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Introduction on Bit Memory Systems:
Approximation and Stabilization
Koji Tsumura
of computation loads to the subsystems is a significant issue.
It is reasonable to locate less-complex subsystems to the
end of the network structure and complex subsystems to the
junction in the networks. For discussing such problem, the
notion of the complexity of dynamical systems is necessary.
The final example, embeded control, is more directly. The
embedded control systems are supposed to be realized on
chips in which the computation power or the memories are
strictly limited. A stabilization problem under the limitation
of the computation power is the challenge in such research
field.
Motivated by those issues, we introduced a notion of
complexity of dynamical systems [15], [16], [17]. We have
explained that ordinary degree is not necessarily enough
to represent the complexity of dynamical systems for the
above mentioned purpose because in the networked control
problem, the variation of “discrete-valued” signals plays an
important role and degree is not proper for dealing with it
directly. In the series of our papers, we focus on the memory
of systems and consider cases that it takes discrete numbers.
We call such dynamical system as a bit memory system,
and then, we regard the bit length of the memory as the
complexity of systems.
In [18], [15], [17], we considered to find the necessary
bit length of the memory to attain the given performance for
the approximation and gave the lower/upper bounds of the
necessary bit length. Another control problem considered in
the papers [16] is stabilization by the bit memory systems
and we have tried to find the necessary bit length for the
memory to attain the stability. This paper is the tutorial on
those results.
The much related results are [4], [12], [11], [13] where
the focus of the research is on the algorithm to derive the
discrete abstraction for the original analog-valued systems.
However, unfortunately they do not concern with the the
necessary complexity which is required for the networked
control problem. The other related work in the field of digital
filter is on the optimal realization problem with respect to
the quantization error (round off noise) of system variables
[7], [5].

Abstract— In this paper, we introduce recent results on bit
memory systems. The bit memory systems are operators from
analog inputs to discretized outputs and their memories are
elements of discrete numbers. Their dynamics is represented
by the time evolution of the bit memories and output equations. In this paper, we consider an approximation problem
or a stabilization problem of ordinary linear time invariant
systems by the bit memory systems. Then, we consider the
minimization problem of the bit length of the memories with
which the bit memory systems attain a given error bound for
the approximation problem or the stability of the closed loop
systems for the stabilization problem. We show several upper
and lower bounds of the bit length of memories in both of the
problems.

I. I NTRODUCTION
In a series of literatures [15], [16], [17], we introduced bit
memory systems in which the state variable takes the value
in a countable set of a finite number of the elements. The
motivations of considering such systems are much related
to the recent active research fields of control theory on
networked control systems as explained below.
In the last few years, networked control problems have
been actively investigated and one of interesting problems
is stabilization under constraints of channel capacities for
transmitting signals [21], [22], [1], [8], [2], [9], [19], [20],
[10], [14]. A key technique for this problem is quantization
of analog signals and the result shows necessary complexity
of signals for stabilization.
We recognize the importance of the results, however,
the focus of the research is to decrease the complexity of
signals on channels between subsystems and the complexity
of dynamical systems which generate the coded signal has
been often ignored. As a result, the optimal coders usually
become highly complex systems and they do not consist
with the original purpose of the networked control where
computation power is naturally supposed to be limited on the
side of the controlled plants. This fact indicates a necessity of
measuring the computation complexity of dynamical systems
and the stability problem should be replaced by one in which
the complexities of the coders/decoders are also constrained.
Another issue related on the complexity of dynamical
systems is in distributed control systems. Distributed control
systems having communication networks appear in several
situations such as multi-agent systems or fault-tolerant systems. In order to realize such systems, preferable distribution

II. A PPROXIMATION P ROBLEM
A. Bit memory system and formulation
In general, approximation problem is to derive a less
complex model which imitates the input/output behavior of
the original system. In this section, we consider the simple
case that the original is the following discrete time SISO
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n-th degree linear system P :
x(t + 1) =
y(t) =

A subclass of (2), which is explicitly intended to approximate (1), is given by
Ax(t) + Bu(t),
Cx(t),

X (t + 1) =
Y(t) =
ỹ(t) =

(1)

where x ∈ Rn , u ∈ R, y ∈ R. We also assume that A is
asymptotically stable, A and B are controllable and A and
C are observable.
Ordinary approximation methods are to derive a model
which reduces the degree of the state variable x. Although
this methodology has been well-investigated and it is widely
used (e.g., see [6], [3]), we can also point out some drawbacks. The first one is that degree of systems is too coarse
to manage the resolution of approximated systems. The
second one is that on-line tuning of resolution of systems is
preferable for application, however, it is usually difficult. The
final one is that the degree of systems does not necessarily
consist with information theoretic complexity of signals.
With the above discussion, in [18], [15], [17] we introduced a discrete time SISO bit memory system P̃ for
approximating the dynamics of (1) as
I(t + 1) = F (I(t), u(t)),
ỹ(t) = H(I(t)),

Q(AX (t) + Bu(t))
CX (t),
J(Y(t)),

(4)

where x(0) ∈ X (0) ⊆ Ωx , Ωx = ∪i=1,...,2L Xi , Xi ∈ {X1 ,
X2 , ... , X2L }, Xi ⊂ Rn , Q: quantizer, I(t): Z → {1, 2,
. . . , 2L }, which represents the index of Xi when X (t) =
Xi , u, ỹ ∈ R, J(•): center of the set, and the set-valued
operations are defined by
MX
X +w

:= {M x | x ∈ X }, M ∈ R•×n ,
:= {x + w | x ∈ X }, w ∈ Rn .

(5)

Note that Q is a memory-less and time invariant quantizer
and it can be regarded as a mapping from the index i of X (t)
and u(t) to the index i of X (t + 1). From above, the system
(4) can be regarded as a dynamical system which maps the
initial bit memory X (0) and the input sequence {u(t)} to
the output sequence {ỹ(t)}.
Obviously the systems (4) is just a subclass of (2), however
we can show a kind of equivalence between those classes in
the following lemma.
Lemma 2.1 ([17]): For each bit memory system (2), there
exists a system (4) which conserves the same input/output
behavior and has the same bit length of memory.
This lemma supports substituting Problem 2.1 by the next
more tractable problem:
Problem 2.2: For the systems (1) and (4), find Q which
minimizes L such that
²
(6)
|y(t) − ỹ(t)| ≤ , ∀y(t) where x(t) ∈ Ωx .
2

(2)

where u ∈ R, ỹ ∈ R, and I ∈ {0, 1}L . The signal I is the
state variable of the system and it is called “bit memory”.
The function F or H is a static mapping from the pair of
I(t) and u(t) to I(t + 1) or from I(t) to the output ỹ(t),
respectively, and therefore, (2) is a time invariant system.
The quantity L is called “bit length” of memory. The large
number of L implies the variety of the bit memory and it
also means the complexity of the behavior of the dynamics.
More directly, when the bit memory system is implemented
on a computer, the bit memory is realized on a memory
or a register of the computer and the bit length means the
binary word length. The computation complexity can be
directly represented by the word length of the memory or the
registers. From above, the bit memory system and the notion
of the bit length of memory are appropriate for representing
the complexity of dynamical systems in information theoretic
view point.
Then we consider the next approximation problem:
Problem 2.1: For the systems (1) with a given subset
Ωx ⊆ Rn and {u}, find a bit memory system (2) which
minimizes L such that

B. Upper and lower bounds of L for n-th degree systems
For Problem 2.2, we gave an upper bound of the minimum
L in [18], [15], by restricting the class of (4). In [18], [15],
we assume that the quantized subsections {X1 , X2 , ... , X2L }
are restricted to be time invariant, uniform and orthogonal to
the basis {xi }. Moreover, the mapping of sets Q is defined
by
Q(S) := Xi ⊇ S.
(7)
The bit memory I(t) is defined as the index for Xi .
Before describing assumptions, we define a notation for a
matrix M = mij :
M := |mij |.
(8)

²
(3)
|y(t) − ỹ(t)| ≤ , ∀y(t) where x(t) ∈ Ωx .
2
This problem can be used in several ways. The first one is
simply for deriving a simple model of the original system.
The second one is that we can measure the complexity of
the dynamics of the original system (1) with a tolerance
² from a view point of computation complexity. When the
complexity of the dynamics is high, the necessary bit length
with a tolerance ² in the above problem naturally becomes
large and vice versa.

Assumption 2.1 ([18], [15]): The matrix A satisfies the
following conditions:
1)
(9)
0 < |αi | < 1, ∀i, αi : eigenvalue of A
2) there exists vector x satisfying
x > Ax
Then, we get the following results:
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Theorem 2.1 ([18], [15]): Under Assumption 2.1, for the
systems (1) and (4), an upper bound of the bit length L at
t → ∞ for Problem 2.2 is

consider the system (1) of the first degree for Corollary 2.1
where
A = 0.8, B = 1, C = 1

m(Ωx )
,
(11)
log2
DQ
n
²n j (1 − αj )n Y
1
, (12)
D :=
n
n
2 n
C(adj(I − A))i
i=1

and set ² = 1 in Problem 2.2. The minimum bit length (15)
with ν = 2 can be calculated as
¼
»
|bc|ν
= d2.3219e = 3.
(16)
log2
(1 − |a|)²

m(•) denotes the volume of • and (adj(I − A))i denotes the
i-th column vector respectively.
We next consider to derive the lower bounds for the
minimum bit length L of any types of (4) satisfying (6).
We get the following result:
Theorem 2.2 ([17]): For the systems (1) and (4), let u(t)
∈ [−ν/2, ν/2] and Ωx be the subset of x(n) which is
reachable from x(0) = 0 by u(0), u(1), . . . , u(n − 1)
∈ [−ν/2, ν/2]. A lower bound of the bit length L for
Problem 2.1 is
¼
»
| det Γ|ν n
Q
,
(13)
log2
(1 − |ai |)²n

We can also derive a bit memory system given in [17], which
has this minimum bit length, and demonstrate the response
of x(t) and X (t) for u ∈ [−1, 1]. In Fig. 1, we can find
that the true response x(t) (marked by ’×’) is successfully
captured by X (t) (marked by ’|’) width 1 at each time step.
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Fig. 1: Transition of x(t) (marked by ’×’) and X (t)
(marked by ’|’)

(14)

I
y2n

We next explain the result for 2nd degree system:
·
¸
· ¸
· ¸
0.7416 −0.1121
0
1
A=
B=
, C=
0.1121 0.7416
1
4

yiI , i = 1, . . . , are the impulse response of the original
system (1) and ai is the eigenvalue of the matrix A.
In the case of (1) of the first degree (i.e., n = 1), we can
get a more strong result on the lower bound:
Corollary 2.1 ([17]): For the systems (1) of n = 1 and
(4), let u(t) ∈ [−ν/2, ν/2] and Ωx be the subset of x(n)
which is reachable from x(0) = 0 by u(0) ∈ [−ν/2, ν/2].
The minimum bit length of (4) which solves Problem 2.2,
i.e. Problem 2.1, is given by
»
¼
|bc|ν
log2
.
(15)
(1 − |a|)²

(17)

The poles of this system are 0.7416 ± i 0.1121. For this
original system, we derive the lower bound of the bit length
by using Theorem 2.2. With the performance index ² = 1,
ν = 2, the lower bound (13) is calculated as
¼
»
| det Γ|ν 2
Q
= d8.1827e .
(18)
log2
(1 − |ai |)²2

C. Numerical example

On the other hand, by employing the method in Theorem [18], [15], we derive a bit memory system which exactly
takes the upper bound of the bit length (11) and guarantees
the performance index ² = 1.
We simulate x(t) and y(t) of the original system and X (t)
and ỹ(t) of the derived bit memory system for a uniform
random input u(t) ∈ [−1, 1] with the initial condition
x(0) = [−0.5793 − 1.8894]T . Fig. 2 and Fig. 3 show their
transitions during t = 0 – 100 or t = 0 – 50, respectively.
The maximum of the output error during t = 0 – 100 is
max |y(t) − ỹ(t)| = 0.4026 and we can confirm the error
bound ²/2 = 0.5 is guaranteed.
The bit length of this system is
¼
»
m(Ωx )
= d10.9482e bit,
(19)
log2
D

In order to illustrate the results, we show some numerical examples for Theorem 2.1 and Corollary 2.1. At first,

and the difference between (18) and (19) is 2 bit. This
example suggests that the difference between the upper

Remark 2.1: The lower bound (13) is essentially given
only by the system properties, that is, the poles of the
original system P and a kind of Hankel singular values.
The magnitude of the poles closes to 1, the lower bound
of the minimum bit length becomes large. On the other
hand, Hankel singular values represent the intensity of the
controllability and the observability of the original n-th
degree systems. This means when the original n-th degree
systems are fully complex in the whole dimension of the state
space, then, the complexity in the sense of the bit memory
system is also high. This result represent an interesting
connection between the minimum bit length of memory and
the degree of the original systems.

1225

K. Tsumura • Introduction on Bit Memory Systems: approximation and Stabilization

bound and the lower bound is not so seriously large.

This result shows a fact of trade-off between the complexities of the transmitted signals and the subsystems, and
as a whole the controller including the coders and decoders
becomes complex. Motivated by this fact, we considered a
problem to stabilize a plant with a controller which has a
constraint of computation complexity [16], i.e., stabilization
via a bit memory system with constraints on the bit length.
In the following of this section, we introduce the results in
[16].
The plant is the following discrete time SISO n-th degree
linear system P :
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x(t + 1) = Ax(t) + Bu(t),
y(t) = Cx(t),

Fig. 2: Transition of X (t) during t = 0 – 100 (’x’ and
each rectangular show x(t) and X (t) respectively)

where x ∈ Rn , u ∈ R, y ∈ R, x(0) is assumed to be in
a closed subset Xo with a size νi := m(Xoi ), m denotes
the volumes, A and B are controllable and A and C are
observable. The controller K is the following discrete time
SISO bit memory system:

10

8

y(t), ỹ(t)

(20)

6

4

2

0

I(t + 1) =
u(t) =

-2

-4

-6

F (I(t), y(t))
H(I(t))

(21)

-8

where I ∈ {0, 1}L is the bit memory of bit length L. Note
that the time evolution of the bit memory or the output is
defined only by the bit memory or the input at that time and
it does not use their past records.
Fig. 5 shows a block diagram of the closed loop system
with a bit memory controller where the bit memory I(t) is
transfered from subsystem F to H. When we regard the path
from F to H as transmission channel in a networked control
system, then a control problem with the bit length limitation
corresponds one with data rate constraint.
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Fig. 3: Output responses y(t) and ỹ(t) during t = 0 – 50
(y(t): solid line, ỹ(t): dashed line)
III. S TABILIZATION P ROBLEM
A. Motivation and formalation
In the last decade, a networked control problem of stabilization under constraints of channel capacity has been
actively investigated [21], [22], [1], [8], [2], [9], [10], [14],
[20]. The simplest situation of the problem is shown in Fig. 4,
where the plant P and the controller K are connected over
channels with finite capacities.
In order to attain small signal complexity of i and j, the
coders and the decoders are required to be complex and a
lot of memory is necessary because they use the past record
of y or u, or i or j to compute their output signals. Such
demand of the computation power especially for Co or Di ,
which are on the side of the plant, is not consistent with the
original purpose of the networked control.
u

P

Di

P
K
H

F

The bit memory controllers of finite bit lengths can not
attain the asymptotic stability and then we define another
notion of stability as follows.
Definition 3.1: A dynamical system is said to be practically stable with ² when its output y(t) satisfies
²
(22)
|y(t)| ≤
2
at t → ∞.
Then we introduce a problem:
Problem 3.1: For the plant (20), find a bit memory controller (21) of L bit length satisfying the practically stability
with ² of the closed loop system.

y

i
Ci

I

Fig. 5: Control system with bit memory controller
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Fig. 4: Closed loop system with data transmission
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In [16], we gave the upper bounds of the bit length k in
Problem 3.1 by showing examples of stabilizing bit memory
controllers. In the following, we show them.

The condition (27) implies that when the poles of the plant
is large, the upper bound of the bit length becomes large and
vice versa. This results consist with that of stabilization under
constraints on channel capacities [21], [22], [1], [8], [2], [9],
[19], [20], [10], [14].

B. Bit memory observer approach
In this subsection, we give a bit memory controller for
Problem 3.1 with the following assumption:
Assumption 3.1: The matrix A in (20) is invertive.
Here we introduce a observer-based bit memory controller
K as follows.
X ? (t + 1)

Q(A(X ? (t) ∩ W0 (y(t), C)) + Bu(t))
(23)
K(X ? (t) ∩ W0 (y(t), C))
(24)
J(U(t))
(25)

=

U(t) =
u(t) =
where

C. Controller approximation approach
In this subsection, we show another approach giving a bit
memory controller for Problem 3.1.
Under the assumption of the controllability and observability of the plant (20), there always exits an LTI stabilizing
controller K:
xK (t + 1) =
u(t) =

The state variable I(t) of the bit memory controller is the
index assigned to X ? (t) and note that the memory in the
above operations (23)–(25) is only I(t).
We can derive the estimation error between x0 (t) ∈ X ? (t)
and the true state variable x(t) of the plant:
Lemma 3.1: When t → ∞, the following inequality
holds.
≤

²̃ :=
O

:=

X (t + 1) =
U(t) =
u(t) =

g

:=

d∗i

=

h

:=

0 < |αi | < 1, ∀i, αi : eigenvalue of AK

(29)

(30)

2) there exists vector x satisfying
x < AK x
(31)
Then, we get the following result:
Theorem 3.2: For the systems (20) and (29), an upper
bound of the bit length L at t → ∞ for Problem 3.1 is
Qm
κi
(32)
log2 i=1 ,
D
where
°
°
°
¤°
£
1
−1 i
°
κi := °((zI − AK ) ) BK ·
² C · νo °
°
1 + PK
1

K An O−1 · 1 · CA−1 d∗ ,
£
¤
g1 g2 . . . gn := CA−1 ,
K An O−1 · 1 · ²
,
nhg i
KAn O−1 · 1,

νo

:=

D

:=

[ν1 ν2 . . . νn ]T
Q
m
²m j (1 − αj )m Y
2m mm

1
,
C
(adj(I
− AK ))i
K
i=1

((zI − AK )−1 )i and (adj(I − AK ))i denote their i-th row
vector and i-th column vector, respectively, and k · k1 means
`1 norm.

−1 i

((z − (A + BK))
means `1 norm.

Q(AK X (t) + BK y(t))
CK X (t),
J(U(t)),

which approximates K such as described in Section II.
Hereafter, we assume that the quantized subsections {X1 ,
X2 , ... , X2L } are restricted to be time invariant, uniform and
orthogonal to the basis {xi }. Moreover, the mapping of sets
Q is defined by (7) as mentioned in Section II.
Now, we assume the following:
Assumption 3.3: The matrix AK satisfies the following
conditions:
1)

²̃, ∀x0 ∈ X ? (t) ∩ W0 (y(t), C)
(26)
n
−1
−1
K
 A O  · 1 · CA d
C
 CA 


 .. 
 . 
CAn−1

1 := [1 1 · · · 1]T
With this lemma, we can derive the following theorem:
Theorem 3.1: Consider the closed loop system composed
of the plant (20) and the controller (23)–(25). Then, an upper
bound of the bit length L at t → ∞ is
Qn
κi
(27)
log2 i=1 ,
D
where
°
£
¤°
κi := °((z − (A + BK))−1 )i νo ²̃B °1 ,
²̃n
Q ,
D :=
n
n
n h
i gi
²̃ :=

(28)

where xK (t) ∈ Rm . Here we assume the following:
Assumption 3.2: The controller K is stable.
This condition is called strongly stabilizability [23] and the
necessary and sufficient condition, called pip condition, is
known.
Then, by employing the discussion in Section II, we can
introduce a bit memory controller K̃:

n
²o
²
.
W² (y, C) := x | y − ≤ Cx ≤ y +
2
2

|Kx0 − Kx(t)|

AK xK (t) + BK y(t),
CK xK (t),

) denotes its i-th row vector and k · k1
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the control performance ² and the necessary bit length L is

The condition (32) corresponds to the condition (27)
and the similar discussion as mentioned in Subsection IIIB is applicable. On the other hand, we can observe that
the assumptions for this approximation method are strong
compared to the case of the observer-based approach.

z 2 − 0.398z + 0.04
z 3 − 0.398z 2 − 3.96z + 0.816

and the poles are 0.2040, 2.0992, and -1.9053. An ordinary
stabilizing controller is
·
¸
· ¸
· ¸
0.1990 −0.0200
0
1
AK =
, BK =
, CK =
.
0.0200 0.1990
1
4
We next derive a bit memory controller (29) which approximates above. In the case of ² = 3, the upper bound of
the bit length given in Theorem 3.2 is L = d7.1814e bit.
The transition of X (t) of the bit memory controller and
that of output y(t) are shown in Fig. 6 and Fig.7, respectively:
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IV. C ONCLUSION
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In this paper, we introduced the recent results on approximation and stabilization problems with bit memory systems.
We regard the bit length of memory as the complexity of the
dynamical systems, and showed the relationship between it,
the property of the plant, and the attained performance. In
this paper, we omit the details of the proofs for the lemmas or
the theorems. Refer to the relevant literature [15], [16], [17].
We also suggested that the lower bounds of the necessary bit
length for the stabilization problem have much relationship
with the results on the necessary channel capacities for the
stabilization in [21], [22], [1], [8], [2], [9], [19], [20], [10],
[14]. This issue will be appear in near future.
Acknowledgement: This research is supported by the Ministry of Education, Culture, Sports, Science and Technology,
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Fig. 6: Transition of X (t) (’x’ and each rectangular show
xK (t) and X (t), respectively)
3

2
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(34)

where K is the original nominal controller. Therefore, we
substitute 2² − ξ → 2² and construct the controller, we can
directly get the similar results in Theorem 3.2.
3) Unbounded noise or set of initial state: In the case
of unbounded observation noise or set of the initial state
of the plant, we no longer expect finite bit length of the
memory. However, when the distribution density of the states
is enough concentrated around the origin, by using variable
bit length coding as in the information theory, we may get
a finite expected bit length of the memory. Such method is
practically useful as in the information theory. Case of the
unbounded set of the initial state of the plant is also in the
similar situation.

4

-3

L ∝ α + β log2 ν m + γ log2 ²−m ,

where the ratios α, β and γ depend on the system property
such as poles.
2) Plants with observation noise: In the case of Subsection III-B, consider a case that y(t) is added by observation
noise bounded by η. In this case, by the substitution 2² −η →
²
2 , we can also construct the controller in the similar way o
(23)–(25).
On the other hand, in the case of Subsection III-C, we can
also derive the similar manipulation. Here we assume that the
observation noise v(t) is bounded by η, then, the magnitude
of its influence on the true output y(t) is bounded by
°
°
° PK °
°
° =: ξ,
(35)
η°
1 + P K °1

In this subsection, we show a numerical simulation of
stabilization by a bit memory controller, which is given by
the controller approximation approach. The plant is given by

0

(33)

or

D. Numerical example

P (z) =

L ∝ α + β log2 ν n + γ log2 ²−n ,
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