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A Maximum Entropy approach to the Covariance Extension Problem
for Reciprocal Processes
Francesca Carli, Augusto Ferrante, Michele Pavon, and Giorgio Picci
In this paper we show that, under the obvious necessary
condition that the principal submatrix composed by the
specified entries is positive definite, the problem is feasible
provided that the dimension of the extension is sufficiently
large.

Abstract— This paper addresses the problem of completing a
partially specified symmetric matrix, where the specified entries
lie on a single band centered on the main diagonal, in such
a way that the completed matrix is positive definite, blockcirculant and with a banded inverse. This particular completion
has the meaning of the covariance matrix of a reciprocal process
stationary on the discrete circle ZN . This problem, called the
block-circulant band extension problem, arises in the context
of maximum likelihood identification for such processes. This
paper shows that the block-circulant band extension problem
can in fact be solved as a maximum entropy problem. Indeed,
the constraint that the inverse be banded can be removed with
a considerable theoretical and computational simplification, as
the maximum entropy block-circulant extension can be shown
to always enjoy this property. Conditions for the feasibility of
the problem are also provided.

II. M AXIMUM ENTROPY ON THE DISCRETE CIRCLE
Let I and Ib denote the sets of pairs of block indices
consistent, respectively, with a generic symmetric structure,
i.e.
(i, j) ∈ I ⇒ (j, i) ∈ I
and with a banded-symmetric circulant structure of bandwidth n, i.e.
|i − j| ≤ n ⇒ (i, j) ∈ Ib
(i, j) ∈ Ib ⇒ (j, i) ∈ Ib


(i, j) ∈ Ib ⇒ (j + 1)mod N , (i + 1)mod N ∈ Ib .

I. I NTRODUCTION
This paper is a shortened version without detailed proofs
of [1]. It deals with the problem of completing a partially
specified block-circulant symmetric matrix, where the specified elements lie on a single band centered on the main
diagonal, in such a way that the completion is a positive
definite block-circulant matrix with a banded inverse. From
now on this matrix completion problem will be referred to as
the block-circulant band extension problem. This particular
completion has the meaning of a covariance matrix of a
vector valued reciprocal process stationary on the discrete
circle ZN . The completion problem arises in the context of
estimation and identification for such processes.
First of all, we show that the block-circulant band extension problem can be solved as a maximum entropy problem
where the constraint that enforces the inverse of the completion to be banded can be removed. Moreover comparing this
problem with its well-known unconstrained version [5], [8],
i.e. the version where no additional constraints are placed
on the overall structure of the matrix to be completed, it
can be shown that, provided the specified (block-)entries are
consistent with the circulant structure, then the maximum
entropy completion is necessarily circulant, see [2].
No feasibility conditions are known for the general maximum entropy completion problem, except for the case where
the graph underlying the specified pattern is chordal [8].

Let R and Rb be the corresponding sets of values, also assumed to be consistent with the generic symmetric structure
and with the banded-symmetric circulant structure, respectively, i.e.

∗
R := rij | (i, j) ∈ I, rij = rji
n
o
∗
∗
Rb := rij | (i, j) ∈ Ib , rij = rji
, rij = r(j+1)
(i+1)
mod N
mod N
where rij are m × m matrices and r∗ denotes the complexconjugate-transpose. Recall that a block-circulant matrix with
N blocks is a finite block-Toeplitz matrix whose blockcolumns (or equivalently, block-rows) are shifted cyclically.
It looks like


C0
CN −1
...
...
C1
 C1
C0
CN −1 . . .
... 


 ..
.. 
.
..
,
.
.
CN = 


 .

.
.. C
 ..

N −1
CN −1 CN −2
...
C1
C0
where the Ck ’s are m × m matrices. It is apparent that a
block-circulant matrix CN is fully specified by its first blockcolumn (or row). Thus, for ease of notation, we will write
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CN = Circ{C0 , C1 , . . . , CN −1 }.

(1)

The set of N ×N m-block-circulant matrices will be denoted
as CmN . Finally, let ek be the m × mN block-matrix with
the identity in the k-th block position,


ek = 0 . . . 0 Im 0 . . . 0
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and SN the vector space of symmetric matrices with N × N
square blocks of dimension m × m. We are interested in is
the following problem.
Problem 2.1:
Find ΣN ∈ SN such that

(2a)

e>
i ΣN ej
ΣN > 0,

(2b)
(2c)

−1
e>
/ Ib ,
i ΣN ej = 0, for (i, j) ∈
ΣN ∈ CmN .

(2d)
(2e)

= rij , for (i, j) ∈ Ib and rij ∈ Rb ,

In the sequel, we solve Problem 2.4 and show that it is
equivalent to our original Problem 2.1. To this aim, let us
introduce the following notation. Let UN denote the blockcirculant “shift” matrix with N × N blocks,


0 Im 0 . . .
0
0
0 Im . . .
0


 ..
.
..  .
.
..
..
UN =  .
. 


0
0
0 . . . Im 
Im 0
0 ...
0
>
Clearly, U>
N UN = UN UN = ImN , i.e. UN is orthogonal.
Note that a matrix CN with N × N blocks is block-circulant
if and only if it commutes with UN , namely if and only if
it satisfies
U>
(8)
N CN UN = CN .

A special case of the problem addressed in Dempster’s paper
reads as follows.
Problem 2.2:
Find ΣN ∈ SN such that

(3a)

e>
i ΣN ej
ΣN > 0,

(3b)
(3c)

−1
e>
/ I.
i ΣN ej = 0, for (i, j) ∈

(3d)

= rij , for (i, j) ∈ I and rij ∈ R,

Finally, let Tn ∈ Sn+1
boundary data:

Σ0
 Σ1

Tn = 
...
Σn

For our purposes, a key observation is Statement (b) in [5,
p. 160]. In our setting, it reads as follows.
Proposition 2.1: Assume that Problem 2.2 is feasibile.
Among all the positive definite extensions, there exists a
unique one whose inverse’s entries are zero in all the
positions complementary to those where the elements of the
covariance are assigned. This extension corresponds to the
Gaussian distribution with maximum entropy.
Recall that the differential entropy H(p) of a probability
distribution with density p on Rn is defined by
Z
H(p) = −
log(p(x))p(x)dx.
(4)

e>
i ΣN ej = rij , for (i, j) ∈ I and rij ∈ R.

(6b)


Σ>
n
. . .

. . .
Σ0

(9)

max {log det ΣN | ΣN ∈ SN , ΣN > 0} (10a)
subject to :
En> ΣN En = Tn ,
(10b)
>
UN ΣN UN = ΣN .
(10c)
The above problem indeed amounts to finding the maximum
entropy Gaussian distribution with a block-circulant covariance, whose first n + 1 blocks are precisely Σ0 , . . . , Σn . We
observe that in this problem we are minimizing a strictly
convex function on the intersection of a convex cone (minus
the zero matrix) with a linear manifold. Hence, we are
dealing with a convex optimization problem.
Note that we are not imposing that the inverse of the
solution ΣN of Problem 2.5 should have a banded structure.
We shall see that, whenever solutions exist, this property will
be automatically guaranteed.
The first question to be addressed is feasibility of Problem
2.5, namely the existence of a positive definite, symmetric
matrix ΣN satisfying (10b)-(10c). Obviously, Tn positive
definite is a necessary condition for the existence of such
a ΣN . In general it turns out that, under such a necessary
condition, feasibility holds for N large enough. The idea is
that for N → ∞, Toeplitz matrices can be approximated
arbitrarily well by circulants ([9], [10]) and hence existence

At first sight, our problem seems to be a particular instance
of Dempster’s where the assigned elements are those on
the main diagonals and in the NE and SW corners. Notice,
however, that the linear constraint that forces the completed
matrix to be circulant is not present in the Dempster’s setting.
Neverthless, inspired by this maximum entropy principle, we
can switch to consider the following problem.
Problem 2.4:
max {log det ΣN | ΣN ∈ (SN ∩ CmN ) , ΣN > 0} (7a)
subject to :
e>
i ΣN ej = rij , for (i, j) ∈ Ib and rij ∈ Rb .

...

In this notation, Problem 2.4 can be restated as:
Problem 2.5:

In the case of a zero-mean Gaussian distribution p with
covariance matrix ΣN , we get
1
1
(5)
H(p) = log(det ΣN ) + n (1 + log(2π)) .
2
2
Thus, exploiting this maximum entropy principle, Problem
2.2 can be restated as follows.
Problem 2.3:
(6a)

Σ>
1
...
...
...

and En the N × (n + 1) block matrix


Im 0 . . . 0
 0 Im . . . 0 


0 . . . . . .
En = 
.
0
. . .
0 Im 
0
0 ... 0

Rn

max {log det ΣN | ΣN ∈ SN , ΣN > 0}
subject to :

denote the Toeplitz matrix of

(7b)
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with

of a positive block-circulant extension can be derived from
the existence of positive extensions for Toeplitz matrices.
Theorem 2.1: Given the sequence Σi ∈ Rm×m , i =
0, 1, . . . , n, such that
Tn = T>
n > 0,

h :=

such
1)
2)
3)

δΦN (z) =

N/2,

N odd
N even.

∞
X

CAi−1 Bz −i = z −h CAh (zI − A)−1 B.

i=h+1

(16)
Since A is a stability
matrix,
if
N
,
and
hence
h,
is
large


enough, δΦN ejϑ` + δΦ∗N ejϑ` is dominated by εI, i.e.
there exists N̄ such that


δΦN ejϑ` + δΦ∗N ejϑ` < εI, ∀ϑ` , ∀N ≥ N̄ (17)
so that it readily follows from (12) and (14) that if N ≥ N̄ ,
Ψ` > 0 for all `.
We observe that, given Tn , the triple A, B, C can be
explicitly computed so that we can compute ε and N̄ for
which (17) holds. In other words, Theorem 2.1 provides a
sufficient condition that can be practically tested. Similar
bounds, but valid only for the scalar case, were derived in
[4].

Σ0
+ C(zI − A)−1 B
2

that
A has spectrum strictly inside the unit circle.
Σi = CAi−1 B, i = 1, 2, . . . , n.
The spectrum Φ(z) := Φ+ (z) + Φ∗+ (z) is coercive, i.e.
the spectral density Φ(z) is bounded away from zero
on the unit circle:

III. VARIATIONAL ANALYSIS

∃ε > 0 such that Φ(ejϑ ) > εI, ∀ϑ ∈ [0, 2π). (12)

We shall introduce a suitable set of “Lagrange multipliers”
for our constrained optimization Problem 2.5. Consider the
linear map A : Sn+1 × SN → SN defined by

Define Σi := CAi−1 B, i = n + 1, n + 2, . . . , so that
∞

Φ+ (z) =

N −1
2 ,

The quantity δΦN (z) may be rewritten in the form

(11)

there exists N̄ such that for N ≥ N̄ , the matrix Tn can
be extended to an N × N block-circulant, positive-definite
symmetric matrix ΣN .
Proof: A fundamental result in stochastic system theory
is the so-called maximum entropy covariance extension. It
states (see [11], [3] and [12]) that, under condition (11),
there exists a rational positive real function
Φ+ (z) =



Σ0 X
Σi z −i ,
+
2
i=1

A(Λ, Θ) = En ΛEn> +UN ΘU>
N −Θ,

and let

(Λ, Θ) ∈ Sn+1 ×SN .

and define the set

ΣN := Circ



>
Σ0 , Σ>
1 , . . . , Σ N −1 , Σ N 2−1 , Σ N 2−1 −1 , . . . Σ1



L+ := {(Λ, Θ) ∈ (Sn+1 × SN ) :
(Λ, Θ) ∈ (ker(A))⊥ ,

En ΛEn> + UN ΘU>
N − Θ > 0}.

2

for N odd, and


>
>
ΣN := Circ Σ0 , Σ>
1 , . . . , Σ N −2 , Σ N + Σ N , Σ N −2 , . . . Σ1
2

2

2

2

for N even.
We need to show that there exists N̄ such that ΣN > 0 for
N ≥ N̄ . To this aim, notice that ΣN is, by definition, blockcirculant so that, a similarity transformation induced by a
unitary matrix V reduces ΣN to a block-diagonal matrix:
V∗ ΣN V = ΨN := diag (Ψ0 , Ψ1 , . . . , ΨN −1 ) ,
where V is the Fourier block-matrix whose k, l-th block is
Vkl = exp [−j2π(k − 1)(l − 1)/N ] Im

over SN,+ := {ΣN ∈ SN , ΣN > 0}. For δΣN ∈ SN , we
get


>
δL(ΣN , Λ, Θ; δΣN ) = −tr Σ−1
N δΣN + tr En ΛEn δΣN


+tr UN ΘU>
N − Θ δΣN .

and Ψ` are the coefficients of the finite Fourier transform of
the first block row of ΣN :

N −1
jϑ` 2 >
Σ1 , (13)
Ψ` = Σ0 +ejϑ` Σ>
Σ2 +· · ·+ ejϑ`
1 + e

−i
N −i
with ϑ` := −2π`/N . Clearly, ejϑ`
= ejϑ`
and
hence
 


Ψ` = Φ ejϑ` − δΦN ejϑ` + δΦ∗N ejϑ`
(14)
where,
δΦN (z) :=

∞
X

Σi z −i

Observe that L+ is an open, convex subset of (ker(A))⊥ .
For each (Λ, Θ) ∈ L+ , we consider the unconstrained
minimization of the Lagrangian function

L(ΣN , Λ, Θ) := −tr log ΣN + tr Λ En> ΣN En − Tn

+tr Θ U>
N ΣN UN − ΣN

= −tr log ΣN + tr En ΛEn> ΣN

−tr (ΛTn ) + tr UN ΘU>
N ΣN
−tr (ΘΣN )

We conclude that δL(ΣN , Λ, Θ; δΣN ) = 0, ∀δΣN ∈ SN
if and only if
>
>
Σ−1
N = En ΛEn + UN ΘUN − Θ.

Thus, for each fixed pair (Λ, Θ) ∈ L+ , the unique ΣoN
minimizing the Lagrangian is given by
−1
ΣoN = En ΛEn> + UN ΘU>
.
(18)
N −Θ

(15)

i=h+1
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Consider next L(ΣoN , Λ, Θ). We get
L(ΣoN , Λ, Θ)

We are now ready to state and prove the main result of
this section.
Theorem 4.1: Let ΣoN be the maximum Gaussian entropy
covariance given by (22). Then (ΣoN )−1 is a symmetric
block-circulant matrix which is banded of bandwidth n.
Hence the solution of Problem 2.5 may be viewed as the
covariance of a stationary reciprocal process of order n
defined on ZN .
Proof: Let


Π0 Π>
Π>
. . . Π1
1
2
 Π1 Π0 Π>
. . . Π2 
1

 
 ..
.. 
>
.
.
..
.. ...
ΠΛ̄ := πCN En Λ̄En =  .

.


>
Π>
.
.
.
Π
Π
Π
1
0
2
1
Π>
Π>
. . . Π1 Π0
1
2

be the orthogonal projection of En Λ̄En> onto CN . Since
ΠΛ̄ is symmetric and block-circulant, it is characterized by
the orthogonality condition
 

tr En Λ̄En> − ΠΛ̄ C = hEn Λ̄En> − ΠΛ̄ , Ci = 0
∀C ∈ CN . (24)


= tr log En ΛEn> + UN ΘU>
N −Θ
+trImN − tr (ΛTn ) .

This is a strictly concave function on L+ whose maximization is the dual problem of Problem 2.5. We can equivalently
consider the convex problem
min {J(Λ, Θ), (Λ, Θ) ∈ L+ } ,

(19)

where J (henceforth called dual function) is given by

J(Λ, Θ) = tr (ΛTn ) − tr log En ΛEn> + UN ΘU>
N −Θ .
(20)
The minimization of the strictly convex function J(Λ, Θ)
on the convex set L+ is a challenging problem as L+ is an
open and unbounded subset of (ker(A))⊥ . Nevertheless, the
following existence result, whose complete proof is provided
in [1], can be established.
Theorem 3.1: The function J admits a unique minimum
point (Λ̄, Θ̄) in L+ .
Sketch of the proof: First, we need to characterize the
orthogonal complement of the vector subspace of blockcirculant matrices CN in SN . More precisely we need to
show that M ∈ (CN )⊥ if and only if it can be expressed as
M = UN N U>
N −N

Next observe that, if we write


C = Circ C0 , C1 , C2 , . . . , C2> , C1>
and

(21)



Λ̄00
 Λ̄>
10
Λ̄ = 
 ...
Λ̄>
n0

for some N ∈ SN . This will allow us to show that the
function J (which is continuous) is bounded below. The third
step is to show that J tends to infinity both when k(Λ, Θ)k
tends to infinity and when it tends to the boundary ∂L+ with
k(Λ, Θ)k remaining bounded. It follows that J is inf-compact
on L+ , namely it has compact sublevel sets. By Weierstrass’
Theorem, it admits at least one minimum point. Since J is
strictly convex, the minimum point is unique. 2

Λ̄>
n1


. . . . . . Λ̄0n
...
Λ̄1n 
,
...
... 
...
Λ̄nn

Λ̄k,j = Λ̄>
j,k

then




tr En Λ̄En> C = tr Λ̄En> CEn

= tr (Λ̄00 + Λ̄11 + . . . + Λ̄nn )C0
+(Λ̄01 + Λ̄12 + . . . + Λ̄n−1,n )C1
+ . . . + Λ̄0n Cn
+(Λ̄10 + Λ̄21 + . . . , Λ̄n,n−1 )C1>

+ . . . + Λ̄n0 Cn> .

IV. R ECONCILIATION WITH D EMPSTER ’ S C OVARIANCE
S ELECTION

In this section, we first show that the solution of Problem
2.5 has inverse that features a banded structure. This leads
us to discuss the connections of our results with that in [5].
Let (Λ̄, Θ̄) be the unique minimum point of J in L+
(Theorem 3.1). Then ΣoN ∈ SN,+ given by
−1
ΣoN = En Λ̄En> + UN Θ̄U>
(22)
N − Θ̄

On the other hand, recalling that the product of two blockcirculant matrices is block-circulant, we have that tr [ΠΛ̄ C]
is simply N times the trace of the first block row of ΠΛ̄
times the first block column of C. We get
>
tr [ΠΛ̄ C] = N tr[ Π0 C0 + Π>
1 C1 + Π2 C2 + . . .

+Π2 C2> + Π1 C1> .

satisfies (10b) and (10c). Hence, it is the unique solution of
the primal Problem 2.5. Since it satisfies (10c), ΣoN is in
particular a block-circulant matrix and hence so is

(ΣoN )−1 = En Λ̄En> + UN Θ̄U>
N − Θ̄ .

Hence, the orthogonality condition (24), reads

 
tr En Λ̄En> − ΠΛ̄ C =


= tr (Λ̄00 + Λ̄11 + . . . + Λ̄nn ) − N Π0 C0 +

+ (Λ̄01 + Λ̄12 + . . . + Λ̄n−1,n ) − N Π>
1 C1

+ (Λ̄10 + Λ̄21 + . . . , Λ̄n,n−1 ) − N Π1 C1>

Let πCN denote the orthogonal projection onto the linear subspace of symmetric, block-circulant matrices CN . It follows
that, in force of (21),
(ΣoN )−1

Λ̄01
Λ̄11


>
+ . . . (Λ̄0n − N Π>
1 )Cn + (Λ̄n0 − N Π1 )Cn )

= πCN ((ΣoN )−1 )

= πCN En Λ̄En> + UN Θ̄U>
N − Θ̄

= πCN En Λ̄En> .
(23)

>
+N Π>
n+1 Cn+1 + N Πn+1 Cn+1
>
+N Π>
n+2 Cn+2 + N Πn+2 Cn+2 + . . .
= 0.
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Since this must hold true forall C ∈ CN , we conclude that
1
Π0 =
(Λ̄00 + Λ̄11 + . . . + Λ̄nn ),
N
1
Π1 = (Λ̄01 + Λ̄12 + . . . + Λ̄n−1,n )> ,
N
...
1
,
Πn = Λ̄>
N 0n
while from the last equation we get Πi = 0, forall i in the
interval n + 1 ≤ i ≤ N − n − 1 . From this it is clear that the
inverse of the covariance matrix solving the primal Problem
2.5, namely ΠΛ̄ = (ΣoN )−1 has a circulant block-banded
structure of bandwidth n.
The above results can be interpreted as a particular covariance selection result in the vein of Dempster’s paper;
compare in particular [5, Proposition a]. In fact the results of
this section substantiate also the maximum entropy principle
of Dempster (Proposition 2.1). It is however important to
note that none of our results follows as a particular case from
Dempster’s results, since [5] deals with a very unstructured
setting. In particular, our result (Theorem 4.1) that the solution, ΣoN , to our primal Problem 2.5 has a block-circulant
banded inverse, is completely original. Its proof uses in an
essential way the characterization of the solution of Problem
2.5 provided by our variational analysis and cleverly exploits
the block-circulant structure.
Actually, our results, together with Dempster’s, may be
used to show that the maximum entropy distribution, subject
only to moment constraints (compatible with the circulant
structure) on a block band and on the corners, is necessarily
block-circulant, i.e. the underlying process is stationary, cf.
[2] (an alternative proof of this property could also be
constructed based on the invariance properties of the entropy
functional and its strict concavity). This fact, together with
Theorem 4.1 (stating that the solution, ΣoN , to our primal
Problem 2.5 has banded inverse) implies that Problem 2.1 is
indeed equivalent to Problem 2.5.
Because of the equivalence of reciprocal AR modeling
and the underlying process covariance having an inverse
with a banded structure, we see that the Maximum Entropy
principle leads in fact to (reciprocal) AR models. This
makes contact with the ever-present problem in control an
signal processing of (approximate) AR modeling from finite
covariance data, whose solution dates back to the work of
N. Levinson and P. Whittle. That AR modeling from finite
covariance data is actually equivalent to a positive band
extension problems for infinite Toeplitz matrices has been
realized and studied in the past decades by Dym, Gohberg
and co-workers, see e.g. [6], [7] as representative references
of a very large literature. We should stress here that band extension problems for infinite Toeplitz matrices are invariably
attacked and solved by factorization techniques, but circulant
matrices do not fit in the “banded algebra” framework used
in the literature. Also, one should note that the maximum
entropy property is usually presented in the literature as a
final embellishment of a solution which was already obtained
by factorization techniques. Here, for the circulant band

extension problem, factorization techniques do not work and
the maximum entropy principle turns out to be the key to
the solution of the problem.
This fact, together with Dempster’s observation [5, Proposition b], may be taken as a proof (although referred to a very
specific case) of a very much quoted general principle that
maximum entropy distributions are distributions achieving
maximum simplicity of explanation of the data.
Finally, we anticipate that the results of this section lead
to an efficient iterative algorithm for the explicit solution
of the MEP which is guaranteed to converge to a unique
minimum. This solves the variational problem and hence the
circulant band extension problem which subsumes maximum
likelihood identification of reciprocal processes. This algorithm, which will not be described here for reasons of space
limitations, compares very favorably with the best techniques
available so far.
V. C ONCLUSIONS
In the present paper, maximum likelihood identification
of AR-type reciprocal models is discussed. The computation
of the estimates of the matrix parameters of the model,
corresponding to the nonzero blocks of the inverse of the
covariance matrix, turns out to be a particular instance
of a Covariance selection problem of the kind studied by
A.P. Dempster in the early seventies. In matrix terminology,
the covariance selection for stationary reciprocal models
is equivalent to a special matrix band extension problem
for block-circulant matrices. We have shown that this band
extension problem can be solved by maximizing an entropy
functional.
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