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Non-dissipative boundary feedback for elastic beams
Chris Guiver and Mark R. Opmeer

Feedback control of beams is a much studied topic, in
part due to its applications to the control of robot arms. The
feedback control strategies used are often of the static output
feedback kind and the input and output are usually chosen to
make the closed loop system dissipative. An intriguing nondissipative control strategy was however chosen in [5]. We
refer to that article for the physical interpretation of their
choice of feedback. As open-loop model they consider an
undamped Euler-Bernoulli beam. Dissipative static output
feedback strategies give rise to a closed loop system that has
eigenvalues asymptotic to a line Reλ = −c for some constant
c > 0 (see e.g. [4]). The eigenvalues of the non-dissipative
closed-loop system were shown in [5] to be asymptotic to
2
the parts of the parabolas Imλ = ±c (Reλ) in the left halfplane (see Fig 1(a)). This indicates that high frequencies are
much better damped by the non-dissipative feedback than by
dissipative feedbacks, a very attractive property.
Besides the above asymptotics, [5] also showed that -as
in the dissipative case- the eigenvalues of the closed loop
system are all in the open left half plane. However, for
partial differential equations certain pathologies may occur
that prevent the stability of a system to be determined
from the location of its eigenvalues. Due to this, [5] only
managed to show exponential stability of the closed-loop
system for smooth initial conditions in spite of the fact that
all its eigenvalues are in the open left half-plane and are
bounded away from the imaginary axis. Using estimates of
the Green function [3] showed that the closed-loop system is
a Riesz spectral system and since for Riesz spectral systems
the location of the eigenvalues does determine the stability,
exponential stability followed (also for non smooth initial
data). Subsequently, [6] gave a more direct proof that the
closed-loop system is a Riesz spectral system and [1] gave
a proof of exponential stability based on microlocal analysis
instead of on the Riesz basis property.
As mentioned, [5] chose an Euler-Bernoulli beam model
(and the subsequent articles mentioned followed suit). This
neglects the fact that the beam has a moment of inertia (and
probably less importantly it neglects shear effects and nonlinear effects). The Rayleigh beam model does incorporate
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I. I NTRODUCTION

the fact that a beam has a positive moment of inertia. The
eigenvalues based on a finite element approximation of the
Rayleigh beam with a non-dissipative feedback analogous
to the one in [5] are given in Fig 1(b). Surprisingly, the
eigenvalues are very different from those in the EulerBernoulli case. In particular, there are many unstable eigenvalues. In [2] we prove that indeed the Rayleigh beam
with non-dissipative feedback has infinitely many unstable
eigenvalues. We also prove in [2] that the addition of shear
effects on top of a nonzero moment of inertia (i.e. replacing
the Rayleigh model by the Timoshenko model) gives no
qualitative difference: also in that case there are infinitely
many eigenvalues with positive real part. We conclude that a
static non-dissipative feedback as considered [5] is a worse
choice for stability than dissipative feedback for Rayleigh
and Timoshenko beam models.
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Abstract— We show that a non-dissipative feedback that has
been shown in the literature to exponentially stabilize an EulerBernoulli beam makes a Rayleigh beam and a Timoshenko
beam unstable.
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Fig. 1. Numerical approximations for eigenvalues of the Euler-Bernoulli
and Rayleigh beam models
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II. M AIN RESULTS
A. Rayleigh beam case.
We consider first the following Rayleigh beam problem:
EIwξ ξ ξ ξ + ρwtt − Iρ wξ ξ tt = 0,
w = w(ξ, t), t ∈ R+ , ξ ∈ [a, b] ⊂ R,

(1a)

where w(ξ, t) is the transverse displacement of the beam
at position ξ and time t. We use the notation wt = ∂w
∂t
and wξ = ∂w
∂ξ . The constants EI, ρ and Iρ are physical
parameters associated with the beam, for details see [7], or
most elementary vibration textbooks. The choice of boundary
feedbacks are analogous to the choice in [5], [3], [6] and [1]
and are for t ≥ 0:
w(a, t) = 0
wξ (a, t) = 0
−k1 wt (b, t) = wξ ξ (b, t)

(1b)

−k2 wξ t (b, t) = (Iρ wξ tt − EIwξ ξ ξ )(b, t)
where k1 , k2 ≥ 0 are the feedback constants.
The beam is clamped at the left endpoint which is described by the first two equations in (1b). To help understand
the motivation for the third and fourth equations in (1b),
recall that the energy of the Rayleigh beam is given by:
Z
1 b
EI|wξ ξ |2 + ρ|wt |2 + Iρ |wtξ |2 dξ.
E(t) =
2 a
Differentiating with respect to t, substituting using (1a), integrating by parts and then applying the boundary conditions
at ξ = a gives:

 

wt (b, t)
I w (b, t) − EIwξ ξ ξ (b, t)
Et (t) =
, ρ ξ tt
wξ t (b, t)
EIwξ ξ (b, t)
=: hy(t), u(t)i ,
(2)

k1 = 0 and k2 > 0. The same result also holds in the
alternate case with k1 > 0, k2 = 0 which follows by a
duality argument.
The choice of feedback matrix (4) in the Rayleigh case
gives the third and fourth equations in (1b).
Denote by (1) the partial differential equation (1a) and the
boundary conditions (1b). In [2] it is proven that not only is
the Rayleigh system (1) not exponentially stable, but further
that the system is in fact unstable.
In order to prove the system is unstable we make the ansatz
that a non-trivial solution to (1) has the form:
w(ξ, t) = est eλ(ξ−a) ,

s, λ ∈ C.

(5)

Throughout this paper we will assume that s 6= 0. In
order for such an ansatz (5) to be a solution λ, s must
satisfy an algebraic condition given by the PDE (1a) and
a characteristic equation given by the boundary conditions
(1b). The algebraic condition is:
λ4 −

s2 Iρ 2 s2 ρ
λ +
= 0,
EI
EI

(6)

giving
λ1 =

λ2 =

v
q 4 2
u
2
u s2 Iρ
s I
t EI + EI 2ρ − 4 sEIρ
2
v
q 4 2
u
2
u s2 Iρ
s I
t EI − EI 2ρ − 4 sEIρ

,
(7)

2

λ3 = −λ1 ,
λ4 = −λ2 .

It follows that a non-trivial solution to (1a) is given by

2

where h·, ·i denotes the inner product on R and u(t) is the
input. From Lyapunov theory, it is sensible to choose u such
that Et (t) < 0 along solutions w. Therefore, an obvious
choice of u is
u(t) = Ky(t),

(3)

with K negative definite, which is the so-called dissipative
boundary feedback. Inserting (3) into (2) gives:
Et (t) = hy(t), Ky(t)i < 0.
The canonical negative definite matrix is


−k1
0
K=
, k1 , k2 > 0.
0
−k2
The choice of boundary conditions in [3] for the EulerBernoulli case (i.e. (1a) and (1b) with Iρ = 0) is to instead
take


0
−k2
K=
,
(4)
−k1
0
which is an indefinite matrix (and leads to non-dissipative
boundary feedback). Exponential stability is proven when
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w(ξ, t) = est

4
X

ci eλi (s)(ξ−a) , s ∈ C, ci ∈ R,

(8)

i=1

with ci not all zero. The boundary conditions (1b) applied
to (8) yields the second condition for λ, s in the form of a
linear system for the ci . Namely if the matrix P is defined
as


1
1
1
1
 λ1

λ2
−λ1
−λ2


 ε1 eλ1 ∆
ε2 eλ2 ∆
ε1 e−λ1 ∆
ε2 e−λ2 ∆ 
λ1 η1 eλ1 ∆ λ2 η2 eλ2 ∆ −λ1 η1 e−λ1 ∆ −λ2 η2 e−λ2 ∆
(9)
 
and c :=

c1
c2
c3
c4

then

P c = 0,

(10)

where ∆ := b − a, εi = λ2i + k1 s and ηi = (−k2 s − s2 Iρ +
EIλ2i ). Equation (10) has a non-trivial solution c if and only
if det P = 0. Computing det P = 0 and dividing through
by s5 results in the following characteristic equation:
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0 = λ1 λ2

"

Iρ2
EIs

+

where k1 , k2 ≥ 0 are the feedback constants.
There is an elegant formulation of the Timoshenko beam
problem using state variables x1 , x2 , x3 , x4 where

k2 Iρ
EIs2


k1 Iρ
k1 k2 − ρ
+
2
cosh(λ1 ∆) cosh(λ2 ∆)
s2
s3

ρIρ
k1 k2 Iρ
2k2 ρ
−
+
+
EIs
EIs
EIs2

2k1 ρ
+ 2 sinh(λ1 ∆) sinh(λ2 ∆)
s


k2 Iρ
k1 Iρ
ρ + k1 k2
− λ1 λ2
+
+
2
.
(11)
EIs2
s2
s2

x1 = wξ − φ,

+

Instability of the system (1) is proven in [2] by investigating the sign of Re s, for s a zero of (11) and ultimately
proving (11) has zeros with positive real part. In this case
there are solutions of (1) in the form (8) with Re s > 0, and
instability follows. We mention again that in [3] only one of
the feedback parameters is required to be non-zero in order
to achieve exponential stability. To give full generality we
consider all three possible cases. These are where exactly
one of k1 and k2 is zero, and also where both k1 , k2 are
positive. Our main results are now stated beneath, and are
all proved in [2]:
Theorem 1: For all k1 , k2 ≥ 0 with k1 + k2 > 0 the
equation (11) has zeros sn ∈ C, n ∈ N which satisfy
s
(πn + π2 )i EI
→ 0 as n → ∞.
sn −
b−a
Iρ
Further, Re sn > 0 for infinitely many n ∈ N.
We then deduce the following corollary.
Corollary 2: For all k1 , k2 ≥ 0 with k1 + k2 > 0 the
system (1) is unstable.
B. Timoshenko beam case.
We consider next the Timoshenko beam equation:
EIwξ ξ ξ ξ + ρwtt
Iρ ρ
EIρ
)wξ ξ tt +
wtttt = 0,
K
K
w = w(ξ, t), t ∈ R+ , ξ ∈ [a, b] ⊂ R,
− (Iρ +

(12)

where K is an additional physical parameter, the shear
modulus. It is also convenient to write (12) as the coupled
wave equations
ρwtt = Kwξ ξ − Kφξ ,
Iρ φtt = EIφξ ξ − Kφ + Kwξ ,

(13a)

where φ is the angular displacement. Note that as the
parameter K tends to infinity the equation (12) collapses to
(1a), the PDE for the Rayleigh beam, which represents the
beam becoming rigid to shear. The non-dissipative boundary
feedbacks for the Timoshenko beam are:
wt (a, t) = φt (a, t) = 0,
wξ (b, t) − φ(b, t) = −k1 Iρ φt (b, t),

(13b)

φξ (b, t) = −k2 ρwt (b, t),

987

x2 = ρwt ,
x3 = φξ ,
x4 = Iρ φt .
In these variables the energy of the Timoshenko beam is
Z
1 b
1
1
K|x1 |2 + |x2 |2 + EI|x3 |2 + |x4 |2 dξ.
E(t) =
2 a
ρ
Iρ
Arguing as in the Rayleigh case it is not difficult to see
that (13b) are indeed the analogous choice of non-dissipative
boundary conditions for this problem. For more information
on the state variable approach to the Timoshenko beam we
refer the reader to [8].
Let (13) denote the PDE (13a) and boundary conditions
(13b). We proceed as in the Rayleigh case and make the
ansatz for a solution of (13)

w(ξ, t) = est

4
X

ci eλi (s)(ξ−a) ,

i=1

φ(ξ, t) = est

4
X

ci eλi (s)(ξ−a)

i=1



ρs2
λi −
Kλi

(14)


,

for ci ∈ R not all zero. The λ, s satisfy algebraic conditions
from the PDE (13a) and the boundary conditions (13b). For
each s ∈ C, the λi are the four roots of




EIρ 2 2
2
4 ρIρ
4
s λ + ρs + s
= 0. (15)
EIλ − Iρ +
K
K
The second condition is the corresponding linear system for
the ci and is Qc = 0. Here Q = Q(s) is given by


1
1
1
1
 ε1
ε2
−ε1
−ε2 
 λ∆
,
(16)
λ2 ∆
−λ1 ∆
 η1 e 1
η2 e
−η1 e
−η2 e−λ2 ∆ 
λ1 ∆
λ2 ∆
−λ1 ∆
−λ2 ∆
χ1 e
χ2 e
χ1 e
χ2 e
with ∆ := b − a and for i ∈ {1, 2}
εi = λ i −

ρs2
,
Kλi

ηi = k1 Iρ λi +

ρs
k1 Iρ ρs2
−
,
Kλi
Kλi

(17)

ρs2
+ k2 ρs.
K
Again, we seek s such that det Q = 0. The resulting
characteristic equation is:
χi = λ2i −

0 = R(s, λ1 , λ2 ) cosh(λ1 ∆) cosh(λ2 ∆)
+ P (s, λ1 , λ2 ) sinh(λ1 ∆) sinh(λ2 ∆) + T (s, λ1 , λ2 )
(18)
where P, R and T are polynomials in several variables and
are given in more detail in [2].
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As before, zeros of the characteristic equation (18) will
give a solution to the Timoshenko beam system (13) in the
form of our ansatz (14). It is proven in [2] that (13) is not
exponentially stable by proving (18) has zeros with positive
real part.
I
Theorem 3: For all positive ρ, EI, Iρ and K with EIρ 6=
ρ
K and all non-negative k1 , k2 with k1 + k2 > 0 and k1 k2 6=
1
KIρ , the equation (18) has infinitely many zeros, sn ∈ C,
with Re sn > 0.
I
ρ
1
and k1 k2 > 0, k1 k2 6= KI
then the above
If EIρ = K
ρ
Iρ
EI

=

ρ
K

and k1 k2 =0 then the above
result
q 
(b−a)
ρ
holds provided that additionally cos
6= 0.
2
Iρ
result holds. If

We deduce the following corollary.
Corollary 4: Assuming the hypotheses of Theorem 3, the
system (13) is unstable.
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