We claim that there is an extension
{ṽt , . . . , ṽt+L }

such that the vector
(vt−ν , . . . , vt−1 , ṽt , . . . , ṽt+L )

is a codeword and such that ṽt is unique.
Indeed, we know that a solution of the system exists
since we assumed that only erasures occur. To prove the
uniqueness of ṽt , or equivalently, of the erased elements
ṽi1 , . . . , ṽis , let us suppose there exist two such good exten˜ t , . . . , ṽ
˜ t+L }. Let hi1 , . . . , hie
sions {ṽt , . . . , ṽt+L } and {ṽ
, be the column vectors of the sliding parity-check matrix
in (8) which correspond to the erasure elements. We have:

(A)60

(C)60

where each ? stands for a component of the vector that
has been erased and v means that the component has been
correctly received. In this situation 120 erasures happen in a
block of 202 symbols and the MDS block code is not able
to recover them. In the block code situation one has to skip
the whole window losing that information, and go on with
the decoding of the next block.
However, the MDP convolutional code can deal with this
situation. Let us frame a 120 symbol length window; in this
window we can correct up to 60 erasures. In this way we
can recover the first block of erasures.

ṽi1 hi1 + . . . + ṽis his + . . . + ṽie hie = b̃

and

(B)80

z }| { z }| { z }| {
. . . vv| ? ? . . . ? ? vv . . . v ? ? . . . ? ? vv|vv . . . ,

˜
ṽ˜i1 hi1 + . . . + ṽ˜is his + . . . + ṽ˜ie hie = b̃,

˜
where the vectors b̃ and b̃ correspond to the known part of
the system. Subtracting these equations and observing that
˜
b̃ = b̃, we obtain:
(ṽi1 − ṽ˜i1 )hi1 + . . . + (ṽie − ṽ˜ie )hie = 0.

Using Theorem 2.1 part (c) we obtain that, necessarily,

100

ṽi1 −ṽ˜i1 = 0, . . . , ṽis − ṽ˜is = 0.

(A)60

(B)60

z }| { z }| { z }| {
vv . . . vv | ? ? . . . ? ? vv . . . v
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better either since in each block of 202 symbols there are
more than 101 erasures.

In the previous example we saw that, even if sometimes
we can find enough clean memory between the bursts of
erasures, we cannot decode moving left-to-right along the
sequence. However, one can notice that in the places where
this clean memory appears we could move right-to-left and
we would obtain that the erasures are less accumulated in that
block. So reading the patterns right-to-left would provide us
with a distribution of erasures with an appropriate density per
window to be recovered. So moving along the sequence in
the inverse direction, we find a more favorable situation for
the recovering and, this way, we would lose less information.
From now on we will refer to this inverted recovering
process as backward decoding and to the normal left-to-right
process as forward decoding.
We will show how this forward and backward flexibility
of convolutional codes allow to recover patterns of erasures
that block codes cannot recover. In order to do so we recall
the following results.
Proposition 4.2 ([6, Prop. 2.9]): Let C be an (n, k, δ)code with minimal generator matrix G(z). Let G(z) be the
matrix obtained by replacing each entry gij (z) of G(z) by
gij (z) := z δj gij (z −1 ), where δj is the j-th column degree
of G(z). Then, G(z) is a minimal generator matrix of an
(n, k, δ)-code C, having the characterization

Then we can slide through the received sequence and frame
the rest of the erasures in the same way.
60

(C)60
(A+B)100
z }| { z }| { z }| {
vv . . . vv ? ? . . . ? ? vv|vv . . .

After this we have correctly decoded the sequence.

Remark 3.4: There are situations in which the pattern of
erasures that is mentioned in Theorem 3.1 or in Corollary 3.2
does not happen nor we recover choosing smaller window
sizes. Then we get lost in the recovering process.
When using the parity check matrix we know that

vt−ν
 . 
 .. 


vt 

 = 0.



 vt+1 
 .. 
 . 
vt+j








Hν Hν−1 · · · H0
H ν · · · H1 H 0
..
..
.
.
Hj Hj−1 · · · H0

Then, in order to continue our recovering process once we get
lost, we need to find a block of νn symbols without erasures
(vt−ν , . . . , vt−1 ) preceding a block of (j + 1)n symbols
(vt ,. . . ,vt+j ) where not more that (j + 1)(n − k) erasures
occur. In other words, we need to have clean memory. 
IV. T HE BACKWARD PROCESS AND THE REVERSE -MDP
CONVOLUTIONAL CODES

v0 + v1 z + · · · + vs−1 z s−1 + vs z s ∈ C

In this section we introduce a new class of codes called
reverse-MDP convolutional codes which have the MDP property both forward and backward. This forward and backward
flexibility will help us to solve situations for which an MDP
convolutional code fails.
In Remark 3.4 we gave necessary conditions to restart
recovering once we get lost, i.e., once the number of erasures
is too large we need to find a window of clean or “almost”
clean memory. However, finding a whole block of clean
memory can end up in a long waiting time, together with
a loss of a long part of the sequence until a νn block of
clean symbols is found. The following example illustrates
this situation.
Example 4.1: As previously, assume we use a (2, 1, 50)
MDP convolutional code to transmit over an erasure channel
and we are able to recover the sequence up to an instant t.
Suppose then that we receive a part of a sequence with
the following pattern
(A)22

(B)180

if and only if
vs + vs−1 z + · · · + v1 z s−1 + v0 z s ∈ C.

We call P
C the reverse code of C. Similarly, we denote by
ν
H(z) = i=0 H i z i the parity check matrix of C. The reason
for introducing C is that it allows us to invert the time of our
sequence allowing us to describe the backward process we
are looking for.
C and C have the same dfree . However, their column
distances may be
of the code
Psdifferent since the truncations
Ps
words v(z) = i=0 vi z i and v(z) = i=0 vs−i z i do not
involve the same coefficients:

dcj (C) = min wt(v[0,j] (z)) | v(z) ∈ C, v0 6= 0
( j
)
X
= min
wt(vi ) | v(z) ∈ C, v0 6= 0
i=0


dcj (C) = min wt(v[0,j] (z)) | v(z) ∈ C, v0 6= 0
(s−j+1
)
X
= min
wt(vs−i ) | v(z) ∈ C, vs 6= 0 .
i=0

(C)202

z }| { z
}|
{ z }| {
. . . ? ? ? . . . ? vv ? ?vv ? ? . . . vv ? ? | vv . . . vv |
(D)80

(E)62

(F )60

Similar to the forward decoding process, in order to
achieve maximum recovering capability when recovering
using backward decoding we need the column distances of
C to be maximal up to a point. This leads to the following
definition.
Definition 4.3: Let C be an MDP (n, k, δ) convolutional
code. We say that C is a reverse-MDP convolutional code if
the reverse code C of C is an MDP code as well.
As previously explained, reverse-MDP convolutional
codes are better candidates than MDP convolutional codes
for recovering over the erasure channel. The following

(G)202

z }| { z }| { z }| { z }| {
| ? ? . . . ? vv . . . v ? ? . . . ? | vv . . . v .

In this case we cannot recover the sequence because we
either do not have enough clean memory in between the
blocks of erasures (we need 100 clean symbols) or, when
we have clean memory, we have patterns that surpass the
number of erasures allowed per window. Therefore, the
previous algorithm would skip over these erasures and lose
the information. A [202, 101] MDS block code would not be
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need to wait until the whole sequence was received in order
to start recovering right-to-left, and this would not give better
results than the retransmission of lost packets.

theorem shows that the existence of this class of codes is
guaranteed over fields with enough number of elements.
Theorem 4.4: Let k, n and δ be positive integers. An
(n, k, δ) reverse-MDP convolutional code exists over a sufficiently large field.
Here we present a sketch of the proof. For further details we
refer the reader to [15].
S KETCH OF PROOF : It was shown [7] that the condition for
a convolutional code to be MDP code is an open condition,
in other words, MDP convolutional codes form a generic
set, that is, a nonempty Zariski open subset in the quasiprojective variety of all (n, k, δ) convolutional codes.
The intersection of two such sets is still a nonempty
Zariski open set. A reverse-MDP convolutional code is an
element of the intersection of the set given by the conditions
on C to be MDP and the set given by the conditions on
C to be MDP. This intersection is still a nonempty Zariski
open set, i.e., a generic set. Thus, reverse-MDP convolutional
codes exist over large enough fields since they form a generic
set.

Using reverse-MDP convolutional codes one can solve the
situation in example 4.1.
Example 4.1b. Assume that the (2, 1, 50) code we use
to transmit in Example 4.1 is a reverse-MDP convolutional
code. The reverse code C has the same recovering capability
as C.
We are not able to recover the sequence with the left-toright process and the mentioned pattern, but we can do it
recovering backward.
Once we have received 100 symbols of C we can recover
part of the past erasures. If we take the following window
(B)180

V. C ONSTRUCTION OF REVERSE -MDP C ONVOLUTIONAL
C ODES
As we showed previously, reverse-MDP convolutional
codes exist over sufficiently large fields and they give a good
performance when decoding over the erasure channel. In this
section we construct reverse-MDP codes for the case when
(n − k) | δ and k > δ —when computing the parity check
matrix— (or k | δ and (n − k) > δ —when constructing the
generator matrix—).
For this construction we need to define a special type of
matrices.
Definition 5.1: Let A be an r ×r lower triangular Toeplitz
matrix


a0

 a1
A=
 .
 ..
ar

(C)100



and we use the reverse code C to solve the inverted system,
then we can recover the erasures in B. Framing the following
window
(F )60

a0
..
.
···

0
.. 
. 
.

0 
a0

Let s ∈ {1, 2, . . . , r}. Suppose that I = {i1 , . . . , is } is a set
of row indices of A, J = {j1 , . . . , js } is a set of column
indices of A, and that the elements of each set are ordered
increasingly. We denote by AIJ the submatrix of A with
columns indexed by J and rows indexed by I. A submatrix
of A is said to be proper if, for each t ∈ {1, 2, . . . , s},
the inequality jt ≤ it holds. The matrix A is said to be
superregular if every proper submatrix of A has a nonzero
determinant.
Definition 5.2: We say a superregular matrix A is reversesuperregular if the matrix

}|
{ z }| {
z
vv ? ?vv ? ? . . . vv ? ? | vv . . . v

(E)60

···
..
.
..
.
a1

0

Arev

(G)100

z }| { z }| { z }| {
vv . . . v ? ? . . . ? | vv . . . v

ar

 ar−1
=
 .
 ..
a0

0
ar
..
.
···

···
..
.
..
.
ar−1


0
.. 
. 


0 
ar

is superregular, too.
Example 5.3: Let F = F8 with α3 + α2 + 1 = 0. The
matrices

we can in the same way recover block F . Like this we
recovered 150 erasures, this is more than 59% of the erasures
that happened in that concrete part of the sequence.




1 0 0
 α4 1 0
C =
 α6 α4 1
α3 α6 α4

In the previous example we showed how reverse-MDP
convolutional codes and the backward process make possible
to recover information that would already be considered as
lost by an MDS block code, because it is happening in
a previous block, or by an MDP code, because it cannot
recover previous erasures. We use a space of clean memory,
not only to recover the next burst of erasures, but additionally
to recover the previous one. We can do this as soon as we
received enough clean symbols and we do not need to wait
until we receive a whole new block.
If we would allow this backward process to be complete,
that is, to go from the end of the sequence up to the
beginning, we would recover much more information. We
do not consider this situation since it would imply that we



0

0
 , Crev = 

0
1


α3 0 0 0
6
3
α α
0 0 

α4 α6 α3 0 
1 α4 α6 α3

are superregular. Therefore, C is a reverse-superregular matrix.

If we let (n−k) | δ and k > δ and we extract appropriately
certain columns and rows from a reverse-superregular matrix,
we can obtain the parity check matrix of a reverse-MDP code
C, i.e., C and C satisfying the MDP property.
Theorem 5.4: Let A be an r × r reverse-superregular
matrix with r = (L + 1)(2n − k − 1). For j = 0, 1, . . . , L
let Ij be sets of row indices
Ij = {(j +1)n+j(n−k−1),
(j +1)n+j(n−k−1)+1, . . . ,(j +1)(2n−k−1)}
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and Jj the sets of column indices

reverse-superregular matrix and changing the sizes for the
extraction of rows and columns we obtain the following
theorem similar to Theorem 5.4.
Theorem 5.6: Let B be the transpose of an r × r reversesuperregular matrix with r = (L + 1)(n + k − 1). For j =
0, 1, . . . , L, let Ij be sets of row indices

Jj = {jn+j(n−k−1)+1,
jn+j(n−k−1)+2, . . . ,(j +1)n+j(n−k−1)}

and let I and J be the union of these sets
I=

L
[

Ij ,

J=

j=0

L
[

Jj .

Ij = {jn+j(k−1)+1,

j=0

jn+j(k−1)+2, . . . , (j +1)n+j(k−1)}

e be the (L+1)(n−k)×(L+1)n lower block triangular
Let A
e = AI . Then every (L +
submatrix obtained from A as A
J
e formed from
1)(n − k) × (L + 1)(n − k) full size minor of A
the columns with indices 1 ≤ i1 < · · · < i(L+1)(n−k) , where
is(n−k) ≤ sn for s = 1, 2, . . . , L, is nonzero. Moreover, the
erev .
same property holds for A
The condition (n − k) | δ and k > δ ensures that L =
δ
ν = (n−k)
. In this way Hν = HL and all the matrices of
the expansion of H(z) appear in HL and we can describe
H(z).
Let µj be the maximum degree of all polynomials in the
j-th row of H(z) and let H∞ be the matrix whose j-th row
is formed by the coefficients of z µj in the j-th row of H(z).
One can note that in general H∞ 6= Hν , but since (n−k) | δ,
Hν has full rank then both matrices coincide. H i = Hν−i for
i = 0, . . . , ν and the expression for the parity check matrix
of C is H(z) = Hν + Hν−1 z + · · · + H1 z ν−1 + H0 z ν .
e are the appropriate matrices
In this way, the blocks of A
Hi and we can construct H(z) and H(z). We illustrate the
process with the following example.
Example 5.5: We can construct the parity check matrix of
a (3, 2, 1) reverse-MDP convolutional code C over F32 using
a 6 × 6 reverse-superregular matrix. Assume µ5 + µ2 + 1 = 0
and we have the reverse-superregular matrix




P =




1
µ15
µ21
µ23
µ21
µ10

0
1
µ15
µ21
µ23
µ21

0
0
1
µ15
µ21
µ23

0
0
0
1
µ15
µ21

0
0
0
0
1
µ15

0
0
0
0
0
1

and Jj the sets of column indices
Jj = {(j +1)n+j(k−1),
(j +1)n+j(k−1)+1, . . . , (j +1)(n+ vk−1)}

and let I and J be the union of these sets
I=





.







S=




  21 15

H0 O
µ
µ
1
0
0 0
= 10 21 23 21 15
H1 H0
µ
µ
µ
µ
µ
1

so the parity check matrix of our code is
H(z) =



µ21 + µ10 z

µ15 + µ21 z

1 + µ23 z



J=

1
0
0
0
0
0

γ 19
1
0
0
0
0

γ 16
γ 19
1
0
0
0

γ 20
γ 16
γ 19
1
0
0



H(z) =

µ10 + µ21 z



µ10
µ21

µ21 + µ15 z


GL =

µ23 + z



G0
O

G1
G0

,

where
HL =

µ21
µ15

µ23
1

0
µ10

0
µ21

0
µ23

Jj .

j=0

γ5
γ 20
γ 16
γ 19
1
0

γ 16
γ5
γ 20
γ 16
γ 19
1










to obtain

.

The expression for P
P1
1
H(z) = i=0 H i z i = i=0 H1−i z i
is now


L
[

e be the (L + 1)n × (L + 1)k upper block triangular
Let B
e = B I . Then every (L +
submatrix obtained from B as B
J
e formed from the columns
1)k×(L+1)k full size minor of B
with indices 1 ≤ i1 < · · · < i(L+1)k , where isk+1 > sn for
s = 1, 2, . . . , L, is nonzero. Moreover, the same property
erev .
holds for B
In this case we take k | δ and (n − k) > δ so that L =
m = kδ . Then all the matrices in the expansion of matrix
G(z) appear in GL . Like this we can completely define G(z).
As in the parity check matrix case, in general G∞ 6= Gm ,
but with k | δ, Gm has full rank and G∞ = Gm . Now
Gi = Gm−i for i = 0, . . . , m, and the generator matrix of C
looks like G(z) = Gm + Gm−1 z + · · · + G1 z m−1 + G0 z m .
e we can construct the generExtracting the blocks from B
ator matrix of the code as shown in the example below.
Example 5.7: We can construct the generator matrix of a
(3, 1, 1) code over F32 . For this we use the transpose of a
6×6 reverse-superregular matrix. Let γ 5 +γ 4 +γ 3 +γ 2 +1 =
0. We can apply Theorem 5.6 to the matrix




Ij ,

j=0

Applying Theorem 5.4 we can extract the corresponding
blocks and obtain the matrix
HL =

L
[






=




γ 16
γ 19
1
0
0
0

γ 16
γ5
γ 20
γ 16
γ 19
1





.




The generator matrices of C and C are


.


γ 16 + γ 16 z
19
5
G(z) =  γ + γ z  ,
1 + γ 20 z



The same kind of construction can be applied in order
to obtain the generator matrix of a code. Transposing the


γ 16 + γ 16 z
5
19
G(z) =  γ + γ z  .
γ 20 + z
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VI. C ONCLUSIONS

[15] V. Tomás, J. Rosenthal, and R. Smarandache. Convolutional Codes
Decoding over the Erasure Channel. In preparation.

In this paper, we introduce reverse-MDP convolutional
codes as an alternative to MDS block codes when decoding
over an erasure channel. We have seen that the MDS behavior
of the MDP codes withing windows of size (j +1)n, doubled
by the reverse MDP capacity of reverse-MDP convolutional
codes, lets us recover a larger number of erasures in a
sequence dealing with situations that for MDS block codes
are impossible. Even over large field sizes the complexity
of decoding is polynomial for a fixed window size since the
decoding algorithm requires only the solving of some linear
systems. Moreover, the sliding window property allows us to
adapt the decoding process to the distribution of the erasures
in the sequence. We have shown how the possibility of taking
smaller windows lets us recover erasures that MDS block
codes cannot recover.
We prove the existence of reverse-MDP convolutional
codes and give a particular construction. These codes give a
better performance than MDP codes when working over the
erasure channel.
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