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Decoding of a class of convolutional codes
Heide Gluesing-Luerssen, Uwe Helmke and José Ignacio Iglesias Curto

convolutional codes. It will turn out that such adaptation is
feasible in practice.
The structure of the paper is as follows. In the rest of
Section I we will introduce the basic notions on convolutional
codes that will be needed for the understanding of the paper.
In Section II a general decoding algorithm for convolutional
codes will be exposed. In Section III we will show how
doubly cyclic codes are constructed, as presented in [2],
since these are the codes that our algorithm will decode.
Section IV is devoted to the adaptation of the general
algorithm for the particular case of doubly cyclic codes.
Finally Section V contains the conclusions of this work
and points to some directions for future research in this topic.

Abstract— A general decoding algorithm for convolutional
codes will be exposed. Under certain conditions this algorithm
will allow to correct a high number of errors in an interval of
fixed length. We will show that a class of Cyclic Convolutional
Codes is particularly well suited for this iterative algorithm
in two aspects: first, it satisfies the conditions so that the
error correcting capacities of the algorithm are optimized;
secondly, the computations needed at each iteration are feasible.
Consequently, the application of the algorithm to this class of
codes results in an efficient decoding method.

I. INTRODUCTION
As well as for block codes, the main objective in convolutional coding is to construct codes with good properties,
i.e. that allows to carry the biggest amount of information
and to correct the maximum number of errors, and that can
be decoded in practice. It is well known that no decoding
algorithm exists that can be used in practice for any code.
Similarly to the case of syndrome decoding for block
codes, the Viterbi decoding algorithm for convolutional codes
[16] can be theoretically applied to any code. However for
high values on the degree of the code its use in practice
becomes unfeasible. As a result, particular algorithms are
devised for each family of convolutional codes, as it is
also the case for block codes. Such algorithms make use
of the particular characteristics of the corresponding family.
Hence, they way in which a class of codes is constructed has
an effect in both the main aspects commented before: the
performance characteristics of the code and the possibility
of efficient decoding.
Early algebraic constructions of convolutional codes date
back to the 70’s, as for example [8], [10]. In particular, an
analogy to the notion of a cyclic code for the convolutional
context has been investigated in [10], [1], [2]. From another
perspective, the relationship of convolutional codes and linear systems has been exploited [11], [13], [14], [15], and
even algebraic geometric constructions have been developed
[4], [5], [9]. However, the number of decoding algorithms is
still quite reduced. Examples can be found e.g. in [7], [12].
It is the aim of this paper to propose a general decoding
algorithm that works for a wide class of convolutional codes,
but is particularly well adapted to the class of doubly-cyclic

Throughout our paper F will denote a finite field of q
elements. Recall that a convolutional code C of length n and
dimension k is a k-rank F[z]-submodule of F[z]n , that can
be obtained as
C = {uG|u ∈ F[z]k }
(1)
where G is a polynomial matrix known as the generator matrix of C. We will require that G is basic, i.e. rank(G(α)) = k
for all α in an algebraic closure of F, and reduced, i.e. the
sum of its row degrees equals the maximal degree
any kPof
m
minor. Since G is polynomial we can write G = i=0 Gi z i ,
Gi ∈ Fk×n , with m the memory of the code (which is
introduced later).
codeword is a polynomial vector c(z) =
PA convolutional
i
n
of as the
i=0 ci z with ci ∈ F , that can be also thought
P
sequence (c0 , c1 , c2 , . . .). Further, if u(z) = i=0 ui z i with
ui ∈ Fn is the information vector such that c(z) = u(z)G,
that can be thought of as the sequence (u0 , u1 , u2 , . . .), then
(c0 , c1 , c2 , . . .) = (u0 , u1 , u2 , . . .)G
where G is the constant sliding matrix
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Convolutional codes are characterized by their length,
dimension and free distance, together with two more parameters that measure the interdependency of the sequence
components: the memory, i.e. the maximal degree of any
entry in a reduced generator matrix, and the degree, i.e. the
sum of the row degrees in a reduced generator matrix. The
row degrees of a reduced matrix are invariants of the code
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and they are commonly known as the Forney indices of the
code.
The free distance of a convolutional code is the analogy
to the minimum distance of a block code. Let us define
the
P overalli Hamming weight
P of a polynomial vector v(z) =
v
z
as
w(v(z))
=
i
i=0
i=0 w(vi ). Then the free distance
of the code C is defined as
df ree (C) = minw(c) .
c∈C

we will be referring to this condition as the error constraint.
Note that for lower values of L we can have higher values
for d˜ and hence, as mentioned before, we will be able to
correct more errors.
To carry out our algorithm we will also make use of the
mk×N n
matrix Gf
, where
N ∈F
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II. A DECODING ALGORITHM FOR
CONVOLUTIONAL CODES
In this Section we expose a decoding algorithm for convolutional codes, presented in a different way in [6], [3].
This algorithm would be theoretically of application to any
convolutional code. It works sequentially on the received
codeword by decoding each “piece” with the information
from the previous ones, which are assumed to be correctly
decoded. The idea for the recursion is rather simple: if a
codeword is correctly decoded up to a certain instant, one can
recover the corresponding information subsequence and use
it to remove its influence on the later time instants. Hence,
decoding the resulting sequence is equivalent to decoding a
received sequence from the initial time instant.
For that we will need to fix the length of the subsequence
that we will decode at each step, L, and the length of the
decoding window that will be used for it, N > L. Both
parameters will be fixed for each particular case in order
to get the best performance. (Note that higher values for L
will result in faster decoding while lower values for L will
allow, as we will see later, to decode more errors per step.)

Let us describe now the decoding algorithm for convolutional codes.
Algorithm 2. Let v = (v0 , v1 , . . .) be the received sequence,
we want to obtain the decoded sequence ĉ = (ĉ0 , ĉ1 , . . .) and
the corresponding information sequence û = (û0 , û1 , . . .).
For all calculations we assume that the vectors with negative
index are 0.
1. Initialize the sequences û = (), ĉ = () and i = 0.
2. While iL − 1 < length(v) repeat:
2.1. Let ṽ := (viL , . . . , viL+N −1 ), and let
w̃ := ṽ − (ũiL−m , . . . , ũiL−1 )Gf
N.
2.2. Decode w̃ with respect to the code CN to obtain
ŵ.
2.3. Obtain (ûiL , . . . , ûiL+N −1 ) the information sequence corresponding to ŵ.
2.4. Compute
(ĉiL , . . . , ĉiL+N −1 ) = ŵ+(ũiL−m , . . . , ũiL−1 )Gf
N.
2.5. Update
û
and
ĉ
by
appending
(ûiL , . . . , û(i+1)L−1 ) and (ĉiL , . . . , ĉ(i+1)L−1 )
respectively at then ends of û and ĉ.
2.6. Update i with i + 1
3. Return û and ĉ.

Let us consider a convolutional
Pm codei C with memory
m and generator matrix G =
i=0 Gi z , which we wish
to decode with our algorithm. The performance of this
algorithm will be based on the decoding of a constant vector
with respect to the block code CN := im GN ⊆ FN n , being


G0 G1 . . . GN −1

G0 . . . GN −2 


N k×N n
GN := 
,
(5)
..  ∈ F
..


.
.
G0
where Gi is assumed to be 0 whenever i > m. Since G0 is
a full row rank matrix this holds also for GN .
Let d˜ ∈ N be such that for all c = (c0 , . . . , cN −1 ) ∈ CN ,
if w(v) ≤ d˜ then (v0 , . . . , vL−1 ) = 0. The following is a
˜
direct consequence of this definition of d.

Remark 3. The key step of algorithm is 2.2, and the usability
of this algorithm over a particular class of convolutional
codes depends on the existence of a practical decoding
algorithm for the corresponding block code CN correcting up
˜
to b d2 c errors and allowing decoding errors only in the last
N −L components. In Section IV we will study in detail how
it runs over a class of codes for which such block decoding
algorithm exists.

Lemma 1. For any vector v = (v0 , . . . , vN −1 ), if there are
two codewords c = (c0 , . . . , cN −1 ), c0 = (c00 , . . . , c0N −1 ) ∈ CN
˜
˜
such that d(v, c) ≤ b d2 c, d(v, c0 ) ≤ b d2 c, then ci = c0i for all
0 ≤ i ≤ L − 1.
˜

This means that we can correct b d2 c errors with respect
to CN if we need correct decoding only in the L first
components. In the context of our algorithm this will mean
˜
that we will decode correctly as long as at most b d2 c errors
occur on each window of size N . In the rest of the paper

Let us prove that the algorithm returns indeed the sent
codeword as long as the error constraint is fulfilled.
Theorem 4. The sequence ĉ is a codeword from the convolutional code C and it is the closest one to the received
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sequence v.

gives an isomorphism of left F[z]-modules. Then, a convolutional code C ⊆ F[z]n is said to by σ-cyclic if p(C) is a
left ideal in A[z; σ].
A particular subfamily of cyclic convolutional codes is
studied in [2] where the chosen automorphism of A is of
the form σ = αk x, with α a primitive element of F and
0 ≤ k ≤ n − 1. The cyclic convolutional codes of the family
are the left ideals
polynomials of
Pm of A[z; σ] generated by
Qn−k−1
the form g = i=0 z i σ i (f ), where f = j=0 (x − αi ).
Note that f is the generator polynomial of a k-dimensional
cyclic block code. It is because of this additional cyclic
component that the codes so obtained are called doublycyclic convolutional codes.
The properties of these codes have been studied, and in
particular the following results have been proven ([2]).

Proof: Note that for all i
(ĉiL , . . . , ĉiL+N −1 ) = ŵ + (ũiL−m , . . . , ũiL−1 )Gf
N
= (ûiL , . . . , ûiL+N −1 )GN + (ũiL−m , . . . , ũiL−1 )Gf
N
f
GN
= (ũiL−m , . . . , ũiL−1 , ûiL , . . . , ûiL+N −1 )
GN

Gf
N
and
is a column block submatrix of the
GN
sliding generator matrix G. Further, the components
((û(i+1)L , . . . , ûiL+N −1 ) that are discarded at the i-th step
only affect to the components ((ĉ(i+1)L , . . . , ĉiL+N −1 ),
which are also discarded at that step. Hence all the resulting
sequence ĉ can be obtained by the product of the sequence
û with the sliding matrix G and as a consequence ĉ belongs
to the code.
The fact that ĉ is the closest codeword to v is a direct
consequence of Lemma 1, since if the error constraint is
fulfilled then for any w̃ returned in Step 2.2 of the algorithm
the first L components, which are the only ones kept to
update û and ĉ, are uniquely determined.


Theorem 5. Let n = q − 1, k ≤ bn/2c, m ≤ bn/kc − 1, and
let C denote the doubly-cyclic convolutional code generated
by the polynomial g. Then,
1) C
generated
by
the
matrix
Pism
G = i=0 Gi z i ∈ F[z]k×n , where


v(σ i (f ))
 v(σ i (xf )) 


(10)
Gi = 
 ∈ Fk×n .
..


.
v(σ i (xk−1 f ))

III. DOUBLY CYCLIC CONVOLUTIONAL CODES
As any other kind of algorithm, the one presented here
for decoding convolutional codes has some interest beyond
theory only if it is usable in practice, i.e., if there exist codes
for which the algorithm is efficient. Similarly, the importance
of codes in practice relies upon the existence of a practical
decoding algorithm.
We present in this Section the family of doubly cyclic
convolutional codes [2] that, as we will see in the following
Section, can be efficiently decoded by means of our algorithm.
In [1] the notion of cyclicity is studied for convolutional
codes. This is done by considering the polynomial ring
A[z], with A = F[x]/ < xn − 1 >, as well as the natural
isomorphisms
p

Fn k
(v0 , . . . , vn−1 ) o

v

+

A

.

G is both a basic and reduced polynomial matrix, and
all Forney indices are equal to the memory of the code,
m.
2) C has free distance
df ree (C) = (m + 1)(n − k + 1).
3) The codes generated by the matrices


Gj
Gj−1 


Gj,0 =  .  ∈ F(j+1)k×n
 .. 

(12)

G0
are Reed-Solomon codes.

(7)

As it will be apparent in next Section, the third statement
of the Theorem is the key to adapt our general decoding
algorithm to doubly-cyclic convolutional codes.

/ Pn−1 vi xi
i=0

However, the natural step of defining cyclic convolutional
codes as ideals of A[z] leads to the fact that in that case
the only cyclic codes would have zero memory, i.e., they
would be block codes. Consequently a more general notion
of cyclicity is needed. With this purpose an automorphism
σ ∈ AutF (A) is also considered, and a multiplication in A[z]
defined by
az = zσ(a) for all a ∈ A
(8)

IV. DECODING DOUBLY-CYCLIC
CONVOLUTIONAL CODES
As we saw in the description of the general decoding
algorithm, the fundamental step is the block decoding of a
˜
given vector with respect to the code CN so that b d2 c errors
can be corrected and only the first L components are needed
to be correctly decoded.
Note that in the case of doubly-cyclic convolutional codes
each column block submatrix of GN is a matrix Gi,0 ,i ≤ N−1,
which generates a Reed-Solomon code by Theorem 5.3, and
there are efficient decoding methods for decoding such codes.
We will make use of this fact to describe the way in which
Step 2.2 of Algorithm 2 is carried out.

A[z] has the structure of a ring (only commutative when
σ = Id) denoted by A[z; σ], and it turns out that A and
F[z] are subrings of A[z; σ]. Hence, A[z; σ] inherits the F[z]module structure from A[z], and the map
p : F[z]n −→ A[z; σ]

(11)

(9)
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First, we need to fix N and L.
The length for the decoding window that we will be
considering is N = m + 1, while we will take L = 1 to
maximize the number of correctable errors at a decoding
window.

V. CONCLUSIONS AND FUTURE WORK
The general decoding algorithm exposed in Section II
becomes attractive since, as shown in Section IV, there is
a family of codes for which it can be used in practice.
The adaptation of the general algorithm to this particular
class of codes is based on the decoding of Reed-Solomon
codes, for which efficient algorithmS are well-known. As a
consequence the convolutional decoding of such codes by
means of the presented algorithm is shown to be feasible in
practice. In addition, also the family of doubly-cyclic codes
gains in interest due to the possibility of practical decoding.
A natural expansion of this work would be to find other
families of convolutional codes for which we could adapt
the general algorithm. This involves the need for a block
˜
decoding algorithm that corrects up to bd/2c
errors while
imposing the need of correct decoding only on the first L
components. A possible approach on this direction would be
to investigate the use of partial decoding algorithms.

Remark 6. Since the matrices Gi,0 generate Reed-Solomon
codes, and they have therefore full row rank, the code Cm+1
(generated by the matrix Gm+1 ) has the property that for
every codeword c = (c0 , . . . , cm ) with c0 = . . . = cL−1 = 0
and cL 6= 0, then cj 6= 0 for all j > L. As a consequence,
Pm−L
w(c) ≥
i=0 di , where di = n − (i + 1)k + 1 is the
minimum distance of the Reed-Solomon code generated by
Gi,0 .
Pm−L+1
di − 1
Reciprocally, if c ∈ Cm+1 and w(c) ≤ i=0
then P
c0 = . . . = cL−1 = 0. Then for such L we can take
m−L+1
d˜ := i=0
di − 1 to be in the conditions of Lemma 1.
We are now ready to describe the block decoding algorithm that will perform the fundamental part in the decoding
of doubly-cyclic convolutional codes via Algorithm 2.
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2.6. If
i
X
d((c0 , . . . , ci ), (v0 , . . . , vi )) > b(
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j=0

STOP=false. Go to the beginning of the loop.
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arbitrary values of L < N .
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