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Convergence Rates of Markov Chain Approximation Methods for
Controlled Regime-switching Diffusions with Stopping
Qingshuo Song and G. Yin
Abstract— This work summarizes our recent work on rates
of convergence of Markov chain approximation methods for
controlled switching diffusions, in which both continuous dynamics and discrete events coexist. The discrete events are
formulated by continuous-time Markov chains to delineate
random environment and other random factors that cannot
be represented by diffusion processes. The cost function is over
an infinite horizon with stopping times and without discount.
The paper demonstrates how to use a probabilistic approach
for studying rates of convergence. Although there have been
significant developments in the literature using PDE (partial differential equation) methods to approximate controlled
diffusions, there appear to be yet any PDE results to date
for rates of convergence of numerical solutions for controlled
switching diffusions to the best of our knowledge. Moreover,
in the literature, to prove the convergence using Markov
chain approximation methods for control problems involving
cost functions with stopping (even for uncontrolled diffusion
without switching), an assumption was used to avoid the socalled tangency problem. By modifying the value function, we
demonstrate that the anticipated tangency problem will not
arise in the sense of convergence in probability and convergence
in L1 .

I. I NTRODUCTION
This paper summarizes our recent work [11], in which
rates of convergence of Markov chain approximation methods for controlled switching diffusions were developed. Using an infinite horizon setup with stopping times and without
discount, the regime switching is modeled by a continuoustime Markov chain. The motivation for using such models
stems from the needs to deal with emerging applications in
manufacturing systems, financial engineering, and wireless
communications; see [2], [16], [17] and references therein.
The reader is referred to [14], [18] for recent development on
switching diffusion processes. The added regime-switching
component provides more flexibility to formulate the realworld scenario, but causes much difficulties in analysis and
numerical treatment of the associated control and optimization problems.
Numerical methods using Markov chain approximation
for controlled diffusions have been developed and studied
extensively in [6], [8]. Using probability methods, a systematic approach for proving the convergence of the algorithms
was given although the associated convergence rates were
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not discussed in the references above. Such a method is
very powerful and can handle a wide variety of applications.
Because of its importance, a great deal of attention has been
devoted to the convergence rate problems; see [1], [4], [5],
[9], [15] and references therein. As was demonstrated in
these references, rates of convergence may be treated by
considering convergence rates of finite difference scheme
for Hamilton-Jacobi-Bellman (HJB) equations. Most of the
work considered only rates of convergence without boundary
conditions or with a finite time horizon. Using analytic
(nonlinear partial differential equation (PDE)) techniques,
the rates of convergence issues have been studied in great
generality in the aforementioned references.
In [10], we presented some preliminary results on rates
of convergence using Markov chain approximation for controlled diffusions, but the conditions used were strong. This
paper presents a more comprehensive study, in which the
conditions posed in [10] are replaced by milder conditions.
Compared with the diffusion models, there are added
difficulties due to the Markovian coupling and boundary
conditions. First, owing to the presence of the switching
mechanism, we need to treat a number of cost and value
functions. In lieu of treating a single HJB equation as in
the case of controlled diffusions, we have to deal with a
system of coupled partial differential equations. Although
the convergence of Markov chain approximation to the
controlled switching diffusion processes was obtained in
[12], there appear to be no rate of convergence result for
such controlled switched diffusions to date.
We note that numerics of stochastic controls of diffusions
with a stopping time is difficult to study due to the added
boundary conditions. As presented in [8, p. 278], because of
the appearance of the boundary, a “tangency” problem may
arise. Thus an added assumption is commonly used for the
convergence of the algorithm to avoid the tangency problem.
It is difficult to get convergence rates even for expectation of
a stopping time (a stochastic control problem with a constant
running cost). To overcome the difficulty due to the stopping
time, in this work, we generalize the traditional view of cost
and value functions by noting the explicit dependence on
another parameter, namely the boundary. The essence is that
in addition to the dependence on the state, we regard the
value functions as functions of the boundary as well. As an
immediate consequence, a nice property, namely, continuous
dependence on the boundary of the value function follows.
This continuity enables us to take a closer scrutiny of the
value function and to get a much better understanding of
the numerical approximation scheme using Markov chain
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approximation.
Although some of our working conditions such as one
dimensional continuous state variable, non-degenerate diffusions, and control only on the drift may be seemingly strong,
they are adequate as the starting point for using this new
approach to treat the rates of convergence problems. The
classical Markov chain approximation methods developed in
[6], [7], [8] uses weak convergence methods for proving
the convergence. In the weak convergence setup, various
processes (the approximation sequences and the original
stochastic processes) may live in different probability spaces.
To study the convergence rates, comparisons of different
processes are needed. To facilitate the study, we use a
strong approximation technique and embed all the stochastic
processes in the same space. Owing to the Markov chain
scheme used, we have to face the problem of “adaptation”
of continuous controls to discrete controls. The rate of convergence is ascertained by obtaining upper and lower bounds,
respectively. To get lower bounds, adaptation from discrete
control to continuous one is needed. Similar techniques were
used in [9]. In contrast to the rates of convergence study to
date, to obtain upper bounds, we adapt continuous controls
to discrete controls by using certain properties of relaxed
controls.
While the formulation and main results are presented, we
refer the reader to [11] for verbatim proofs. The rest of
the paper is arranged as follows. The precise formulation
of the problem is presented next together with the notion
of weak approximation. Section 3 proceeds with strong
approximation using relaxed control representation. Section
4 obtains upper and lower bounds of the approximate value
functions. Section 5 contains discussions on several issues.
After some specific models are considered, another assumption is proposed leading to the verification of the condition on
the cost function. Somewhat surprising, as a by-product, we
prove that the anticipated tangency problem will not happen
in the sense of convergence in probability and in L1 .

II. P ROBLEM F ORMULATION
Suppose that M = {1, . . . , m0 } is a finite set, αt is
a continuous-time Markov chain with state space M and
m0 ×m0
generator
satisfying qij ≥ 0 for i 6= j
Pm0 Q = (qij ) ∈ R
and
q
=
0
for
each
i
∈ M. Consider a pair of
ij
j=1
random processes (Xt , αt ) in the filtered probability space
(Ω, F , Ft , P, W· , α· ), which satisfies




Xt = x +

Z

0

t

bαs (Xs , us )ds +

Z

function








Z
JiB (x, u) = E[

x,i,u
τB

fαs (Xs , us )ds],

0

∀(x, i) ∈ (−B, B) × M,
JiB (x, u) = 0, ∀x ∈
/ (−B, B), i ∈ M,

(2)

where for each i ∈ M, fi (·, ·) is an appropriate function
representing the running cost function. For each (x, i) ∈
(−B, B)×M, the value of the optimization problem is given
by
ViB (x) = inf JiB (x, u),

(3)

u∈U

where U is the space of all Ft -adapted controls taking values
on a compact set U , which is referred to as an ordinary
control space. Formally, the value functions satisfy a system
of m0 = |M| Hamilton-Jacobi-Bellman (HJB) equations,
(

inf {Lr ViB (x)
r∈U
ViB (x) = 0,

+ fi (x, r)} = 0, ∀x ∈ (−B, B), i ∈ M,

∀x ∈
/ (−B, B), i ∈ M,
(4)
where the operator L with parameter r ∈ U on {ϕi ∈
C 2 (R) : i ∈ M} is
Lr ϕi (x) =

dϕi (x) X
d2 ϕi (x)
1 2
σi (x)
+bi (x, r)
+
qij ϕj (x).
2
2
dx
dx
j∈M

For the controlled switching diffusion, in [12], we
constructed a locally consistent, discrete-time, controlled
Markov chain (see [12] for a definition of local consistency;
see also [8] for the diffusion counterpart). We briefly explain
the idea and refer the aforementioned references for further
reading. Let h > 0 be a discretization parameter. Define
Sh = {x : x = kh, k = 0, ±1, ±2, . . .}. Let {(ξnh , αhn ), n <
∞} be a controlled discrete-time Markov chain on a discrete
state space Sh × M with transition probabilities from a
state (x, ı) ∈ M to another state (y, ) ∈ M, denoted by
ph ((x, ı), (y, )|r) for r ∈ U . For notational simplicity, we
denote
(−B, B)h = (−B, B) ∩ Sh ,
[−B, B]h = (−B, B)h ∪ {B, −B}.

(5)

Then V̄iB,h (x), the discretization of ViB (x) with step size
h > 0, is the solution of

t

n
p̄h,+
(x, r)V̄iB,h (x + h)
i
r∈U
X
+p̄h,−
(x, r)V̄iB,h (x − h) +
p̄hij (x)V̄jB,h (x)
i
j6=i
o
h
+fi (x, r)∆t̄i (x) , ∀x ∈
/ (−B, B)h , i ∈ M,

σαs (Xs )dWs ,

V̄iB,h (x) = inf

0

αt is a continuous-time Markov chain with α0 = i,
(1)
where Wt is a standard Brownian motion independent of the
Markov chain αt . For a given B > 0, define a stopping time
as τBx,i,u = inf{t : X x,i,u (t) ∈
/ (−B, B)}. Our objective is
to choose the control u· so as to minimize the expected cost

ViB,h (x) = 0, ∀x ∈
/ (−B, B)h , i ∈ M,
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(6)
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where transition probabilities is given by, for some γ ∈ (2, 3]
p̄h,±
(x, r) = phii (x)ph,±
(x, r) + O(hγ )
i
i
1 bi (x, r)h
qii h2
= ±
+
+ O(hγ ),
2
2σi2 (x)
2σi2 (x)
p̄hij (x)
= phij (x) + O(hγ+1 )
qij h2
+ O(hγ+1 ), ∀j 6= i,
= 2
σi (x)
∆t̄hi (x)
= phii (x)∆thi (x) + O(hγ+1 )
h2
= 2
+ O(hγ+1 ),
σi (x)

III. S TRONG M ARKOV C HAIN A PPROXIMATION
R ELAXED C ONTROLS

(7)

and
P (αt+∆ = j|αt = i) = qij ∆ + O(∆2 ), ∀j 6= i.

(8)

To proceed, our problem is state as follows.
Problem 2.1: find the upper bound of kV̄ B,h − V B k∞ ,
where V B is the value function (3) with the underlying twocomponent controlled process (1), and V̄ B,h is the piecewise
constant interpolation of the value function corresponding to
the Markov chain approximation with the two-component
Markov chain generated by transition probability (7) satisfying the dynamic programming equation (6).
Note that the numerical approximation of the Markov
chain approximation methods for regime-switching diffusions has been developed in [12]. However, the rates of
convergence of the approximation has not been studied until
our recent work [11], to the best of our knowledge.
Remark 2.2: Owing to the presence of the regime switching, instead of one cost function and one value function as
in the setup of controlled diffusion processes, a collection
of cost functions and value functions must be taken into
consideration. The inclusion of the random switching process
enables us to incorporate various applications involving
random environment and other stochastic behaviors. On
the other hand, the coupling due to the switching process
causes much difficulty in the analysis as well as numerical
approximation.
Remark 2.3: Note that in the traditional setup for controlled diffusions, the cost function and value function are
written as J(x, u) and V (x), respectively. Here, we modify
the notion by introducing the dependence of the boundary
of the state, namely, B. Such a notation will facilitate the
analysis in use of boundary perturbations.
Throughout the paper, we use K to denote a generic positive constant, and Kt a generic positive constant depending
on t. We use the following assumptions.
(H1) Functions b(·), σ(·), and f (·) are bounded and Lipschitz
continuous on G , (−B − ε, B + ε) for some ε > 0.
(H2) σi (x) > 0, ∀(i, x) ∈ M × G.
(H3) Q is irreducible in the sense that the system of equations
X
νQ = 0,
νi = 1
(9)
i∈M

has a unique solution ν = (ν1 , . . . , νm0 ) ∈ R1×m0
satisfying νi > 0 for each i ∈ M.
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To facilitate the analysis, we introduce the relaxed control
representation; see [8]. We consider the same optimal control
problem by extending real-valued control space U to the
measure-valued control space Γ. It allows us to work with
convergence analysis in relaxed control space. Moreover,
we construct strong approximation under relaxed controls
in the same probability space of solutions of the controlled
switching diffusions, which have approximately the same
value functions as in the weak approximation given in the
previous section, and which make comparisons of different
functions possible within the same probability space in the
subsequent sections.
Let B(U × [0, ∞)) be the σ-algebra of Borel subsets of
U × [0, ∞). An admissible relaxed control (or deterministic
relaxed control) m(·) is a measure on B(U × [0, ∞)) such
that m(U ×[0, t]) = t for each t ≥ 0. Given a relaxed control
m(·), there is an mt (·) such that m(drdt) = mt (dr)dt. In
for B ∈
fact, we can define mt (B) = limδ→0 m(B×[t−δ,t])
δ
B(U ). With the given probability space, we say that m(·) is
an admissible relaxed (stochastic) control for (W (·), α(·)) or
(m(·), W (·), α(·)) is admissible, if m(·, ω) is a deterministic
relaxed control with probability one and if m(A × [0, t]) is
Ft -adapted for all A ∈ B(U ). There is a derivative mt (·)
such that mt (·) is Ft -adapted for all A ∈ B(U ).
Let P(U ) be the collection of probability measures on
B(U ). Then a relaxed control {mt : t > 0} can be considered
as an Ft -adapted control taking values in P(U ). Let Γ be
the collection of all admissible relaxed controls. Let U be
the collection of admissible U -valued controls, which are
sometimes referred to as ordinary controls in contrast to
relaxed controls. Then Γ is a convex hull of U. Define
Z
φ(·, µ) =
φ(·, r)µ(dr) for µ ∈ P(U ).
(10)
U

Let m(·) be a relaxed control, which is an Ft -adapted
control taking values in P(U ). The coupled random process
(Xtx,i,m , αt ) with control m(·) satisfies
Z t
Z t
Xt = x +
bαs (Xs , ms )ds +
σαs (Xs )dWs , (11)
0

0

where αt is a continuous-time Markov chain generated by
Q with α0 = i.
For each i ∈ M, the associated stopping time is given by
τBx,i,m = inf{t : X x,i,m (t) ∈
/ (−B, B)}, and for i ∈ M, the
objective function is given by

Z τBx,i,m
 B
Ji (x, m) = E[
fα (Xs , ms )ds], ∀x ∈ (−B, B),
0
 B
Ji (x, m) = 0,
∀x ∈
/ (−B, B).
(12)
and the value function is ViB (x) = inf m∈Γ JiB (x, m), where
Γ is the relaxed control space. Since P(U ) is a convex hull
of U , it is well known that the value function under relaxed
control is also equal to the value function under ordinary
control, i.e., ViB = V̄iB (x).
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To study the rate of the convergence of the Markov chain
approximation, it is equivalent to consider the convergence
rate of solutions of dynamic programming equation under
relaxed control
n
V̄iB,h (x) = inf
p̄h,+
(x, µ)V̄iB,h (x + h)
i
µ∈P(U)
X
+p̄h,−
(x, µ)V̄iB,h (x − h) +
p̄hij (x)V̄jB,h (x)
i
j6=i
o
+fi (x, µ)∆t̄hi (x) , ∀x ∈ (−B, B)h , i ∈ M,
(13)
where for given γ ∈ (2, 3] and (x, i) ∈ (−B, B)h × M,
p̄h,±
(x, µ) = phii (x)ph,±
(x, µ) + O(hγ )
i
i
1 bi (x, µ)h
qii h2
= ±
+ 2
+ O(hγ ),
2
2
2σi (x)
2σi (x)
p̄hij (x)
= phij (x) + O(hγ+1 )
qij h2
+ O(hγ+1 ), ∀j 6= i,
= 2
σi (x)
∆t̄hi (x)
= phii (x)∆thi (x) + O(hγ+1 )
h2
= 2
+ O(hγ+1 ).
σi (x)

programming equation is: For each i ∈ M,
n
ViB,h (x) = inf
peh,+
(x, µ)ViB,h (x + h)
i
µ∈P(U)

+e
ph,−
(x, µ)ViB,h (x − h)
i
o
X
+
pehij (x)VjB,h (x) + fi (x, µ)∆e
thi (x) .

(16)

j6=i

Theorem 3.3: Let ViB,h (·) and V̄iB,h (·) be the solutions
of (13) and (16), respectively. Then
|ViB,h (x) − V̄iB,h (x)| ≤ Khγ−2 , ∀(i, x) ∈ M × (−B, B)h ,
for some constant K.
Thanks to Theorem 3.3 and triangle inequality, we have
kV̄ B,h − V B k∞ ≤ Khγ−2 + kV B,h − V B k∞ .
Thus, Problem 3.1 can be reduced to following problem:
Problem 3.4: Find upper bound of kV B,h −V B k∞ , where
B
V is the value function under relaxed control, and V B,h
is the value function corresponding to strong Markov chain
approximation with the two-component Markov chain generated by Construction 3.2 satisfying the dynamic programming equation (16).

(14)

Using relaxed control setup, Problem 2.1 is equivalent to the
following problem.
IV. C ONVERGENCE R ATE
Problem 3.1: Find the upper bound of kV̄ B,h − V B k∞ ,
Define
where V B is the above value function under relaxed control,
B,h
and V̄
is the piecewise constant interpolation of the value
z h (t) , max{j : τjh ≤ t}, τth , τzhh (t) .
(17)
function under relaxed control.
Lemma 4.1: Let the discrete random sequence
Construction 3.2: (Strong Markov Chain Approximation)
{(xhn , αhn , mhn )} be defined in the same probability
Define a sequence of discrete random variables {(xhn ,
h
αhn , mhn )} with ∆τnh = τn+1
− τnh in the same proba- space (Ω, F , Ft , P, W· , α· ) as Construction 3.2. Suppose
bility space (Ω, F , Ft , P, W· , α· ). For convenience, let us that there exists an m ∈ Γ such that
Z τth
Z τth
use (xh (t), αh (t), mht ) to denote the piecewise constant
h
interpolation of {(xhn , αhn , mhn )} with {τnh } used, and let the xh (t) = x +
bαhs (x (s), ms )ds +
σαhs (xh (s))dWs ,
h
0
0
space of such adapted controls be Γ . For a given Fτnh adapted control mh , {(xhn , αhn )} is a Markov chain defined and
Z t
Z t
by
h
h
h
h
X
=
x
+
b
(X
,
m
)ds
+
σαs (Xs )dWs .
t
α
s
s
s
1) Set x0 = x, α0 = i, m0 = m0 (i, x) in F0 .
0
0
h
h
h
h
h
2) Given (xn , αn , mn ) ∈ Fτnh , let αn+1 = α(τn ).
h
θ
θ
(a) if αhn+1 = αhn , then ∆τnh = inf{t : Then, for ∀θ ∈ (0, 1], E|x (t) − Xt | ≤ Kt h .
By applying Lemma 4.1 with mt ≡ mht , it immediately
|bαhn (xhn , mhn )t+σαhn (xhn )(W (τnh +t)−W (τnh ))| ≥ h},
h
i,x,mh
h
h
h
h
h
h
h
(t)|θ ≤ Kt hθ , ∀θ ∈ (0, 1].
xn+1 = xn +bαhn (xn , mn )∆τn +σαhn (xn )(W (τn+1 )− follows that E|x (t) − X
h
h
h
h
h
To proceed, we assume another condition holds.
W (τn )), mn+1 = mn+1 (αn+1 , xn+1 ),
(b) else if αhn+1 6= αhn , then τnh = 0, xhn+1 = xhn , (H4) For any Ft -adapted process m(·), there exists constant
K such that |JiB (x, m) − JiB (y, m)| ≤ K|x − y|.
mhn+1 = mhn+1 (αhn+1 , xhn+1 ).
The above technique is in the spirit of Skorohod repreTheorem 4.2: Assume (H4). For any m ∈ Γ, there exists
sentation; see [3, Theorem A.1], also [13, Theorem 4.3]. We mh ∈ Γh such that |JiB,h (x, mh ) − JiB (x, m)| ≤ Kh 21 .
also note that similar processes are used for the same purpose
Sketch of proof. Without loss of generality, for each i ∈
in [9] and [15].
M, we assume fi is a nonnegative function. Otherwise, set
For each i ∈ M, let the value function be
fi = fi+ − fi− , consequently we can prove Theorem 4.2 for
nonnegative functions fi+ and fi− separately.
NX
B −1
B,h
h
h
h
Given (αhn , xhn ) ∈ Fτnh , and αhn 6= αhn−1 , define {mhn } ∈
Vi (x) = inf
fαhn (xn , mn )∆τn
h
mh ∈Γh
(15) Γ , such that
k=0
, inf JiB,h (x, mh ),
R τh
mh ∈Γh
Eτnh [ τ hn+1 mt (A)dt]
n
(18)
mhn (A) =
, ∀A ∈ B(U ).
Eτnh [∆τnh ]
where NB = inf{n : xhn ∈
/ B h }. The corresponding dynamic
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Note that mhn (·) can be considered as an averaged occupation
h
measure of m(·) within the interval [τnh , τn+1
). Therefore, we
B,h
B,h
can use Ji (x, m) to denote Ji (x, mh (·)), where mh (·)
is piecewise constant interpolation of {mhn } given by (18).
Also, it can be verified for a function ϕ = bi , fi
h R τh
i
Eτnh [ϕ(xhn , mhn )∆τnh ] = Eτnh τ hn+1 ϕ(xhn , mt )dt . (19)

A. Remarks on Convergence Rates for Special Cases

In this section, we consider a couple of special cases and
discuss related convergence rates. In the first case, the drift b
is independent of control. Such systems may arise in certain
financial engineering problems. For example, in [16], stock
liquidation problems for regime-switching diffusion models
are considered, where neither the drift nor the diffusion
n
coefficients depend on control. The objective is to choose
Using the constructed {mhn } with its property (19), we can the stopping time so as to take profit or cut loss. When
write the strong approximation xh (·) as
the underlying Markov chain has more than two states,
no closed-form solution has been found. Thus numerical
h
z (t)−1
X
approximation is a natural choice.
h
h
h
h
h
h
x (t) = x +
[bαhn (xn , mn )∆τn + σαhn (xn )∆W (τn )]
Theorem 5.1: Suppose bi (x, r) = bi (x). Then, the conn=0
Z τth
vergence rate is (γ − 2) ∧ 12 . That is,
=x+
bαhs (xhs , ms )ds + σαhs (xhs )dWs ,
1
|V̄iB,h (x) − ViB (x)| ≤ Kh 2 ∧(γ−2) , ∀(i, x) ∈ M × G.
0
(20)
In the second case, b and σ are independent x. We
and by Lemma 4.1, we have
present two motivations. In the first one, consider a regimeE|xh (t) − Xt |θ ≤ Kt hθ ,
for ∀θ ∈ (0, 1].
(21) switching diffusion model that is linear in the continuous
state variable and that the diffusion coefficient is independent
In what follows, we divide the work into two steps. Step of control. Taking a logarithm transformation, we obtain an
1 derives a lower bound on JiB,h (x, mh ) − JiB (x, m), and equivalent model in which the drift and diffusion coefficients
are free of x dependence. The second motivation stems from
Step 2 further obtains an upper bound.
Step 1: In this part, we will obtain a lower bound of a controlled Markov chain model that is perturbed by an
JiB,h (x, mh ) − JiB (x, m). Let Bh = B − hθ for some additional white noise. In both cases, the following result
θ ∈ (0, 1], and ei (x, m) = JiB,h (x, mh ) − JiBh (x, m). holds.
Theorem 5.2: Suppose bi (x, r) = bi (r), σi (x) = σi .
We can show inf{ei (x, m)} ≥ −Kh1−θ . This leads to
Then, the convergence rate is (γ − 2) ∧ 21 . That is,
JiB,h (x, mh ) − JiB (x, m) ≥ −Kh(1−θ)∧θ . Taking θ = 12
1
1
gives JiB,h (x, mh ) − JiB (x, m) ≥ −Kh 2 .
|V̄iB,h (x) − ViB (x)| ≤ Kh 2 ∧(γ−2) , ∀(i, x) ∈ M × G.
Step 2: In this part, we obtain an upper bound of
JiB,h (x, mh ) − JiB (x, m). Let B h = B + hθ for some B. Remark on Condition (H4)
h
θ ∈ (0, 1], and ei (x, m) = JiB,h (x, mh )−JiB (x, m). Define
For simplicity, the discussion is confined to the case
i,x,m
τ = τB h and τ h = inf{t : xh (t) ∈
/ (−B, B)}. Parallel to of controlled diffusions. The extension to regime-switching
1
Step 1, we can obtain JiB,h (x, mh ) − JiB (x, m) ≤ Kh 2 .
diffusion is straightforward. In this paper, we assumed (H4),
The rate of convergence result is a consequence of the which could be verified if the following condition (H5) holds.
above theorem. The result is presented next.
Let b(·, r) and σ(·) be Lipschitz continuous and σ(·) > c > 0
Theorem 4.3: Assume (H4). The convergence rate on G = (−1, 1), and U be a compact set.
is (γ − 2) ∧ 12 . That is, |V̄iB,h (x) − ViB (x)| ≤ (H5) Consider
1
Kh 2 ∧(γ−2) , ∀(i, x) ∈ M × G.
1 ∂2Φ 2
1 ∂2Φ 2
∂2Φ
σ (x) +
σ (y) +
σ(x)σ(y)
Remark 4.4: The rate (γ − 2) ∧ 12 is specific for us2
2
2 ∂x
2 ∂y
∂x∂y
ing Markov chain approximation approach. This is slightly
∂Φ
∂Φ
+ inf {
b(x, r) +
b(y, r) + f (x, y, r)} = 0,
different from the finite difference approach. As is known
r∈U ∂x
∂y
that the approach of Markov chain approximation method is
(22)
useful in the actual computation since little prior information
for ∀(x, y) ∈ G2 = G × G with boundary condition
of the HJB equations need to be known. In fact, in the actual
Φ(x, y) = Z1 (x)11{x∈G} +Z2 (y)11{y∈G} , ∀(x, y) ∈ ∂G2 ,
computation, in lieu of discretizing the PDEs directly, policy
(23)
improvement methods are used; see [12] for the numerical
where ∂G2 denotes the boundary of G2 , Z1 and Z2 are
examples.
smooth functions on G with Z1 (±1) = Z2 (±1) = 0.
Then, ∃! viscosity solution of C 0,1 (G2 ).
V. D ISCUSSION
The following theorem shows that under (H5), condition
This section is divided into three parts. In the first part, we
(H4) holds.
examine a couple of specific cases for rates of convergence.
Theorem 5.3: Assume (H5). Let G = (−1, 1), and mt ∈
In the second part, we propose another assumption (H5),
Ft taking values in U . Consider the stochastic process
which is a PDE problem leading to the verification of
Z t
(H4). In the last part, we consider the tangency problem in
Xtx = x +
b(Xtx , mt )dt + σ(Xtx )dWt
(24)
numerical approximation of stopping time problems.
0
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and related objective function,
for τ x = inf{t : Xtx ∈
/
R τx
x
G} J(x, m) = E[ 0 f (Xt , mt )dt]. Then |J(x, m) −
J(y, m)| ≤ K|x − y|.
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For controlled diffusions without switching with a stopping time in the cost function, a well-known approach for
proving the convergence of numerical scheme is based on
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