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Free-Variable Analysis of Finite Automata Representations
for Hybrid Systems Control
Koichi Kobayashi and Jun-ichi Imura
the proposed model, we have discussed the minimality of
the dimension of binary input variables under a class of
equivalence transformations [7].
At this step, we will point out the following natural and
significant questions on binary input variables of the stateequation-based model: (i) what do binary input variables
obtained in the state-equation-based model mean?, (ii) can
the number of binary input variables be derived directly from
a graph structure of a given finite automaton?, and In this
paper, we give solutions to these questions. First, using the
relation on variables between the inequality-based model and
the state-equation-based model, we present a characterization
of binary input variables, which is a solution to (i). Next, as
a partial solution to (ii), this paper derives an upper bound
of the input dimension in the state-equation-based model in
terms of the numbers of nodes/arcs, and shows that the input
dimension in the state-equation-based model is necessarily
smaller than or equal to that in the inequality-based model.
Notation: Let R express the set of real numbers. Denote
by {0, 1}m×n the set of m × n matrices consisting of
elements 0 and 1. Similarly for {−1, 0, 1}m×n. Let In , 0m×n
and en denote the n×n identity matrix, the m×n zero matrix
and the n×1 vector whose elements are all one, respectively.
For simplicity of notation, the symbols 0 and I are often used
instead of 0m×n and In , respectively.

Abstract— As is well known, the computational complexity
in the mixed integer programming (MIP) problem is one of
the main issues in model predictive control of hybrid systems
such as mixed logical dynamical systems. To overcome this
issue, the authors have proposed a new method to represent a
deterministic finite automaton as a linear state equation with a
relatively smaller number of (free) binary input variables, which
thus makes the number of binary variables in the resultant
MIP problem smaller. This paper continues upon the above
approach, and presents theoretical aspects on input binary
variables in the linear state equation model such as the upper
bound of the number of the binary input variables.

I. I NTRODUCTION
The model predictive control (MPC) method based on a
mixed logical dynamical (MLD) model [2] will be one of
the most useful approaches to control of hybrid systems,
and many works on its applications have been reported so
far. One of the main issues of this approach is, however, that
a mixed integer programming (MIP) problem, to which the
MPC problem is reduced, cannot in general be solved in a
sufficiently small time.
To overcome this issue, it is one of effective approaches to
express a discrete dynamical system such as a deterministic
finite automaton, which is a part of a hybrid system to be
controlled, in terms of a relatively smaller number of free
binary variables, since the computation time in solving the
MIP problem exponentially grows with the number of free
binary variables in general. To our knowledge, however, few
results from the above points of view have been obtained in
the previous literatures. Indeed the binary-inequality based
representation using an adjacency matrix (called here an
inequality-based model) is well known as a method for
expressing deterministic finite automata [2], [11], but it will
not be desirable for the branch and bound method [5].
Thus the authors have proposed in [6] a new modeling
method of representing a deterministic finite automaton (for
simplicity, finite automaton, hereafter) as a linear state
equation (referred to as the state-equation-based model) with
a relatively small number of free binary variables (called
here binary input variables), based on the implicit-systembased model representation [1], [8]. It has also been shown
that our method is very effective, by numerical examples
of the MPC problem of switched systems. Furthermore, for

II. O UTLINE OF T HE S TATE -E QUATION -BASED
M ODELING M ETHOD
Consider an example of a finite automaton in Fig. 1, where
the number symbol in each node denotes the mode (the
discrete state) of the system, to explain the standard method
[2] and our proposed method [6], [7].
First, we briefly explain the standard method based on
binary inequalities. Suppose that a binary variable δiM (k) is
assigned to each node (i.e., each mode), and that δiM (k) = 1
and δjM (k) = 0 for all j = i hold when the mode at time
4
M
k is i, where the equality constraint
i=1 δi (k) = 1 is
required. Then the discrete dynamics in Fig. 1 are expressed
by the following binary linear inequalities:
⎧ M
δ1 (k) − δ1M (k + 1) − δ2M (k + 1) ≤ 0,
⎪
⎪
⎪
⎪ δ2M (k) − δ4M (k + 1) ≤ 0,
⎨
δ3M (k) − δ1M (k + 1) ≤ 0,
(1)
⎪
M
M
M
⎪
δ
(k)
−
δ
(k
+
1)
−
δ
(k
+
1)
≤
0,
⎪
4
3
4
⎪

⎩ 
4
4
M
− i=1 δiM (k) ≤ −1.
i=1 δi (k) ≤ 1,

T
So defining δ M (k) := δ1M (k) δ2M (k) δ3M (k) δ4M (k)
and u(k) := δ M (k + 1), the binary linear inequalities in
(1) are expressed in terms of the combination of the state
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Fig. 1.

by the state x(k) and the input (free variable) u(k) ∈ {0, 1}2.
Note also that the initial state x(0) has to satisfy the binary
property and the equality constraint eT4 x(0) = 1. In this
case, we have m1d = 2, m3 = 0 for free binary variables in
the MLD model (2), (3). Thus by using the state-equationbased modeling method, the dimension (m1d ) of binary
variables in the MLD model can be decreased from 4 to 2.
Of course, from Fig. 1 and (1), m1d will be also decreased.
However, our method enables us to decrease the dimension
in a systematic way described in Appendix I.
The general form of (5) is given as
⎧
x(k + 1) = Ax(k) + Bu(k),
⎪
⎪
⎨
Cx(k) + Du(k) ≤ G,
(6)
x(k) ∈ Rm , u(k) ∈ {0, 1}α̂ ,
⎪
⎪
⎩
x(0) = x0 ∈ X0

Example of deterministic finite automaton

equation δ M (k + 1) = u(k) and the binary linear inequality
(1). This model is called here the inequality-based model.
Furthermore, assigning the continuous dynamics to each
node in the finite automaton of Fig. 1 yields a switched
system. Then this system is expressed as the MLD model
[2]:
x̄(k + 1) = Āx̄(k) + B̄v̄(k),
C̄ x̄(k) + D̄v̄(k) ≤ Ḡ

(2)
(3)

where the input dimension α̂ is determined by the derivation
procedure in Step 3 of Appendix I, and X0 is defined newly
by replacing the dimension of the space in X0 of (5) by
m. Thus this model representation is included in the class
of the MLD systems. The MPC problem of hybrid systems
is in general reduced, through the MLD model, to a mixed
integer programming (MIP) problem; thus the number of the
free binary variables (i.e., binary decision variables) in the
MIP problem is given by (m1d + m3 )N (N : the prediction
horizon length). In the above example, we see that the stateequation-based model can give a smaller number of free
binary variables in the MIP problem than the inequalitybased model does.
We briefly show numerical results on the computation time
in solving the MIP problem. As an example, we consider a
simple motorbike model with five gears as an example of
hybrid systems. This model is based on that in [3]. In this
model, only the speed v (Km · h−1 ) and the engine speed ω
(×102 rpm) are considered as continuous state variables. In
addition, the engine torque ut (N · m) and the braking force
ub (N) are regarded as continuous control inputs. In addition,
I ∈ {1, 2, 3, 4, 5} denotes the I-th gear. Then the continuous
dynamics are described by the following discrete-time state
equation

where x̄(k) ∈ Rnc × {0, 1}nd is the state, v̄(k) is given by
v̄(k) = [ ūT (k) z̄ T (k) δ̄ T (k) ]T , ū(k) ∈ Rm1c × {0, 1}m1d
is the control input, and z̄(k) ∈ Rm2 and δ̄(k) ∈ {0, 1}m3
are auxiliary continuous and binary variables, respectively.
In this example, we have m1d = 4, m3 = 0 for free binary
variables.
Next, let us explain the modeling method proposed in
[6], [7] using the above example. See Appendix I for the
general case. In our method, a binary variable is assigned to
an arc (directed edge), not to a node. So a binary variable δij
denotes the arc from the node i to the node j, which thus can
express the input-output relation at each node (note that the
relation between δij and a pair (δi , δj ) is given by δij (k) =
δi (k)δj (k + 1)). For example, the input-output relation at
node 1 is expressed by the equation δ11 (k+1)+δ12 (k+1) =
δ11 (k) + δ31 (k). Thus expressing the input-output relation at
every node in a similar way, we express the finite automaton
of Fig. 1 as the following discrete-time implicit system model
with an equality constraint on the initial state (called here an
implicit-system-based model):
Eξ(k + 1) = F ξ(k), ξ(k) ∈ {0, 1}6, eT6 ξ(0) = 1

(4)

where ξ = [ δ11 δ12 δ24 δ43 δ44 δ31 ]T . The details of E
and F are omitted. Furthermore, by some transformation of
coordinate, the implicit system model (4) can be equivalently
transformed into the following state equation with inequality
constraints:
⎧
0 0 1 0
1
0
⎪
⎪
⎪ x(k + 1) = 10 00 00 01 x(k) + −10 −10 u(k),
⎪
⎪
⎪
⎪
0 1 0 0
0
1
⎪
⎨
1 0
(5)
−x(k) + 00 00 u(k) ≤ 0,
⎪
⎪
⎪
0 1
⎪
⎪
⎪
4
⎪
x(k)
∈
R
,
u(k) ∈ {0, 1}2,
⎪
⎩
x(0) ∈ X0

xc (k + 1) = AI(k)
xc (k) + Bc uc (k)
c
where xc (k) = [ v(k)
[ ut (k) ub (k) ]T ∈ R2 ,
=
AI(k)
c

1 − αI(k)
0

βI(k)
1

ω(k) ]T

(7)

∈ R2 , uc (k) =


, Bc =

0 −0.3
0.2 −0.4


,

α1 = 0.1, α2 = 0.08, α3 = 0.06, α4 = 0.04, α5 = 0.02,
and β1 = 0.5, β2 = 0.4, β3 = 0.3, β4 = 0.2, β5 = 0.1.
Note that αI(k) , βI(k) are constants that depend on the gear.
The gear shift logic is given by the finite automaton in Fig.
2. For simplicity of discussion, we assume that gear shifts
depend on only automaton, not continuous state variables.
The system consisting of (7) and the gear shift logic in
Fig. 2 is a discrete-time switched linear system, and can be
expressed as the MLD model.

where X0 := ζ ∈ {0, 1}4 | eT4 ζ = 1 . This is called here
the state-equation-based model. This implies that the solution
ξ(k) of the implicit system at time k is uniquely determined
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Fig. 2.

Gear shift logic

Numerical experiments of the finite-time optimal control
problem (i.e., the MIP problem) are shown below. The details
of this problem are omitted due to the limited space. In
this experiment, N is given as N = 20, and as a result,
the numbers of binary variables are given as 100 in the
inequality-based model and 80 in the state-equation-based
model, respectively. Then the computation times for solving
the MIP problem are given as

Fig. 3.

Exceptional cases of finite automata

as a special arc because a state transition at this arc occurs
only if the initial state of this dynamics is in this arc. Thus
this situation can be exceptionally and easily treated in the
optimal control problem of hybrid systems. Hence these four
cases are excluded here, and the finite automaton satisfying
Assumption 1 is denoted by A hereafter.
For the finite automaton A, the following implicit system
is given. Let m and n denote the number of the nodes and
that of the arcs in the finite automaton, respectively. Suppose
that each arc is labeled with the index j, j = 1, 2, . . . , n,
whose index set is denoted by Ia , and also a binary variable
δj ∈ {0, 1}, j = 1, 2, . . . , n is assigned to each arc j.
Each node is also labeled with the index i, i = 1, 2, . . . , m.
Let II (i) and IO (i) denote the index sets of input-arcs
and output-arcs at node i, respectively. Then the dynamical
relation between input-arcs and output-arcs at node i at each
discrete time k can be expressed as


δj (k + 1) =
δj (k)

161.04 (sec) (The inequality-based model),
8.48 (sec) (The state-equation-based model),
where we used ILOG CPLEX 11.0 [12] as an MIP solver on
the computer with the Intel Core 2 Duo 3.0GHz processor
and the 4GB memory. From this result, we see that the
computation time in the case of the state-equation-based
model is 20 times faster than that in the case of the
inequality-based model. Although the state-equation-based
modeling seems to be very powerful for MPC, it is hard to
theoretically discuss the effectiveness of the state-equationbased modeling. However, from this experiment, it is clear
that the state-equation-based model is useful as one of
models expressing finite automata such as Fig. 2. Therefore,
it is important to solve several theoretical issues on such free
binary variables, e.g., can we specify (the upper bound of)
the number of free binary variables directly from the graph
structure of a finite automaton. This paper will address them.

j∈IO (i)

j∈II (i)

n

together with j=1 δj (k) = 1. Thus such a relation for every
node yields an implicit system model given by

III. F INITE AUTOMATA AND I MPLICIT S YSTEM M ODELS

Eξ(k + 1) = F ξ(k), ξ(k) ∈ {0, 1}n, eTn ξ(0) = 1

This section describes assumptions on a finite automaton
to be studied here and an implicit-system-based model expressing the finite automaton.
We consider throughout the paper a deterministic finite
automaton, i.e., the case in which one of nodes in the finite
automaton, which expresses the mode (the discrete state) of
the corresponding hybrid system, becomes active at each
discrete time according to the discrete dynamics specified
by the finite automaton.
The following assumption is made for this finite automaton.
Assumption 1: A finite automaton is given as a connected
directed graph, both ends of every arc are connected into
some node(s), and every node has at least one input-arc and
at least one output-arc, where the input-(output-)arc at a node
denotes the arc whose arrowhead(rear) is connected to the
node.
By Assumption 1, four cases as shown in Fig. 3 can be
excluded. In the cases of Fig. 3 (a),(b) the solution of discrete
dynamics cannot be extended after a state transition from the
node in question, which implies that it is not well-posed in
some sense. On the other hand, in the cases of Fig. 3 (c),
(d) the arc whose end point is going into node 1 is regarded

(8)

where ξ(k) := [ δ1 (k) δ2 (k) · · · δn (k) ]T ∈ {0, 1}n
and E, F ∈ {0, 1}m×n. Note that, by Assumption 1, the
number of nodes is less than that of arcs, i.e., m ≤ n.
Furthermore, we can easily prove by construction that if ξ(0)
satisfies eTn ξ(0) = 1, then eTn ξ(k) = 1 holds for all k, and
that the implicit system (8) can express every mode behavior
according to the discrete dynamics of a finite automaton A.
Then this implicit system has the following relation, which
will be used in Lemma 4 of section V.
Lemma 1: For the implicit system (8), the following relation holds:
m
m


E (i) = eTn ,
F (i) = eTn
(9)
i=1
(i)

i=1
1×n

(i)

, F ∈ {0, 1}1×n, i = 1, 2, . . . , m,
where E ∈ {0, 1}
are the i-th row vector of E and F , respectively.
Proof: For an arc j̄ ∈ II (ī) at node ī, we have

Fī,j̄ = 1,
(10)
Fi,j̄ = 0, i = ī
where Fi,j denotes the (i, j)-th element of F . This condition
holds for each node ī ∈ {1, 2, . . . , m}. In a similar way, for
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an arc j̄ ∈ IO (ī) at node ī we have

Eī,j̄ = 1,
Ei,j̄ = 0, i = ī

initial mode is given. However, by Lemma 2 (iii), the value
of the next mode, δ M (1), is uniquely determined if ξ(0) is
given in advance. So we naturally suppose that the initial
mode δ0M ∈ M0 is given as an initial state of this system,
where
M0 := η ∈ {0, 1}m | eTm η = 1 .

(11)

where Ei,j denotes the (i, j)-th element of E. Then the relation (9) follows from (10), (11) and m ≤ n (by Assumption
1). This completes the proof.

Then applying the set Ξ0 (δ0M ) defined as, based on Lemma
2(ii)

IV. R ELATION AMONG S TATE /I NPUT VARIABLES IN
F INITE AUTOMATA M ODELS

Ξ0 (δ0M ) :=

In this section, we give a solution to the first question, i.e.,
“(i) what do free binary variables (i.e., binary input variables)
obtained in the state-equation-based model mean?”.
First, let δiM (k) denote a binary variable assigned to mode
(node) i at time k, where δiM = 1 if mode i is active,
M T
otherwise δiM = 0, and also δ M := [ δ1M δ2M · · · δm
] .
Then the following lemma provides the relation between ξ(k)
and δ M (k).
Lemma 2: For the implicit system (8), the following relations hold.
(i) eTm δ M (k) = 1.
(ii) Eξ(k) = δ M (k).
(iii) The mode at time k + 1, i.e., δ M (k + 1), is uniquely
determined for a given ξ(k).
Proof: First, (i) follows from the definition of δiM (k)
straightforwardly.
Next, (ii) is proven. Define the symbol η(k) as η(k) :=
Eξ(k). By the definition of E, the i-th element ηi (k) of
η(k) corresponds to a sum of binary variables assigned to
output-arcs at node i, i.e.,

ηi (k) =
δj (k).

η ∈ {0, 1}n | eTn η = 1, Eη = δ0M

to (8), we hereafter consider the following implicit system:

Eξ(k + 1) = F ξ(k),
ΣI :
(13)
ξ(k) ∈ {0, 1}n, ξ(0) ∈ Ξ0 (δ0M ).
for a given finite automaton A with δ0M ∈ M0 . Appendix
I shows the procedure of deriving the state-equation-based
model from the above implicit-system-based model.
On the other hand, the inequality-based model (the binaryinequality based representation using an adjacency matrix) is
defined as follows.
Definition 1: The inequality-based model expressing a
given finite automaton A with δ0M ∈ M0 is defined as

δ M (k + 1) = uM (k), δ M (k) ≤ Φδ M (k + 1),
(14)
uM (k) ∈ M0 , δ M (0) = δ0M
where Φ ∈ {0, 1}m×m is the adjacency matrix of the
automaton A.
Then we have the following result.
Lemma 3: For the state-equation-based model and the
inequality-based model expressing a given finite automaton
A with δ0M ∈ M0 ,
x(k) = δ M (k)

j∈IO (i)

Denote by li (j) the node to which the arc j ∈ IO (i) is
connected. Then noting that δj (k) = δiM (k)δlM
(k + 1),
i (j)
j ∈ IO (i), we have

δlM
(k + 1).
(12)
ηi (k) = δiM (k)
i (j)

(15)

holds.
Proof: From the relation [ xT (k) ûT (k) ]T := V̂ ξ(k)
and EP = [ Im Ẽ ] in Step 2 of Appendix I, we have
Eξ(k) = x(k). Thus Lemma 2 (ii) completes the proof.
This lemma implies that the state of the state-equationbased model equivalently corresponds to the mode variables.
Now we are in a position to discuss the meaning of the
binary input variables of the state-equation-based model.
In the inequality-based model, δ M (k) is the state variable,
and uM (k) = δ M (k + 1) is the input variable. Furthermore,
by eTm η = 1 in M0 , m − 1 elements of uM (k) are regarded
as free binary variables. However, since F ξ(k) = uM (k)
follows from the proof of (iii) in Lemma 2, we see that
the degree of freedom in uM (k) depends on the matrix F .
Furthermore, since F ξ(k) = Ax(k) + Bu(k) by Steps 2 and
3 of Appendix I, we have uM (k) = Aδ M (k) + Bu(k). Thus
if dim u(k) < m − 1 holds, then the inequality-based model
includes redundant binary variables.
Therefore, from the above discussion, we see that the stateequation-based model (6) is obtained from the following
system using (13) and (14)

δ M (k + 1) = F ξ(k), δ M (k) ≤ Φδ M (k + 1),
(16)
ξ(k) ∈ {0, 1}n, ξ(0) ∈ Ξ0 (δ0M ).

j∈IO (i)

δiM (k)

If
= 1 holds,
then it follows from the defini
M
tion of li (j) that
j∈IO (i) δli (j) (k + 1) = 1 holds, i.e.,
ηi (k) = 1 holds. Conversely, If δiM (k) = 0 holds, then

M
j∈IO (i) δli (j) (k + 1) = 0 or 1 holds, i.e., ηi (k) = 0
holds. This is because node li (j) may be adjacent to other
nodes except for node i. The above two relations mean
ηi (k) = δiM (k). Hence relation (ii) is proven. Finally, since
δ M (k + 1) = Eξ(k + 1) = F ξ(k) holds from (ii), (iii) is
proven immediately. This completes the proof.
Lemma 2 (ii) shows the relation between the arc variables
ξ(k) and the node variables δ M (k), which provides a key in
discussing the meaning of binary free variables in the stateequation-based model through the relation among three kinds
of finite automaton models.
Furthermore, from Lemma 2 (ii), (iii), we see that the
initial state of this system should be carefully defined. In the
optimal control problem of hybrid systems, in general, an
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Then the inequalities δ M (k) ≤ Φδ M (k + 1) in (16) can
be regarded as the constraints for guaranteeing the binary
property of δ M (k + 1) in (6). In addition, by some simple
calculation of (19)-(22) in Appendix I (after (20) and (21)
are substituted into (19), (22) and x(k + 1) = δ M (k + 1) are
used) u(k) is given as
u(k) = [ Iα̂ 0α̂×(m−α̂) ]PB−1 δ M (k + 1).

(17)

Noting that PB is the permutation matrix obtained by (20)
in Appendix I, we see that the input variable vector u(k)
consists of α̂ elements in δ M (k + 1), that is, u(k) at
least implies the next mode itself which the system can be
transited to, although the meaning in the graph structure of
α̂ cannot be exactly captured by the above analysis.

Fig. 4.

4-node finite automaton

Fig. 5.

7-node finite automaton

V. U PPER B OUND OF I NPUT D IMENSION
This section discusses question (ii) in section I, i.e., “(ii)
can the number of binary input variables be derived directly
from a graph structure of a given finite automaton?”. As a
partial solution to this question, we will show that the upper
bound of α̂ is derived directly from the numbers m, n of the
nodes and the arcs.
First, we discuss what property the matrix B̂ in (19) in
Appendix I has.
Lemma 4: The matrix B̂ = −F̃1 Ẽ + F̃2 in (19) is the
incidence matrix of some directed graph.
Proof: It will be proven that each column vector of
B̂ is a zero vector, or is composed of a ’+1’, a ’−1’, and
m−2 zeros. From (9) in (ii) of Lemma 1 and the permutation
matrix P (see Appendix I), each column vector of F̃1 , F̃2 and
Ẽ consists of a ’1’ and m−1 zeros. So each column vector of
F̃1 Ẽ also consists of a ’1’ and m − 1 zeros. Therefore, each
column vector of B̂ = −F̃1 Ẽ + F̃2 ∈ {−1, 0, +1}m×(n−m)
is a zero vector, or is composed of a ’+1’, a ’−1’ and m − 2
zeros. This implies that B̂ = −F̃1 Ẽ + F̃2 is the incidence
matrix of some directed graph.
Lemma 4 enables us to derive the upper bound of α̂ as
follows.
Theorem 1: For the input dimension α̂ of the stateequation-based model (6), the following relation holds:
α̂ ≤ min{n − m, m − 1}

variables of the state-equation-based model is necessarily
smaller than or equal to that of the inequality-based model
and the implicit-system-based model.
Example 1: Consider the finite automaton in Fig. 4. This
finite automaton has 4(= m) nodes and 7(= n) arcs. Then
from Theorem 1, α̂ ≤ min{3, 3} = 3 holds. In particular,
applying the proposed procedure in Appendix I to this finite
automaton, we obtain x(k + 1) = Âx(k) + B̂ û(k) of (19) as
1
0
0
0

x(k + 1) =

0
0
1
0

0
0
0
1

0
1
0
0

x(k) +

−1
1
0
0

1
−1
0
0

0
−1
0
1

û(k).

So we see that α̂ = rankB̂ = 2 < 3 holds.
On the other hand, consider the finite automaton in Fig. 5.
This finite automaton has 7(= m) nodes and 10(= n) arcs.
Then α̂ ≤ min{3, 6} = 3 holds. applying the proposed
procedure yields Â and B̂ of (19) as
⎡1 0 0 0 0 0 1 ⎤
⎡ −1 0 0 ⎤
⎢
⎢
Â = ⎢
⎣

(18)

0
0
0
0
0
0

0
0
0
1
0
0

0
1
0
0
0
0

1
0
0
0
0
0

0
1
0
0
0
0

1
0
0
0
0
0

0
0
0
0
0
0

⎢
⎥
⎢
⎥
⎥, B̂ = ⎢
⎣
⎦

0
0
1
0
0
0

0
0
0
−1
0
1

0
−1
0
0
1
0

⎥
⎥
⎥.
⎦

So we see that α̂ = 3 holds.
From these examples, we see that in Theorem 1, depending
on a given finite automaton, α̂ < min{n − m, m − 1} or
α̂ = min{n − m, m − 1} holds.

where m, n are the number of the nodes and the arcs in the
finite automaton A.
Proof: Suppose that m − 1 ≤ n − m. From Lemma 4,
B̂ ∈ {−1, 0, +1}m×(n−m) is the incident matrix of some
directed graph. Then α̂(= rankB̂) is given by m − c,
where c(≥ 1) is the number of connected components of
some directed graph [4]. Therefore, (18) holds because the
minimum value of c is equal to 1. On the other hand, if
n − m < m − 1 holds, then α̂(= rankB̂) ≤ n − m holds
directly.
Note that the input dimension of the inequality-based
model (14) can be given as m − 1, and the input dimension
of the implicit-system-based model (13) as n − m because
m equations, i.e., Eξ(k + 1) = F ξ(k), hold. Therefore,
from Theorem 1, we see that the number of the free binary

VI. C ONCLUSION
In this paper, we have presented three theoretical aspects
on the state-equation-based modeling of deterministic finite
automata for hybrid systems control, which has been proposed in our previous papers; the meaning of binary input
variables and the upper bounds of the number of binary input
variables. These results will enhance the further usefulness
of the state-equation-based modeling, and be helpful for developing control theory of finite automata in hybrid systems
(e.g., see [9], [10]) based on our framework.
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where Âu := −[ Iα̂ 0α̂×(m−α̂) ]PB−1 F̃1 and u(k) ∈ {0, 1}α̂
is the binary input vector, to (19) yields
⎧
x(k + 1) = Ax(k) + Bu(k),
⎪
⎪
⎨
Cx(k) + Du(k) ≤ G,
x(k) ∈ Rm , u(k) ∈ {0, 1}α̂ ,
⎪
⎪
⎩
x(0) = x0 ∈ X0

A PPENDIX I
D ERIVATION P ROCEDURE OF S TATE -E QUATION -BASED
M ODEL E XPRESSING D ETERMINISTIC F INITE AUTOMATA
The procedure deriving a state-equation-based model from
a given finite automaton satisfying Assumption 1 is as
follows. This is a more sophisticated version of our approach
derived in [6], [7].

where

Procedure of deriving a state-equation-based model:
Step 1: For a given deterministic finite automata A with m
nodes and n arcs, let Ia = {i1 , i2 , · · · , in } denote the set
of combinations of (i, j) such that the arc from node i to
node j exists, and assign a binary variable δik to the arc ik .
Furthermore, set ξ(k) := [ δi1 (k) δi2 (k) · · · δin (k) ]T ∈
{0, 1}n. Then the input-output relation of δik (k) on each
node gives the implicit system of

Eξ(k + 1) = F ξ(k),
ΣI :
ξ(k) ∈ {0, 1}n, ξ(0) ∈ Ξ0 (δ0M ).

0
−B̃

PB−1 Â,

Iα̂
B̃


,

and Φ is the adjacency matrix of a given finite automaton.
Note here that the computation cost of the above procedure
is very small, since there does not exist iteration in all steps
of the proposed procedure. By substituting (22) into (19)
and replacing the inequality of (19) to the inequality using
the adjacency matrix Φ, we obtain the state-equation-based
model. The input transformation of (22) in Step 3 guarantees
the binary property of the input vectors because ũ itself does
not always take binary values due to some transformation
(21).

η ∈ {0, 1}n | eTn η = 1, Eη = δ0M

and δ0M ∈ {0, 1}m denotes the mode satisfying eTm δ0M = 1.
Step 2: Derive a permutation matrix P satisfying EP =
[ Im Ẽ ], where Ẽ ∈ {0, 1}m×(n−m) is some matrix. Then
by using

Im
Ẽ
V̂ =
P −1 ,
0(n−m)×m In−m
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compute E V̂ −1 = [ Im 0m×(n−m) ] and




F V̂ −1 = F̃1 − F̃1 Ẽ + F̃2 =: Â B̂
where [ F̃1 F̃2 ] := F P . Thus letting [ xT (k) ûT (k) ]T :=
V̂ ξ(k), the state equation with inequality constraints is
obtained as
⎧
x(k + 1) = Âx(k) + B̂ û(k),
⎪
⎪
⎨
−x(k) + Ẽ û(k) ≤ 0,
(19)
⎪
x(k) ∈ Rm , û(k) ∈ {0, 1}n−m,
⎪
⎩
x(0) = x0 ∈ X0 := { ζ ∈ {0, 1}m | eTm ζ = 1 }.
If B̂ is full row rank, then (19) with u(k) := û(k) is the
state-equation-based model to be found. Otherwise, go to
Step 3.
Step 3: Reduce the matrix B̂ to

Iα̂ 0
B̂ = PB
TB
(20)
B̃ 0
where α̂ := rankB̂, PB is a permutation matrix, TB is a
nonsingular matrix, and B̃ is some matrix. Next, define
 T
T
ũ (k) ũTe (k)
:= TB û(k)
(21)
where ũe (k) denotes redundant input variables. Then applying the input transformation
ũ(k) = Âu x(k) + u(k)



A := PB
B := PB
Im−α̂
⎡
⎤
⎡
⎤
Im − ΦA
−ΦB
C := ⎣ eTm A ⎦ , D := ⎣ eTm B ⎦ ,
−eTm A
−eTm B
⎤
⎡
0α̂×1
G := ⎣ 1 ⎦ ,
−1

where E, F ∈ {0, 1}m×n,
Ξ0 (δ0M ) :=

0

(22)
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