Proceedings of the 19th International Symposium on Mathematical Theory of Networks and Systems — MTNS 2010« 5-9 July, 2010 - Budapest, Hungary

Two-intersection sets in projective Hjelmslev spaces

Thomas Honold

Abstract— A set S of points in a finite incidence structure is
said to be a two-intersection set if there are integers a < b such
that S meets every block in either a or b points (and both a, b
actually occur as intersection numbers). For point-hyperplane
designs of the classical geometries PG(k, ¢) such sets have been
studied extensively and related to other combinatorial objects
(maximal arcs, two-weight codes, strongly-regular graphs, par-
tial difference sets). In this paper two-intersection sets in the
coordinate projective Hjelmslev geometries PHG(k, R) over
finite chain rings R of length 2 are investigated along similar
lines.

I. INTRODUCTION

Throughout the paper R denotes a chain ring of length
2 with residue field R/RadR = F,. If ¢ = p", p prime,
there are exactly r + 1 isomorphism types of such rings,
the Galois ring G, = GR(¢? p?) and 7 truncated skew
polynomial rings S = F,[X;0]/(X?), 0 € AutF,. All
these rings have |R| = ¢, |[Rad R| = ¢q. We will write
N = RadR = RO = OR, where we can take 0§ = p if
R = Gy, respectively, § = X if R =S7.

For an integer k > 1 the k-dimensional (right) projective
Hjelmslev geometry over R, denoted by PHG(k, R), is
defined as the point-line incidence structure (P, £, C) whose
points (lines) are the free rank-1 submodules (resp. free rank-
2 submodules) of R’;{rl (or any other free right R-module
of rank &+ 1) and whose incidence relation is set inclusion.!

Projective Hjelmslev geometries form an important tool
for the investigation of linear codes over finite chain rings—
just like the classical geometries PG(k,q) are used to
describe linear codes over IF, in a geometric manner. The
underlying theory has been developed in detail in [12],
followed by a study of arcs and blocking sets in projective
Hjelmslev planes [24], [13]. This and later work has unveiled
the interesting fact—well-known in the classical case—that
arcs of maximum size (i.e. point sets yielding good linear
codes) often have only few distinct intersection numbers with
hyperplanes.

This paper deals with the most important case—point sets
in PHG(k, R) with only two distinct intersection numbers
with respect to hyperplanes. In the planar case and for
selected small chain rings a study of such sets was made in
[20]. Rather than updating the tables of [20] and providing an
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exhaustive list of constructions, we will develop the general
theory of such sets in this paper and mention only selected
examples.

In what follows H denotes the set of hyperplanes of
PHG(k, R) (free rank %k submodules of R’fjl). It goes
without saying that such hyperplanes (and similarly lines and
other subspaces) are identified with subsets of the point set
P in the obvious way.

Definition 1.1 Suppose a,b are integers satisfying 0 < a <
b. A two-intersection set of type (a,b) in PHG(k,R) =
(P,L,C) is a point set S C P satisfying {|SN H|;H €
H} = {a,b}.

Remark 1.2 One-intersection sets in PHG(k, R) (defined in
the same way) are trivial: Using the (easily established) fact
that the incidence matrix of the point-hyperplane design of
PHG(k, R) is invertible over Q, it is immediate that the only
such point sets are P and (.

As is well-known, two-intersection sets in classical Galois
geometries PG(k, q) give rise to two-weight linear codes
over IFy, and also to strongly regular Cayley graphs (equiva-
lently, regular partial difference sets) for the additive groups
of IF; see [6], [3], [26] for example. It was shown in [2] that
the correspondence between two-weight codes and strongly
regular graphs carries over to the case of so-called Frobenius
rings (of which chain rings are a special case), provided one
replaces the Hamming weight by the so-called homogeneous
weight. In [2] nontrivial examples of the correspondence
were given for the special case of chain rings of length
2. These examples were derived from two-intersection sets
in the planes PHG(2, R). A generalization of one of the
constructions in [2] to the higher-dimensional case can be
found in [23] and will be the subject of Example II1.2.

The two-intersection sets of [2], [23] are of a very special
nature. Several further examples of two-intersection sets in
PHG(k, R) are known, of which the point sets corresponding
to the shortened Kerdock codes (“Teichmiiller sets”) are
probably the most prominent representatives.

In the sequel we establish a similar correspondence—using
three-weight codes and abelian association schemes—for a
larger class of two-intersection sets.

Following common practice among coding theorists we
will make a slight notational change, PHG(k—1, R) in place
of PHG(k, R), so that from now on k matches the rank of the
“ambient module” R’f% rather than the geometric dimension
of PHG(k — 1, R). We will also switch to multiset notation
for point sets in PHG(k — 1, R) (by identifying S C P with
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its characteristic function &: P — Nj), so that by means
of R(X) = >, cx R(x) we can assign a multiplicity to
arbitrary subsets X C P.

The geometry PHG(k — 1, R) has ¢*~! - a"1

q—1
and hyperplanes, falling into % neighbour classes [z]
resp. [H] of size ¢"~!. Here two points z,2' € P are
neighbours (notation: z < «’) if they are incident with two
distinct lines L, L’ € L, and two hyperplanes H, H' € H
are neighbours (notation: H < H') if {[z];z € H} =
{[x];z € H'}. The incidence structure induced on the point
and hyperplane classes of PHG(k — 1, R) is isomorphic to
the point-hyperplane design of PG(k — 1, q).
For further properties of PHG(k — 1, R) (in particular
various counting formulas, which will be needed in the
sequel) we refer to [12], [16], [25].

points

II. EXAMPLES

Singleton point sets and their complements form trivial
2-intersection sets of type (0,1) resp. (h — 1,h) in II =
PHG(k — 1,R), k > 2, where h = ¢F=2 . % denotes
the cardinality of a hyperplane. Slightly less trival examples
are the neighbour classes [T] of Hjelmslev subspaces T' with
0 < dim 7T < k—2. We note that other subspaces do not form
2-intersection sets. For example, lines in PHG(k — 1, R),
k > 3, intersect hyperplanes in sets of three different sizes
1,q,¢* +q.

Example I1.1 Suppose € is a two-intersection set of type
(a’,b') in the quotient plane 11 = PG (k —1,q) of IL. Define
a set & of points in I by R(z) = ¥([z]) for x € P (i.e.,
R is the union of all point classes in €). Then R is a two-
intersection set of type (a,b) = (a’'q"=2,b'¢"2). The map
€ — R will be called “lifting construction”.

We note that neighbour classes of Hjelmslev subspaces are
obtained by applying the lifting construction to subspaces of
PG(k —1,q), so that the earlier example is a special case of
Example II.1.

The next example (taken from [23]) uses so-called hyper-
plane segments, which are defined as non-empty intersections
HnNxz] (H € H, x € P). It is known that a hyperplane
segment S = H N[z] forms a hyperplane of the affine space
[] 2 AG(k — 1,q), and that H' N [z] || S for H € H
iff H' € [H]. The class [H] is called the direction of the
hyperplane segment S.

Example IL2 In each point neighbour class [x] choose a
hyperplane segment S of direction [H] in such a way that
the resulting pairs ([z],[H]) (flags of the point-hyperplane
design of the quotient geometry 11 = PG(k — 1,q)) form a
perfect matching of the corresponding incidence graph. The
union of all these hyperplane segments (a set of cardinality
g2 %) is a 2-intersection set of type (a,b) with a =
g PB4 q), b=gF B (P2 g+
b+ 2)

Another example is related to the Z4-linear representation of
the binary Kerdock codes. For this example we need the fact
that the ring extension G /G, is free of rank k and hence
can be taken as the ambient module for PHG(k — 1,G,).
The Teichmiiller set ¥ is defined as the set of points in
PHG(k —1,G,) generated by the elements of the subgroup
T < quk of order ¢* — 1. (This subgroup is uniquely

determined and cyclic.) The set ¥ has cardinality qk_—11

and forms a transversal for the point neighbour classes of
PHG(k — 1,G,).

and k > 3 s

Example IL3 If g is even

odd then T is a 2-intersection set of type
k=2 _q _ k—2_q _
i gk=3)/2 sl g 3)/2).

This can be derived from the results in [27], [21], but we will
give an independent proof in Theorem V.7. In the planar case
Example I1.3 reduces to the hyperovals of [14].

Several further examples of planar (ie. £k =
intersection sets are known (cf. [18], [22], [20],
which we mention only the following.

3) two-
[10]), of

Example 1.4 In PHG(2,Zy) and PHG(2,Gy) there exist
two-intersection sets R of type (2,5) respectively (2,6),
which can be obtained as unions of orbits of a collineation
of order q*> + q + 1 (a “lifted Singer cycle”); see [18]. The
points of K in each point class form a triangle, respectively,
a quadrangle with parallel sides. The first set is a maximal
(39,5) arc in PHG(2,Zy), and the second set is a maximal
(84,6)-arc in PHG(2,Gy); see [11], [10].

Example IL.5 Suppose ¢ = 4 (so |R| = 16), and let [2],
[M] be a non-incident point-line pair of the quotient plane
PG(2,4). The class [z] and the point classes on [M] remain
empty. In each of the remaining point classes [x] choose
2 parallel line segments with direction |xz] in such a way
that the 6 line segments with a fixed direction [L] form a
hyperoval in the projective plane induced on [L]. The so-
defined set of 15 - 8 = 120 points in PHG(2, R) is a two-
intersection set of type (0,8). For the two chain rings of
characteristic 2 this construction provides (k,8)-arcs of the
largest known size k; see [10].

Note that in the last example & does not meet every point
neighbour class in the same number of points.

ITI. RESTRICTIONS ON THE PARAMETERS

Suppose R is a two-intersection set of type (a,b) in
PHG(k — 1,R), H, = {H € H;R(H) = a}, Hp =
{H € H;R(H) = b}, na = [Ha|l, ny = |Hs| and
Wi =Y gen R(H)" for i = 0,1,2,... The frequencies n,,
ny are computed from

&
no = o = [H] = ¢ L1,
qg—1
k—1 _ 1

-1

ang + bny = p1 = |K] g2
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Solving the system we obtain

bpo — afo —
“ b-a - a—-b M
The same reasoning can be applied to any subset H' C H
for which we can compute the corresponding moments ),
11
For a 2-intersection set in the classical geometry PG(k —
1,q) the number b — a has to be a divisor of ¢*~2; cf. [3,
Cor. 5.5]. Here we have a similar restriction.

)

Theorem IIL.1 Let 8 be a 2-intersection set of type (a,b)
in PHG(k — 1, R), which is not a union of point classes
(i.e. not obtained through the lifting construction), and let d
be the g.c.d. of all numbers R(S) — K(S’), where S, S are
parallel hyperplane segments contained in the same point
class. Then d | ¢*=2 and b — a | dg"~2.

The theorem implies in particular b — a | ¢>*~2), which

is also true for 2-intersection sets obtained by the lifting
construction.’
Proof: For a hyperplane class [H] and a point x = H

we consider the subset H'(z) = {H' € [H];2 € H'}. Using
obvious notation we have
ng () +ny(2) = po(x) = [H' ()] = qk‘Q,
anl,(x) + bj(a) = ph(2) = S A(H
H'e€H/ (z)

=¢"2R(S,) + ¢"2R([H] \ [2]),

where S, denotes the hyperplane segment with direction [H
through . Solving for n/,(x) we obtain n/,(z) = (buj(z)
i (x)) (b —a)~* (see (1)), and for z,y < H with [z] =
further

]
[]

/ : #y) — 1 (@)
na(x) - na(y) = b—a (2)
q" 2 (R(Sy) — A(Sx))
b—a '
Since n/,(x) — n,(y) is an integer, we have b — a | dg*~2
Now let [x] be an arbitrary point class and S the set of

hyperplane segments contained in [z] (i.e., S is the set of
hyperplanes of the affine space [z] = AG(k — 1, ¢q)). Further

let S(z) = {S € S;z € S}. A straightforward counting
argument yields
k—1 k—2
¢ -1 q 1
Y. A1) =—— (@) + ——— R&([2] \ {=})
q—1 q—1
SeS(z)
k—2
_ 1
¢ f(2) + T——= - 8((a])

The set S(z) contains exactly one representative from each
parallel class of hyperplane segments in [z]. Hence by
definition of d we have 3 gcg(,) R(S) = Dges(y) R(9)
(mod d), provided only that [z] [y]. Thus d divides
¢*72(8&(z) — R(y)) in this case. Choosing z € &, y ¢ R
(which is possible, since & by assumption is not a union of
point classes) we conclude that d | ¢"~2. ]

2This follows from b’ — a’ | g%~ 2.
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IV. DUALITY

We now specialize the general duality theory for multisets
in PHG(k — 1, R) developed in [15] to the case of a 2-
intersection set 8.

We apply the method of the previous section to the sets
H(z) = {H € H;x € H}, where € P. The numbers
ng(z) = {H € Ho;x € H}, np(x) = {H € Hp;x € H}
satisfy the two equations

k=1 _
nal@) + mo(@) = puo(e) = [H(a)| = 42 qq_ill
ang(x) + bny(x) = Z R(H
HeH(z)
E—3( k=2 _
= Al q(qq_ll) ((q - 1)R([z]) + |ﬁ|),

from which we can compute n,(x), n,(x). In general these
numbers depend on &(z) and &([z]).

Theorem IV.1 Suppose R is a 2-intersection set in
PHG(k — 1, R), which meets every point neighbour class
in the same number of points, and x,y € P are such that
&(z) 1, Rly) = 0 (iie. x € & y ¢ R). Then H,
(and similarly Hy) is a 2-intersection set of cardinality n,
and type (a*,b*) = (nq(x),ne(y)) in the dual Hjelmslev
geometry PHG(k — 1, R°). Moreover, the types of R and
‘H, are related by

(b—a)- (b —a’) =g

2(k—2)

The two-intersection set H, in PHG(k — 1, R°) is called
the dual of the two-intersection set £ in PHG(k — 1, R),
and denoted by £*. Since H is in turn equivalent to R,
two-intersection sets come in dual pairs.>

Proof: By assumption £([z]) = u is a constant, so
that n,(z) depends only on £(z), which takes the values 0
and 1. This shows already that H, is a two-intersection set
in the dual Hjelmslev geometry. If =,y € P are such that
R(z) =1, R(y) = 0 then

pa(z) —mly) @2

b—a b—a
showing that the type of H, is (nq(z),n4(y)) and also the
asserted relation to the type of f. [ ]

> 0,

na(y) = na(z) =

Remark IV.2 The isomorphism between PHG(k — 1, R°),
or rather the corresponding left projective Hjelmslev ge-
ometry TI° = (P°,L° C) over R, and the dual TI* of
II = PHG(k — 1, R) can be made more explicit. Writing
Xy =z + -+ akyk for X,y € RF and Ut =
{y € RF;x -y =0 for all x € U} for U < gpRF, we have
that U +— U~ induces an isomorphism 11° = 11*; ¢f [12,
Th. 3.1]. Under this isomorphism every hyperplane H € 'H

3This does not exclude the possibility of self-dual two-intersection sets.
In fact many of the known two-intersection sets, for example those of
Examples II.2 and I1.4, are self-dual.
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corresponds to a unique point Ra € P° in I1°, which is
determined by H = (Ra)* or, viewing H as a set of points
of II, by H = {xR € P;ai1x1 + --- + agxy, = 0}. The
condition Ra € P° is equivalent to aR € P (i.e. at least
one a; must be a unit in R).

Example IV.3 For even q and odd k > 3 the dual T of the
Teichmiiller set T is again a 2-intersection set in PHG(k —
1,Gy). Its size is

I (k—l)/2) " -1
= b (g =gy 2L
and its type is
1
ot = e =T (%3 — gBE=3)/2 _ g2 | q(k71)/2)’
1
* _ =T (%3 — gB3E=5)/2 _ g2 | q(k—l)/2).

In the planar case k = 3 the set T has type (0,q°/2) and
forms a maximal (%(q4 -q), q2/2)—arc in PHG(2, G,).

The series of excellent Z,4-linear codes constructed in [19]
is related to the sets T in PHG(2, Z,).

V. RELATIONS TO OTHER COMBINATORIAL
OBJECTS

A. Linear Codes

According to [12], for any set S of points in PHG(k —
1, R) there is an associated linear code C' < pR" of length
n = |S| over R. The code C is generated by a k X n-matrix
G over R, whose columns are coordinate vectors for the
points of S; it is the “left row space” of G. Defining > =
{g € RF;gR € S}, we have YR* = ¥ (“Y¥ is invariant”)
and |C] = ()], where (£) = Y, v 8R = X pes 8R.

The (normalized) homogeneous weight on R is the func-
tion Wpop @ B — Q defined by

0  ifz=0,
Whom (T) = 5 ifz e N\ {0}, 3)
1 ifzeR\N.

The function wpoy is extended to R™ by means of
Whom (X) = D4 Whom(2;). In the case R = Zy = Go
it coincides with the Lee weight.*

Proposition V.1 Suppose S meets every point neighbour
class in the same number w > 1 of points. Then the
corresponding code C' has nonzero homogeneous weights

ug® u(®* + "2+ "+ 4+ q) —q/SNH]
g—1 qg—1 ’

where H runs through all hyperplanes of PHG(k — 1, R).

and

Proof: Apply [12, Th. 5.2]. |
Thus the number of nonzero homogeneous weights of C' is
t:={|SNH[;H € H} ort+ 1. The first case occurs iff
there exists a hyperplane H with |SNH| = u(¢" =3 +¢* =2+

-+ 1).

4For further information on homogeneous weight see [5], [17], [8].
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B. Linear Association Schemes over R

Let (M,+) be a finite abelian group and D
{Dqy, D1,...,D;} be a partition of M into t+1 sets satisfy-
ing Dy = {0} and D; = —D; for all i. Define relations (i.e.,
Cayley graphs) G; on M by (x,y) € G; < xz—y € D,.
Recall that G = {Go,G1,...,G;} is said to be an abelian
t-class asssocation scheme (with relations G; and abelian
classes D;) on M if for x,y € M and 0 < 7,5 < t the
number of elements z € M such that (z,z) € G; and
(z,y) € G; depends only on the relation Gy, to which (z,y)
belongs, but not on the particular choice of x, y.

Here we are interested in abelian association schemes on
the additive group of a finite (right) R-module Mp. We
further require D;R* = D, i.e. the abelian classes (and
hence also the relations (;) should be invariant under the
action of R*. Abelian association schemes with this property
are said to be linear over R.

Abelian association schemes are best described in terms
of the characteristic functions dp,: M — C of their
abelian classes D;. The set CM = CM of all functions
f: M — C forms a C-algebra in two different ways, first
with respect to the point-wise multiplication (“Hadamard
product”) (f - g)(x) = f(x)g(x) and second with respect
to the group algebra multiplication (“convolution”) (f
9)(x) = > en f(y)g(x — y); the latter is simply the C-
linear extension of the rule &, * 8, = 04, for x,y € M.

Now D = {Dy, Dy,...,D;} defines an abelian associ-
ation scheme iff the C-subspace generated by ép,, 6p,,

, 0p,, which is obviously a subalgebra of (CM,-), also
is a subalgebra of (CM,x). This property in turn can be
succintly expressed using complex characters of (M, +). For
characters y, ¢ we write x ~ ¢ if x(D;) = ¥(D;) for
0 <i<th Since ~ is an equivalence relation on the
character group M of (M,+), it induces a partition D of
M.

Fact V.2 We have |D| > |D| with equality iff D defines an
abelian association scheme on M.

Proof: We sketch a proof of this important fact. Other
proofs can be found in [7], [4].

The characters in M, scaled by ﬁ form a complete
set of primitive idempotens of (CM, ), so that (CM, *)
(CM,-) and any bijection M — {0,;z € M} extends
linearly to an isomorphism from (CM, ) to (CM,-).

The subalgebras of (CM,-) are easily described. They
are in one-to-one correspondence with the partitions P =
{P1,...,P;} of M, where for such a partition P the
functions dp,, ..., dp, are the primitive idempotents of the
corresponding subalgebra Ap. Elements x,y € M belong to
the same member of P iff f(z) = f(y) for all f € Ap.

Using this and the representation dp,

i

|M|~t Zdzeﬁa( ;)¥ we find that the dimension of

~

SWe write §x for the characteristic function of X C M and use the
shorthand d5 in place of §(4y.
%Here it is understood that a character  is extended to CM by means

of X(f) =X (ZmeM f(x)(sa:) = ZzeM f(z)x(:l:)
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the subalgebra generated by dp,, dp,, ..., dp, is equal to
|D\ Fact V.2 now easily follows. [ |

C. The Budapest Connection

In this subsection we assume that S is a set of points in
PHG(k — 1, R) which meets every point neighbour class in
the same number u of points; in particular |S| = u(g"~! +
"2 4 --- + 1). In order to avoid trivialities we assume
further 1 < u < qk*1 — 1. Then the associated set > of
vectors in RF (cf. Section V-A) generates R%. The linear
code C < pR™ associated with S (cf. again Section V-A is
free of rank k, and the rows of G form a basis of C. (This
follows from |C| = [(2)| = |R[*.)

We fix a generating character y of R (i.e. an additive
character of R whose restriction to N is nontrivial) and
denote the standard inner product of two vectors x,y € RF
by x-y (as in Remark IV.2). Then every character of (R*, +)
has the form y.: R¥ — C*, x — x(a-x) for a unique
vector a € R*. The following lemma, which relates the
homogeneous weight of a typical codeword aG € C to the
value of the character x, at ¥, is fundamental.

Lemma V.3 For a € R* we have

Xa(%)
Whom (aG) = |S| — |RX| .
Proof: Using the formula wpom(z) = 1 —
TR ouerx X(zu) for z € R established in [9], we have
Whom(aG) = Z Whom(a . g)
gReS
-y ( e 2 )
gRES uwERX
= (gu)
gRES u€ERX
- D xalx
|RX ‘ xeX
proving the lemma. [ ]

The equation a - x = a1x1 + - -+ + arxr = 0 determines a
hyperplane H of PHG(k—1, R), provided that a € R¥\ N*.
If a € N¥\ {0}, then a = fa’ for some a’ € RF\ N*
and a - x = 0 determines exactly those points which are
neighbours to the hyperplane H’ with equation a’ - x = 0.

Lemma V.4
u(g"tt —q) ifa=0
Xa(X) = { —uq ifac N*¥\ {0},
PISNH| - “C30 jrac RF\ N*,

where in the last case H denotes the hyperplane in PHG(k—
1, R) with equation a - x = 0.

Proof: The lemma can be derived from [12, Th. 5.2]
(see Prop. V.1) and Lemma V.3, but we give a direct proof.

We have x(0) = 1, X(N\ {O}) =

X(R\N) = x(R) = x(N) = 0.
If a=0, then xa(X) = |X| = [Z||R*| = u- q 71 (g% -
q) = u(g"*! — q). For the other cases we use the formula

D=> > x(a-gu

gReS ueRX
If a € N*\ {0}, then defining H' as above we obtain
Xa(X) = [R*| - #{gR;gR < H'} — q - #{gR; gR # H'}

u(g" - 1) k—1
q) 1 q-¢"u
= —ugq.

If a € RF\ N*, then

Xa(X) = |R*[ - [SNH|-q #{gRigR< HAgR ¢ H}
k—1
u(q —1
(- qISNH|—q <(q_1) - |smH|> 7
which simplifies to the formula stated in Lemma V.4. [ ]

We are now ready to state the main result of this paper.
For S C P we write S =P \ S and define ¥ accordingly,
ie. ¥ ={he RF\ N¥:hR ¢ S}.

Theorem V.5 Let S be a set of points in PHG(k — 1, R)
meeting every point neighbour class in the same number of
points. Then the following are equivalent.
(i) S (or S) is a two-intersection set;
(ii) ¥, %, N¥\ {0}, {0} determine an abelian 3-class
association scheme on (R*, +).
(iii) The code C \ OC' has exactly two (nonzero) homoge-
neous weights wi < wo.

Moreover, if S satisfies these conditions then the two sets
C; ={x € C\ 0C; Whom(x) = w;}, i = 1,2, together with
0C \ {0} and {0} determine an abelian 3-class association
scheme on (C,+), which is dual to the scheme in (ii).

Proof: Suppose first that (i) holds. Then S # () and
S # 0, so that the four sets in (i) form a partition S of R*.7
Let S be the corresponding partition of the character group
of (Rk +). Using the group isomorphism a — Y, we may
view S as a partition of R¥. Clearly Xa({0}) =1 for every
a € RF and

k1

vt von = {7

Applying Lemma V.4 to ¥ and ¥ and using the fact that
|S N H| determines |S N H|, we see that the members of S
are unions of the four sets {0}, N*\ {0}, A, = {a € R*\
N¥;|SNH|=a}, and A, = {a € RF\ N*; |[SNH| = b}.3
Now Fact V.2 implies that S = {{0}, N*\ {0}, A,, Ay} and
S determines an abelian 3-class association scheme. Thus (i)
implies (ii).

if a € N*,

4
if a € RF\ N*. @

"They are obviously distinct, and S, S # () implies &, # 0.
8Here (a,b) denotes the type of S as a two-intersection set, and H
denotes the hyperplane with equation a - x = 0.
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For a proof of the reverse implication we note that (4) and
a straightforward argument imply that S contains {0} and
N*\ {0}. Hence, if |S N H| takes at least 3 distinct values
then |S| > 5 and S cannot yield an association scheme. Thus
(i1) implies (i).

The equivalence of (i) and (iii) follows from Lemma V.3,
Lemma V.4, and aG € C \ §C < a € RF\ N*.

Finally suppose S satisfies (i), (ii), (iii). Then S
{{0}, N*\ {0},%,5} and S = {{0}, N¥\ {0}, A,, A}
determine dual abelian schemes. The module isomorphism
rR¥ — C, a — aG takes S to C = {{0},0C \
{0},C1,C:}. Hence the latter also determines an abelian
scheme dual to that determined by S. |

Remark V.6 Theorem V.5 does not exclude the case in
which C' is itself a homogeneous two-weight code. This
happens precisely when the nonzero codewords in 0C, a
“simplex code”, have weight wy. Using Lemma V.4 (or
Prop. V.1) it can be easily checked that this is equivalent
to S being of type (a,b) with a = u(¢" 3 +¢**+...+1).
In this special case we can “fuse” the corresponding two
members of S, S, or C to obtain a pair of dual abelian
3-class association schemes (equivalently, strongly regular
Cayley graphs or regular partial difference sets) on a group
isomorphic to (R*,+); see [2]. The examples in [2] have
k=2 a=0and k=3 a=ue{l,q}

As an example application of Theorem V.5 we now provide
a proof that the Teichmiiller set ¥ (see Example II.3) in
a projective Hjelmslev geometry of even dimension over a
Galois ring Go- of characteristic 4 is a two-intersection set
and compute its parameters.

Theorem V.7 Suppose q = 27, k > 3 is odd, T is the
Teichmiiller subgroup of quk, M = Rad(Gyr) = 2G4k, and
X is the set of points determined by T in PHG(k — 1, G,).
(i) The four sets 3 = G T, Y= G:k \'Y, M\ {0}, and
{0} determine an abelian 3-class association scheme

on the additive group of Ggx.
(ii) The Teichmiiller set ¥ is a two-intersection set of type

qk(;_zl—l — k=32, qk;jl—l i q(k73)/2).
Proof: (i) We have to show that A = Céyg +

Cos + Conp\ g0y + Cdp is a subalgebra of the group algebra
(CGyr, *) of (Ggx, +). Since A is generated as a C-subspace
by 6o, dar, Ox, and Jr (where R = Ggx), it suffices to
verify that products of these elements are again in A. This
is clear® for all products except dys * 0y, and Jx * dx. For
the former it is easy to verify (using ¥ = T'(1 + N)) that
dp*0s = qop\as € A. For the latter we invoke Lemma VI.1
in the appendix, which implies

Osx0y = (4> —2q)0s +4* 55+ (a° —a)dar 0y +a(¢" —1)do.
4)
Hence 6y % 0y, € A and the proof of (i) is complete.

9Note that &g is the identity of ((C(qu7 x), dp7 is an idempotent up to
scaling, and 0g generates a 1-dimensional ideal of (CG , *).
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(i) By (i) and Theorem V.5, the set ¥ is a two-intersection
set.

In order to determine the type (a,b) of ¥, we apply
Lemma V.4. The characters of (G, +) which correspond
to Xa, @ € R¥\ N are those which are nontrivial on M. If
1 is such a character, then () 4+ ¢(3) = (R \ M) =0,
¥(M\ {0}) = —1. Applying ¢ to (5) we find

P(2)? = (" — )(E) = () — (> — q) +a(¢* = 1)
2¢-(3) + ¢" 1 = ¢,

and hence (%) = —q + ¢*+1)/2. So Lemma V.4 gives

2

7" —q
SN H|=q? (—q +o— q<’“+1>/2>
P
k—2
At SN
q—1

as asserted. [ ]
Theorem V.7 does not hold for the projective Hjelmslev
geometries of odd dimension > 3 over Gor; cf. Remark VI.2
in the appendix.'®

VI. APPENDIX

In this section we provide a combinatorial lemma about
odd-degree extensions G /G, of Galois rings of character-
istic 4, i.e. with ¢ = 2" and k odd. This lemma generalizes
[1, Th. 1] and is needed for Example 1.3 (see Theorem V.7).

Lemma VI.1 Let qu/Gq, q = 2", be an extension of
Galois rings of characteristic 4 of odd degree k > 3,
let T be the Teichmiiller subgroup of Ggr, ¥ = TG,
and ¥ = quk \ Z. For v € G set ny = #{(z,y) €
Y x Xz +y=7}. Then

(¢" —1)q ify=0,

n = @ —q  ifye2Gu\ {0},
*—2¢ ifyex,
¢ ifyex.

Proof: We represent G,, ¢ = 27, as the ring Wo(FF,)
of Witt vectors of length 2 over IF,, which has underlying
set F2 and operations

(a0, a1) + (bo, b1) = (a0 + bo, a1 + b1 + agbo),
(ag, a1) - (bo, b1) = (agbo, agby + bgas);
cf. for example [14]. The extension ring Gx is represented
in the same way as Wy (IF x). The Teichmiiller subgroup
of Wo(Fe)* is T = {(a,0);a € qu,c} The group ¥ <
W (Fx)* is generated by T"and Wy (IF,)* or, alternatively,
by T and 1+ 2Wy(Fy); thus
Y ={(a,0)(1,a);x € ]F:k,,a €F,}
={(a,0’a);a € Fl.a€ F,}

= {(0,m1) € Wa(Fg)*sm1 /75 € Fq}.

10For the projective Hjelmslev line PHG (1, Gy) it holds trivially.
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The integer n, v = (70,71) € Wa(Fy), is the number of
solutions of
a+ ="

o2a+ B+ aB = 71 ©

ina,f € F;k, a,b € F,. For 79 = 0 the system (6) reduces
to o = fAa?(a+b+1) = v; which has (¢*—1)-¢ solutions
if 41 = 0, respectively, 1 - (¢ — q) solutions if 1 # 0.

Now assume 7y # 0. Substituting S = v + « into the
second equation of (6) gives a?a+ (yo+a)?b+a(y+a) =
a?(a+b+1)+ ay +92b = 71 and, writing o' = o/,
u = a + b+ 1, further

)

From a, 3 € F, we have the condition o’ ¢ {0,1} = I3,
but otherwise o’ can be arbitrary in F . Thus n., is equal
to the number of solutions (o, u,b) € (F,x \Fg) x Fy x F,
of (7). Now we consider two subcases.

Case 1: u = 0. Here (7) has ¢ — 2 solutions if v € X (for
then 1 /73 € F, and the right hand side of (7) can be equal
to 0, 1) and ¢ solutions if vy € X.

Case 2: u # 0. Here we multiply (7) by u to obtain
(ua)2+ua’ = u(y1 /48 +b) and use the fact that the additive
homomorphism Fx — F i, # — x* + z is two-to-one with
image V = {y € Fr; Tr(y) = 0} and kernel Fy, where Tr
denotes the trace from Fqk to [F5. Moreover, since k is odd,
we have [V N (¢ +Fy)| = q/2 for every c € Fi.

If v € ¥ then u(y1/7§ +b), (u,b) € F) x F, represents
each element of FF, (and hence of VyNF,) exactly ¢g—1 times,
so that there are 2- 2 - (¢ —1) —2(¢ —1) = (¢ —1)(¢ — 2)
solutions. (The term —2(q — 1) accounts for the fact that
solutions with o’ € Fy are not counted.)

If v € 3, then u(y1/75 +b), (u,b) € F) x F, represents
the elements in ¢ — 1 (disjoint) additive cosets of F, in F x
exactly once. Since |Vp N (¢ + F,)| = ¢/2 for each such
coset and I, is not among these cosets (so all solutions are
counted), there are 2- 2 - (¢ — 1) = (¢ — 1)g solutions in this
case.

So alltogether (7) has ¢ — 2+ (¢ — 1)(q — 2) = ¢* — 2¢
solutions if v € ¥, and ¢+ (¢ — 1)q = ¢ solutions if v € .
This completes the proof of the lemma. [ ]

ua? + o/ =y /72 +b.

Remark VI.2 For extensions of even degree k > 4 of Galois
rings of characteristic 4 the map v ~— n, is not constant
on X. In this case Tre , /¥, (11/78), v € X (ie. 11/78 €
Fx \Fy) takes both zero and nonzero values, and the number
of solutions (u,b) € FX xF, of Try , /¥, (u(v1 /78 +b)) =
Trg, /v, (u . Tr]qu/lpq (71/78)) = 0 depends on whether
Trg , /v, (71/78) = 0 or # 0.
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