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Absolute Stability of a System with Distributed Delays
Modeling Cell Dynamics in Leukemia
Hitay Özbay, Houda Benjelloun, Catherine Bonnet, Jean Clairambault

Abstract— In this paper we consider a mathematical model
proposed recently by Adimy et al. (2008) for studying the cell
dynamics in Acute Myelogenous Leukemia (AML). By using the
circle and Popov criteria, we derive absolute stability conditions
for this nonlinear system with distributed delays. Connections
with the earlier results on stability of the linearized model are
also made. The results are illustrated with a numerical example
and simulations.

I. I NTRODUCTION

(studied in [9]) we derive sufficient conditions for absolute
stability using Popov criterion.
II. P ROBLEM S TATEMENT
In this paper we consider the first compartment of the
system introduced in [1], that is described by the following
equation
Z τ
e−γa f (a)w(t − a)da (1)
ẋ(t) = −δx(t) − w(t) + 2L
0

In a recent work, [1], Adimy et al. have proposed a
mathematical model of the cell dynamics in Acute Myelogenous Leukemia (AML). This is a nonlinear system with
distributed delays, consisting of several compartments con-

where
w(t) = x(t) β(x(t))

(2)

•

x is the total density of the resting cells;

•

δ is the death rate in the resting phase;
γ is the death rate (apoptosis) in the proliferating phase;

nected in series. Equilibrium conditions are studied and local
•

stability analysis for different equilibria are done in [1],
where sufficient conditions for local stability are obtained

•

using earlier results of [2]. Later, in [9] a necessary and
sufficient condition is obtained for a particular choice of

β(·) is the re-introduction function from the resting
subpopulation into the proliferative subpopulation;

•

L := (1 − K), with 0 ≤ K ≤ 1, where K is the rate
of proliferating cells that divide without differentiation,

the distributed delay kernel for the linearized system. In the
present work we study absolute stability conditions of this
•

nonlinear system.

enter the proliferating phase and a maximal time τ > 0
(this is the distributed time delay);

For delay systems with uncertain nonlinearity satisfying
the sector condition, primary tools of stability analysis have
•

been the circle criterion and the Popov criterion, [7], [12],
[13], see also [3], [4], [8] and their references. Here, we
show that the first compartment of the mathematical model
proposed in [1] can be put within the framework of these
methods. For a specific form of the distributed delay kernel
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i.e. that remain the first compartment;
proliferating cells can divide between the moment they

f is the mitosis (cell division) probability density; note
that mitosis occurs before the age limit τ , and f (a) ≥ 0
Rτ
for all a ∈ [0, τ ] and 0 f (a)da = 1.

A block diagram representation of the system defined above
is shown in Figure 1, where the subsystem represented by
the transfer function G(s) is a system with distributed delay,
whose impulse response is g(t) := e−γt f (t) for t ∈ [0, τ ]
and g(t) = 0 for t > τ , i.e.,
Z τ
G(s) =
e−γt f (t)e−st dt,
(3)
0

and the nonlinearity Ψ(·) takes x(t) as the input and generates w(t).
Typical choice for β is (see [1], [2])
β(x) = βo /(1 + xN )
and N ≥ 2 is an integer.

where

β(0) = βo > 0

(4)
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So, in this case, µ > 0 if and only if
(δ/α)
N −1
>
.
βo
N
Moreover, under this condition, (6) is always satisfied, see
[10] for the details.
For the nonlinear system analysis let us define

Fig. 1.

x
e(t) := x(t) − xe

The Nonlinear System with Distributed Delay.

and

w(t)
e := w(t) − we

(7)

where we := β(xe )xe . Under the above equilibrium condi-

(5)

tions the system (1) can be transformed to
Z τ
d
x
e(t) = −δe
x(t)− w(t)+2L
e
e−γa f (a)w(t−a)da.
e
(8)
dt
0

− 1) > 0 and m = r − γ > 0. Note that

equilibrium of the system (8), whose feedback diagram is

In this paper we are interested in the form of G given by
G(s) = q
where q = m/(e

mτ

1 − e−τ (s−r)
,
(s − r)

r>0

G ∈ H∞ and it does not have a pole, in fact G(r) = qτ .
See [9] for the motivation of the selection of this form of G.
Clearly, the origin is an equilibrium point, which corre-

Using the new coordinates (7), the origin (i.e. x
e = 0) is the

shown in Figure 2, where ψ is the static nonlinearity defined
by ψ(e
x) = w.
e

sponds to death of cells. Under the assumptions stated below
there is a unique non-trivial equilibrium point xe which is
positive, see e.g. [1].
Assumption 1. α := (2LG(0) − 1) > 0.
Assumption 2. βo := β(0) > δ/α.
III. M AIN R ESULTS
Fig. 2.

Feedback system with equilibrium at the origin.

In [1], [9], [10] conditions for local asymptotic stability
of the origin and the positive equilibrium are derived for
various cases. In the next section we discuss absolute stability
conditions when xe > 0.

Popov) criterion. For this purpose, let us assume that there

Let Assumptions 1 and 2 hold. Then, xe is such that

exists ρe > 0 satisfying the sector condition (i) if µ > 0

δ
β(xe ) = .
α

0 < ψ(e
x)e
x < ρex
e2

In particular, when β(·) is in the form (4), we have

1/N
βo
xe =
−1
.
δ/α
Define

∀x
e=
6 0, and

x
e ∈ (−x̄ , xr ) =: X+

(9)

where xr is the unique point which makes w̄ > w for all
x > xr ; and (ii) if µ < 0
0 < (−ψ(e
x))e
x < ρex
e2

∂
µ :=
Ψ(x)|xe
∂x

system is equivalent to having (see [9], [10])

∀x
e=
6 0, x
e ∈ (−x̄+xℓ , ∞) =: X−

(10)
where x is the unique point which satisfies the condition
ℓ

We will discuss two different cases: µ > 0 and µ < 0. It can
be shown that when µ > 0, local asymptotic stability of this
δ
µ< .
α

Now a stability condition can be derived by putting the
system of Figure 2 into the framework of the circle (or

w̄ > w for all 0 < x < xℓ . In general, ρ ≥ ρe ≥ |µ| for both
cases µ > 0 and µ < 0.
Applying the circle criterion, see e.g. [5], for the case

(6)

For the special choice (4) we have


δ
(δ/α)
µ=
1−N +N
.
α
βo

µ > 0, we see that with x
e(θ) ∈ X+ for all θ ∈ [−τ , 0],
the feedback system is absolutely stable if (1 − ρeH(s)) is
strictly positive real, which is equivalent to having
ℜ{H(jω)} < 1/e
ρ

990

∀ ω∈R

(11)
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local stability condition: For the case where xe is such that
−δ < µ < 0, the system is locally asymptotically stable if

where
−1

H(s) = (s + δ)

(2LG(s) − 1).

Although the condition (11) is in general less restrictive than

and only if (see [10])

the small gain condition

2LG(0) <

kHk∞ < 1/e
ρ,

(12)

for the case when H(0) = kHk∞ they are equivalent. For
G(s) in the form (5), when κ ≤ 1, where
(α + 1)(τ r + 1) + 0.28
p
.
κ :=
α 1 + r2 /δ 2

δ − |µ|
kmax
|µ|

(20)

where kmax depends on η := τ −1 (δ − |µ|)−1 and it is given
explicitly in Figure 3. In general
o
e G ≤ kmax
K

(21)

(13)

o
where kmax
is the value of kmax for η → 0. For G in the

absolute stability condition (11) becomes equivalent to (12),

special form (5), for small values of rτ , we have equality in
(21) as illustrated in Figure 3.

which reduces to

α
< 1/e
ρ.
δ

(14)

Clearly, this is a stronger condition than the local asymptotic
stability condition; but if ρe = µ, then these conditions are

Stability bound k

versus rτ for different values of (δ −|µ|)−1=nτ

max

8
n=1

7

6

identical.

Now consider the case for µ < 0 and assume |µ| < δ.
Then, apply the Popov criterion, [5], [6], [12], [13] on

n=0.5

5
n=0.25

4

the system shown in Figure 2 with ψ replaced by −ψ
3

satisfying the sector condition (10). In this case, with the
initial condition x
e(θ) ∈ X− for θ ∈ [−τ , 0], the system is

absolutely stable if there exists ηe ≥ 0 such that ηe is not a
pole of H(s) and
ℜ{e
ρ−1 + (1 + jωe
η )H(jω)} > 0

∀ ω∈R .

(15)

2
~

KG bound from Popov criterion

1 −2
10

−1

(16)

Note that, typically the left hand side of (16) is negative in
the form
e −1 G(0)
min ℜ{G(jω)} = −K
(17)
G
ω∈R

e G > 0 depends on the parameters of G(s). Therewhere K
fore, (16) can be satisfied only if δ > ρe. In conclusion, for
the case µ < 0, with |µ| < δ, and δ > ρe, absolute stability
condition obtained from the Popov criterion is
2LG(0) <

where

δ − ρe e
KG
ρe

e G = min ℜ{G(jω)}
K
ω∈R
G(0)

(18)

−1

.

(19)

With other choices of ηe in (15) one may obtain a less
conservative result, but the above particular selection give
a simple result (18) which allows easy comparison with
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10

1

10

rτ

Fig. 3.

e G versus rτ .
kmax versus rτ for various (δ − |µ|); and K

Choosing ηe = δ −1 + ǫ for ǫ > 0 and letting ǫ → 0 we see
that (15) becomes
δ − ρe
min ℜ{G(jω)} > −
.
ω∈R
2Le
ρ

0

10

IV. E XAMPLES
A. Example 1
Let us consider a system with L = 0.9 and βo = 1,
N = 2, δ = 0.5, τ = 1.0, γ = 0.04, m = 10. For these
parameters we compute that α = 0.7364, xe = 0.6876,
µ = 0.2431, xr = 1.4544, ρe = 0.6790. So, the system

is locally asymptotically stable (i.e. it satisfies µ < δ/α).
It is interesting that in this particular example we have
ρe = δ/α, so the absolute stability condition is not satisfied

(but ρe < δ/α is just a sufficient condition for stability).
Nevertheless, starting from initial conditions x(θ) = 1 for

all θ ∈ [−1 , 0], the simulations show convergence to the
positive equilibrium, see Figure 4.
B. Example 2
In this example we have L = 0.985 and βo = 7, N = 3,
δ = 2.1, τ = 2.812, γ = 0.095, m = 1. For these parameters
we compute that α = 0.6339, xe = 1.0363, µ = −1.9222,
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Simulation results for Example 1.

e G = 1.6607. In
xℓ = 0.5924, ρe = 2.2429, kmax = 6.194, K
this case local stability condition is not satisfied. As shown
in the time response Figure 5, x(t) does not converge.
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Simulation results for Example 2.

V. C ONCLUDING R EMARKS
For the compartmental model of [1], local stability conditions were derived in earlier papers, [9], [10]. In this paper
we considered the first compartment and applied the circle
and Popov criteria for absolute stability. An extension of
these results to the full compartmental system is possible:
in this case one needs to use the present results on the first
compartment along with the results of [6] where non-zero
external input is allowed in the stability criterion.
A global stability result can also be obtained using the
nonlinear small-gain arguments. We will report our results
on this approach elsewhere, see [11].
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