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The best state space for the SCOLE model

Xiaowei Zhao and George Weiss

Abstract—1It is well-known that the SCOLE model (a beam
coupled to a rigid body) is not exactly controllable in the energy
state space with L? input signals, since the control operator is
compact from the input space to state space. In this paper, we
derive its exactly controllable space for L input signals and
we prove its well-posedness and regularity in this space.

I. INTRODUCTION

This paper investigates the exact controllability of the
SCOLE (NASA Spacecraft Control Laboratory Experiment)
model with L? input signals and its well-posedness with the
state space that makes it exactly controllable. The SCOLE
system models a flexible beam with one end clamped and the
other end linked to a rigid body. The inputs of the system are
the force and the torque acting on the rigid body, while the
outputs are the velocity and the angular velocity of the rigid
body. The importance of the SCOLE model stems from it
being used to model the vibrations of a flexible mast holding
an antenna on a spacecraft, see Littman and Markus [5], [6].

Assuming that the beam is uniform and moves only in one
plane, the model is

pwtt(x7 t) + EIwzzmm(xa t) =0,

(x,) € (0,1) x [0, 00).

w(0,t) = 0, w,(0,t) = 0,

mw(l,t) — Elwg. (I, t) = f(t),
Jwee (1, 1) + ElTwg, (1, 1) = v(t),

where [ is the length of the beam, w is its the transverse
displacement, and E > 0 and p > 0 are its flexural rigidity
and mass density. m > 0 and J > 0 are the mass and the
moment of inertia of the rigid body. f and v are the force
input and the torque input acting on the rigid body. We define
the input and output signals of the model as follows:

_ Ue1 o f o u1 _ wt(l7 )

ol % Rl R A g P A R
The natural state and state space of the SCOLE model are
() = [w(t) wilt) wlit) wee(,)]", (13)

H¢ = H?(0,1) x L?[0,1] x C?,

where H2(0,1) = {h € H?(0,1) | h(0) = 0, h,(0) = 0}.
The natural norm on H€ is

Iz = EIlw(- )l5e + pllwe(, 1)l
—&—m|wt(l,1f)|2 + J|wIt(l,t)|2,

(1.1)

(1.4)
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which represents twice the physical energy.

It is well-known that the SCOLE model is not exactly
controllable with the natural energy state space H° using L>
inputs, since the control operator is bounded from the input
space C? to H°, and hence compact. Exact controllability
can be achieved either by expanding the input signal space
(bringing in distributions) or by shrinking the state space.
Here are some results obtained by expanding the input
signal space. Using the Hilbert Uniqueness Method, Rao
[7] obtained the exact controllability of the uniform SCOLE
model with the state space H° by means of a singular input
signal. He considered f € L?[0,T] but allowed the torque
input v to be in in the dual of #!(0,T), where T > 0 is an
arbitrarily short time. He also proved the exact controllability
in arbitrarily short time of the SCOLE model with the state
space H® by singular torque input (and zero force input) if
I < 3, where all the constants (ET, p,m, J) are one. Guo and
Ivanov [3] removed this length limitation and they allowed
the SCOLE model to be non-uniform.

Smaller state spaces have been investigated in at least three
papers. The null-controllability of the SCOLE model with
a state space of type H®(0,1) x H*(0,1) (with boundary
conditions) was proved in Littman and Markus [5] based
on the theory of semi-infinite beams. Using a constructive
cutoff approach, they proved the existence of smooth torque
and force inputs for the finite beam leading to the final state
zero. Using the Riesz basis approach, Guo [2] proved that
the non-uniform SCOLE model with only torque input is
exactly controllable with the state space D(A€):

}. (1.5)

Here A€ is the generator of the SCOLE system with the state
space H¢. We suppressed the interval notation (0,1) for the
Sobolev spaces in the above formula. We will do this also
in other places due to the length limitation.

q = z(l)

z 4 2 2 2
{[Q}G(H QHZ)XHZX(C q2 = z22(1)

Guo and Ivanov [3] have shown that for the non-uniform
SCOLE model the space D(|A¢|z) is reachable using only
force control. The definition of D(]A°|2) will be given in
Section 2. So far D(|A¢|2) is the largest known reachable
space using L? inputs. An explicit description of D(|AC|%)
like in (1.5) has not been given in [3], nor were there well-
posedness results in case we use this space as the state space.

In this paper, using a new approach to the well-posedness
and exact controllability of coupled system developed in
Weiss and Zhao [12], we show that the SCOLE model
described by (1.1) and (1.2) is well-posed, regular and
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exactly controllable in any time 7" > 0 with the state space
X = {[z] €M NHT] x H} x C* | (1) = ql}

using both torque and force control in L?. Here H;}(0,1) =

{h € H'(0,1) | h(0) = 0}. The system remains regular with

_ _Elw'ca‘r(lv)
by= Elwgy(l,-)

X = D(|A°|2), but we did not verify this.

as an additional output. We suspect that

II. BACKGROUND ON CONTROLLABILITY AND COUPLED
SYSTEMS

For the background on admissible control and observation
operators and controllability of infinite-dimensional systems,
we refer to Tucsnak and Weiss [11], and for the background
on coupled systems that is needed here, we refer to Weiss and
Zhao [12]. For easy reference we reproduce below several
well-known results which can be found, e.g., in [11].

We need some preliminaries. Let A be the generator of
a strongly continuous semigroup T on a Hilbert space X.
Then A determines several additional Hilbert spaces: X7 is
D(A) with the norm ||z||; = [|(B]—A)z||, X5 is D(A?) with
the norm |[z||2 = ||(BI — A)?z||, and X_; is the completion
of X with respect to the norm ||z||_; = ||(B] — A)~'z|,
where § € p(A) is fixed. The spaces X, Xo and X_; are
independent of the choice of f3, since different values of
lead to equivalent norms on X7, X9 and X_;. We have X, C
X1 C X C X_1, densely and with continuous embeddings.
We can continuously extend A to a bounded operator from
X to X_q, still denoted by A. The semigroup generated by
this extended A is the extension of T to X _1, still denoted
by T. If X{ = D(A*) with the norm ||z||¢ = ||(BI — A*)z||,
then X _; may be regarded as the dual of X{.

Proposition 2.1: Let H be a Hilbert space and Ag
D(Ag) — H be a strictly positive operator. Denote H 1

D(AE) with the graph norm. H_1 is the dual of Hy with
respect to the pivot space H. We define another Hilbert space
X=H 1 X H with the inner product

w1 w2
v | |2 X
and another operator A by

A:{O I

—Ay O
Then A is skew-adjoint on X and 0 € p(A). Furthermore

(Aéwl,Aéwﬁ + (v1,v2),
] . D(A) = D(Ay) x D(A2).

)(1:]‘[1><I{%7 X,1:HXH7

1.
2

If (¢r) (K € A, A countable) is a Riesz basis in the
Hilbert space X, we denote by (¢x) (k € A) the biorthogonal
sequence to (¢x). Every z € X can be represented as
Z = rca 2Pk, Where z = (z, ¢p) and (z) € I>(A).

Let T be a diagonalisable semigroup on X with generator
A. This means that there exists a Riesz basis (¢5) (k € A)

in X such that
Tz = Z e)"“tzk Ot -
keEA

2.1
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The generator of T is given by

Az = > ez,
keA
D(A) = {z cX Z |/\;€zk|2 < oo} )
keA

For o > 0 we define
|A|* : D(JA]*) = X
by A%z = 3 Al zn,

keA

D wPz]? < o0

D(JA|Y) = X4 = {z €X
keA

} |

(22)

The space X,, is a Hilbert space with the norm
Izlla = (T +[AD*2]-

We define X_,, as the dual of X, with respect to the pivot
space X. Note that for o« = 1 we obtain X; and X_; as
defined earlier and |A|* commutes with T;. It is clear that
T can be extended (or restricted) to X, for any € R.
The formula (2.1) for T remains the same, with (|[A\gx|*2x) €
I2(A). The generator of T acting on X, is an extension (or
restriction) of A with D(A) = X,41 and D(A42%) = X, 4o.

In the sequel we recall some results about coupled systems
from our paper [12].

q
Ue o U 5, U ,
Y 5,

Fig. 1. A coupled system X5 consisting of an infinite-dimensional system
34 and a finite-dimensional system X ¢, connected in feedback.

Consider a coupled system 3., in which an infinite-
dimensional system 3, is connected to a finite-dimensional
system X as shown in Figure 1. The external world interacts
with the coupled system X, via the finite-dimensional part
>y, which receives the input v = u, — y, where u, is the
input of Y. and the signal y comes from »,;. The system
>y sends out the output u, which is also the output of the
coupled system X.. The equations of Xy are

{ q(t) = aq(t) + bue(t) — by(t),
u(t) = cq(t),

where a € C"*", b € C"*™, c € C™*", and ¢(t) € C" is
the state of the finite-dimensional subsystem at the time t.

(2.3)
(2.4)
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Let p be a function defined on some domain in C that
contains a right half-plane, with values in a normed space.
We say that p is strictly proper if

lim ||p(s)]| =0, uniformly with respect to Ims.
Res— oo

A linear system is called strictly proper if its transfer function
is strictly proper.

We assume that >.; belongs to an abstract class of infinite-
dimensional systems called strictly proper with an integrator
(SP]) systems, introduced in [12].

Definition 2.2: An SPI system X, with input space U,
state space X and output space Y (all Hilbert spaces) is
determined by three operators A, B, C and a transfer function
G, which satisfy the following assumptions:

(a) A is the generator of a strongly continuous semigroup
T on X. The spaces X;, X5 and X_; are as intro-
duced at the beginning of this section.

(b) B € L(U,X_1) is an admissible control operator for
T.

(¢) Xo € D(C) C Xy and C : D(C)—Y is such that
its restriction to D(A?) is in £(X,,Y) and it is an
admissible observation operator for T restricted to X;.

(d) For some (hence, for every) s, 8 € p(A) we have

(sI — A)~YBI — A)"'BU c D(C).

(e) We have G : p(A) = L(U,Y). For every s, € p(A)
we have

G(s) = G(B) = C[(sI = A~ — (BI = A)~']B.

(f) The function 1 G(s) is strictly proper.

The operators A, B, C are called the semigroup generator,
the control operator and the observation operator of ¥4. G
is called the transfer function of X .

We make some simple comments on SPI systems. The

dynamic behavior of 3 is assumed to be described similarly
as for a system node (as defined in Staffans [9]):
(t)
(t)
Here C&D is defined similarly as for a system node: for
some S € p(A),

i(t) = Az(t) + Bu(t),  y(t) = C&D [z } . (25)

x
u

C&D { ] = Clz — (BI — A)"'Bu] + G(B)u, (2.6)
with the domain D(C&D):
{m €EXxU ‘ x— (BI — A)"'Bu € D(C)} . @27

For a system node, we would have X in place of D(C) in
(2.7), so that for an SPI system, D(C&D) is smaller. It is
easy to see that C&D (and its domain) is independent of the
choice of § appearing in the formulas. It is also easy to see
that we have the following relation between C&D and G:
-1
G(s) = C&D {(SI —4 B}

Vsep(hd). (2.8)
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The equations (2.5) have classical solutions if u is of class
H3 . and the initial conditions of z and u are compatibe. In
this case, y is continuous.

Now consider the situation when ¥, is an SPI system with
input and output space C” and state space H?, semigroup T
and transfer function G. We can consider the coupled system
Y. as a cascaded system X..,s. (the open loop system in
Figure 2) with a feedback. The input of X ,s. is v from
Figure 1, and its outputs are u and y. The system X.45. iS
described by:

q(t) = aq(t) + bu(t), 2.9)
u(t) = cq(t), (2.10)
2(t) = Az(t) + Bul(t), (2.11)
y(t) = C&D Bgm . 2.12)

Here z(t) is the state of ¥4, so that z(t) € HY.

> 24

Fig. 2. A cascaded system X.qs. consisting of an infinite-dimensional
system X4 and a finite-dimensional system X = (a, b, c).

It is easy to show that the above equations (2.9)—(2.11)
give rise to a strongly continuous semigroup S on the state
space H¢ x C", whose generator A is given by

A Bc
0 al’

{[)|enxe

In fact, H? x C" is not a good choice for the state space
of ¥ qsc, because it is too large and the system may not be
well-posed with this state space. However, we have shown
in [12] that X, (and also 3.) is a well-posed system with
the state space X = D(A), which is a Hilbert space with
the graph norm of A.

For the well-posedness and controllability of the coupled
system 3., we have the following theorem from [12]:

Theorem 2.3: Let ¥4 be an SPI system described by
(2.11)-(2.12), with input space C™, state space H?, output
space C™, semigroup generator A, control operator B,
observation operator C' and transfer function G. Let a, b, c be
matrices as in (2.3)-(2.4). Then the coupled system 3. from
Figure 1 described by (2.3), (2.4), (2.11) and (2.12), with
input u, state [ ] and output u, is well-posed with the state
space X = D(A) from (2.13). The coupled system remains
well-posed also with y as an additional output. Moreover,
3. is regular, with feedthrough operator zero.

The semigroup of ., denoted by S¢, is generated by

|

D(A)

Az + Beg € Hd} . (2.13)

Ao} = Lo Ziceniia)
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D(A) = {m €x ‘Am eX}.

If C € L(H{,C™), then the operators Sf can be extended
to form a strongly continuous semigroup on the space H? x
C™. The generator of this extension, denoted by A°, is given
by the same formula as A° but it has the larger domain
D(A°)

Now assume additionally the following:

(i) (A, B) is exactly controllable in time Tp;

(ii) (a,b) is controllable;

(iii) ¢cb € C™*™ is invertible;

(iv) Denote a* (3) = a+b(cb) ~tc(BI—a). There exists 3 €
p(A) such that A* and o™ (8)* have no common eigenvalue.

Then Y. is exactly controllable in any time 7" > T (on

the state space X).

III. SOME BACKGROUND ON BOUNDARY CONTROL
SYSTEMS

This section is an introduction to boundary control sys-
tems, without any well-posedness assumptions. For proofs
and more details we refer to Tucsnak and Weiss [11]. The
general theory of such systems started with Fattorini [1] and
it was significantly developed by Salamon [8].

Systems described by linear partial differential equations
with non-homogeneous boundary conditions often appear in
the following, quite different looking form:

Gz(t) = u(t), y() = Kz(t).

Often (but not necessarily) L is a differential operator and
G is a boundary trace operator. We assume that U, Z, X and
Y are complex Hilbert spaces such that

ZcX,

A(t) = Lz(t),

3.1

with continuous embedding. We call U the input space, Z
the solution space, X the state space and Y the output space.

Definition 3.1: A boundary control system on U,Z, X
and Y is a triple of operators 3, = (L, G, K), where

LeL(ZX), G e L(Z,U), K e L(Z,)Y),

if there exists a 5 € C such that the following holds:

(i) G is onto,

(ii) Ker G is dense in X,

(iii) BI — L restricted to Ker G is onto,

(iv) Ker (I — L)NKer G = {0}.

Three operators in this definition determine a system via
the equations (3.1). With the assumptions of the last defini-
tion, we introduce the Hilbert space X; and the operator A
by

X1 = Ker G,

A=Lly,. (3.2)

Obviously, X is a closed subspace of Z and A € L(X7, X).
Condition (iii) means that 51 — A is onto. Condition (iv)
means that Ker (57 —A) = {0}. Thus, (iii) and (iv) together
imply that 8 € p(A), so that

(BI — A~ € L(X).

404

In fact, (31 — A)~! € L(X, X1), so that the norm on X is
equivalent to the norm

Izl = (BT = A)=]l,

which in turn is equivalent to the graph norm of A. We define
the Hilbert space X _; as the completion of X with respect
to the norm

l2ll-1 = (81 — A) ]

It is easy to see that this space is independent of the choice
of B € p(A).

Proposition 3.2: Let ¥, = (L,G,K) be a boundary
control system on U,Z, X and Y. Let A and X _; be
as introduced earlier. Then there exists a unique operator
B e L(U,X_1) such that

L = A+ BG, (3.3)

where A is regarded as an operator from X to X_;. For
every 3 € p(A) we have that (8 — A)"'B € L(U, Z) and

GBI-A)'B=1I, (3.4)

so that in particular, B is bounded from below.

For the proof see Tucsnak and Weiss [11, Proposition
10.1.2].

Remark 3.3: The following fact is an easy consequence
of Proposition 3.2: For every v € U and every 8 € p(A),
the vector z = (31 — A)~!'Buv is the unique solution of the
“abstract elliptic problem”

Lz = Bz, Gz =w.

Definition 3.4: With the notation of Definition 3.1 and
Proposition 3.2, we define C' € £(X;,Y") as the restriction
of K to X;. Then the generating triple of Xy, is (A, B,C).
The transfer function of ¥ is the L(U,Y )-valued function
G defined on p(A) by the formula

G(s) = K(sI - A)"'B. (3.5)

By the resolvent identity, for any s,8 € p(A), the

difference (sI — A)~' — (BI — A)~! maps X_; into X1, so
that (3.5) implies

G(s) - G(9)

It is now clear that if A is the generator of a strongly
continuous semigroup on X, then A, B, C and G determine
a system node in the sense of Staffans [9].

Remark 3.5: As a consequence of Proposition 3.2, the first
two equations in (3.1) can be rewritten equivalently as a
single equation, namely

2(t) = Az(t) + Bu(t),

Cl(sI—A)~"—(BI—A)"]B. (3.6)

with 2(t)e X.  (3.7)

IV. THE BEAM SUBSYSTEM ON THE ENERGY STATE
SPACE

To obtain the well-posedness and exact controllability
results for the SCOLE model ¥, described by (1.1) and (1.2),
we follow the framework of Theorem 2.3. We decompose X,
into an infinite-dimensional system 34 (the clamped flexible
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beam) coupled with a finite-dimensional system > (the rigid
body). We model and analyse the beam subsystem first.

The clamped flexible beam X, that we extract from X,
is described by the following Euler-Bernoulli equation with
boundary control and boundary observation:

pwtt(xat) + Elwmrxm(xat) =0,
(x,t) € (0,1) x [0,00),
— 0, w(0,1) =0,

war(l, ) = ua(t), @1

where u = [;1] is the input of ¥, (the transverse velocity
and angular velocny of the nacelle). y = [}, ] is the output
of X4 (the force and the torque at the top of the tower). The
other notation is as in (1.1).

In order to reformulate the system X,; as a boundary
control system like (3.1), we use the auxiliary functions,

which are the first two variables of z¢ in (1.3):

z1(z,t) = w(z,t), zo(x,t) = we(x,t). 4.2)

Then (4.1) can be written as:

A1) = 2(x,t)

22(55,75) = - %le;cacaf(xat)v

zl(O,t) = U, le(O,t) = 0, (43)

Zg(lﬂf) = Ul(t), ZQz(l,t) = ’Lbz(t),

yl(t) = - Elzla::rm(lvt)a

yg(t) = EIlegj(l t)

We denote z = [} ], and similarly for v and y. The natural
state space of X4 is

X = H7(0,1) x L?[0,1],

where H?(0,1) is defined as after (1.3). We define the norm
on X as follows:

21> = EIllz1ll3 + pllz2lZ: . (4.4)

where

l l
il = [ Poasaldn, Jalfie = [ fPar. @)

The physical energy in the system g is 3|22
We introduce the space Z C X by

Z = [H*(0,1) N H7(0,1)] x H}(0,1).
We define the operators L : Z — X, G,K:Z—C? by

(4.6)

g o o) - [20)
K E;] = [~EIz122(1)El212:(1)] .

With the above notation, (4.3) can be written as follows:

z=~Lz, Gz=u, y=Kz. 4.7

Such equations determine a boundary control system if L,
G and K satisfy certain conditions, see Section III. Now we
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prove that this is indeed the case. Before we do this, we
introduce the system operator by A = L|ker - It is easy to
verify that

D(A) = Ker G = [H*(0,1) NH}(0,1)] x H3(0,1) (4.8)

where H2(0,1) = {h € H%(0,1) | h(0) = h(l) = 0, h,(0) =
hy(l) = 0}. The norm on Hg(0,1) is defined by || f[lz =
177z

Proposition 4.1: The beam system (L, G, K) is a bound-
ary control system.

Proof. Tt is clear that G is onto. The space Ker G is dense
in X because H*(0,1) N HZ(0,1) is dense in H7(0,1), and
H2(0,1) is dense in L?[0,1]. The last two conditions in the
definition of a boundary control system are equivalent to the
fact that s/ — A is invertible for some s € C. We show that
for every s > 0, sI — A is invertible, or equivalently, for
every ¢ € X, the following equation has a unique solution
z € D(A):

(s — A)z =

The above equation is equivalent to

ﬂzlxmxz + 3221 = sq1 + qa,
21(0) = 0, 211(0) = O,
2(l) = (D), z.(l) =
Z9 = 821 —(q1.-

e, Y

Remember that s > 0. First we show that the corresponding
homogeneous equation, where we replace sq1 +¢qo in the first
equation of (4.9) with zero but leave the other equations
unchanged, has a unique solution z, = [3'}] € D(A).
Solving this homogeneous equation, we get

zn1(x) =c1 coshma sinma — ¢q sinh ma cos max

+ ¢o sinh ma sin mz,

and zp2 = szp1 — q1, Where

ot T ) —bm )
o\ El" ! (ad — be)yms
a1 (D) = ¢ - ao(l
co = am-qu(l) — q2<), a = 2sinhmlsinml,
(ad — be)ms

b = sinh ml cos ml + cosh ml sinml,

¢ = coshmlsinml — sinhmlcosml, d = sinhmlsinml.

The above solution only makes sense if ad — bc # 0. Since
ad — be = sinh?(ml) — sin?(ml) and sinh o > |sin | for
any « > (0, we obtain that ad — bc > 0, so that zj, exists and
it is unique.

Similarly it can be shown that the non-homogeneous
equation corresponding to (4.9), where we replace ¢;({)
and q1,(I) with zero, has a solution z, € D(A). Hence
z = zp + 2z, is a solution of (4.9). z is unique because if
(4.9) had another solution Zz, then z — Z would be a solution
of the homogeneous equation with zero boundary conditions
(which is 0), hence z — Z = 0. Therefore sI — A is invertible
for s > 0. |

Since sI — A is invertible for s > 0, we can introduce the
space X_ as the completion of X with respect to the norm
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llz]|-1 = ||(s] — A)~1z||. We can extend A to a bounded
operator from X to X _1, still denoted by A. We know from
Section III that there exists a unique B : C* — X _; such that
L = A+ BG. According to Remark 3.5, the state trajectories
of X4 from (4.1) or (4.7) satisty (3.7).

We decompose the state space X into 2 parts: the null-
space of A, X,,, and its orthogonal complement X,. By a
simple computation, we get

az® + b?

Xn:KerA:{[ 0

} ’ a,be C}. (4.10)

Now we determine X, = X;-. Let z = [!] € X,, then
z1 € H}(0,1), z2 € L?[0,1]. The condition (g, z) = 0 for
all ¢ € X,, is equivalent to (g, 21>le = 0 for all g; of the
form

qi(z) = az® +bxr?, where a,bcC. (4.11)

For ¢; as above and for every h € H?(0,1) we have, using
twice integration by parts,

l
_ 1 _
<q17 h)}[? = q1za:(l)hw(l)_ [qlwzx mo‘i‘/ ql:mvza:hdx
0

Using that ¢4, = 0 and h(0) = 0, we get

Therefore we have for z; in place of h, q1..(1) - Z1.(1) —
G1z22(1) - Z1(1) = 0. Clearly 1., (1) and g144. (1) can be any
complex numbers (in fact g1, (1) = 6al + 2b and ¢1,0. =
6a). Thus (g1, z1) = 0 for all ¢; as in (4.11) is equivalent to

Zl(l) = 0, ZLL(Z) = 0

Therefore 2; € HZ(0,1), where HZ(0,1) is defined as after
(4.8). Thus we get

X, = H3(0,1) x L?[0,1].
We denote by A, the restriction of A to X,.. Then
D(A,) = [H*0,1) NHF(0,1)] x H3(0,1).

It is easy to see that X, is invariant under A, or equivalently,
A,z € X,, ¥z € D(A,). We can decompose

0 I
A’r‘_|: O:|?

A (4.12)
D(Ag) = HY(0,1) NHZ(0,1). (4.13)

where

El
AOh = hzzxa:a
p

Note that A, corresponds to the equations of a beam clamped
at both ends.

Proposition 4.2: Ay is a strictly positive densely defined
operator on H = L?[0,1], with compact resolvents. We have
D(AZ) = HE(0,1).

For a proof see, e.g., [11, Example 3.4.13]. This implies
that o(Ap) consists of isolated positive eigenvalues, which
converge to oo. Moreover, there exists in H an orthonormal
basis consisting of eigenvectors of A (see, e.g., [11, Propo-
sition 3.2.12]).
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Proposition 4.3: A, is skew-adjoint on X,. and A is skew-
adjoint on X.
Proof. As Ay > 0, according to Proposition 2.1 A, is
skew-adjoint on X, and 0 € p(A,). According to the
decomposition X = X,, & X, into A—invariant subspaces,
it follows that A is skew-adjoint on X. |
We define C' = K |ker G, 0 that C = [g;], where for all
h = [2;] € Ker G
Cih = — EThygz.. (1),

Proposition 4.4: B* = C.
For the proof, please see the journal version of this paper,
Zhao and Weiss [13].

Remark 4.5: If q1,q2 € C, then the vector Bl] = -
2

Coh = Elhiae(l).  (4.14)

A)~'B A1 s the unique solution of the “abstract elliptic
2

o) =[]

As remarked after Definition 3.4, propositions 4.1 and
4.3 imply that the beam system X, is a system node with
state space X, skew-adjoint semigroup generator A, control
operator B and observation operator C' = B*. However this
system node is not an SPI system because B is not admissible
on the state space X, see [13] for the proof. Thus, in order
to use Theorem 2.3, we have to extend the state space.

problem” from Remark 3.3:

(I-1) [91

| -o
g

2

V. THE BEAM SUBSYSTEM WITH STATE SPACE X _1

|

In the sequel, we suppress the notation (0,1) of the
standard Sobolev spaces H™(0,l) and H{*(0,1). Hy" is
defined similarly as after (4.8). We need three theorems about
interpolation spaces. The following two theorems are taken
from Lions and Magenes [4, p. 43, 64]:

Theorem 5.1: Let s1 > 89, 51 > 0, 0 < 6 < 1. We have
(with equivalent norms)

[H317 Hsg]e — H(170)51+052 )
Here, [H?®', H®2]y denotes the #-interpolation of H*®' and
H?2 (see [4] for the definition).
Theorem 5.2: Let sy > sp > 0, s; and sy # integer +3.
If (1 — 0)81 + 952 7é
integer —|—%, then

[H(S)l7 H(S)z]g _ /Hél—e)sl-‘resz

(with equivalent norms).

Actually, in [4] the above results are given for a more
general n-dimensional domain. The following theorem is
taken from Triebel [10, p. 118].

Theorem 5.3: Let Z,, Z, be Banach spaces such that
{Z4,Zp} is an interpolation couple. Let V be a comple-
mented subspace of Z, 4+ Z;, whose projection P restricted
to Z, is a bounded operator on Z,, and similarly on Zj.

Let 0 < 6 < 1. Then {Z, NV, Z, NV} is also an
interpolation couple, and

(ZaNV,ZyN\V]g = [Za, Zblo N V.
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Recall from (4.13) that Ay : D(Ag) — H is a strictly
positive operator on H = L?[0,l]. Denote H, = D(A)
(av > 0) with the graph norm. H_, is the dual of H, with
respect to the pivot space H. From (4.12) and Propositions
4.2 and 2.1 we know that

=H'NH;,  Hi=Hj, X,=HyxH,
(X,)1 = D(A,) = D(Ag) x D(AF) = Hy x Hy, (5.1)
(X,)1=HxH_;. (5.2)

2

According to Theorem 5.2 with s = 2, 55 =0, 6 = £, we
have

Hy = [H,Hy]y = Lo, H3)L = Hy. (5.3)

1
2

ISE

Note that (by definition) the dual of HJ with respect to L?
is H71, i

H . =H". (5.4)

,;:.

Recall from Section IV that X = ’Hl2 x L? =X, ®&X,,
where dim X,, = 2, the spaces X, = D(|A|*) (for a > 0)
were introduced before (2.2), X_, is the dual of X, with
respect to the pivot space X, and H; is defined as at the end
of Section 1.

Proposition 5.4: X_1 = =H] x H L.

Proof. Let ¢;, be the elgenvectors of A,, then

Ag 0 1 .
1| ok = AL Ok = |ur|on = |Arlor VR EZT.
0 A
Thus we get
1 1
2 1
|Ar| = A 00 hence 4t = |40 0
0 A Ad
Therefore
(X)) = {zex )= Hy < Hy 69)

By definition (X,)_1

L is the dual of (X,)1 = Hz x H.
with respect to X,, = H 1 X H. Comblnlng this fact with
equations (5.3) and (5.4), ‘we have

(X,) 1 = Hi xH 1+ =HixH!
2 4 4
Therefore we have
X_1 =X, @ r _1
2 2
- Haw +bz } a,bEC}@(?—lé xH*l)
= H} xH L. |

Proposition 5.5: X1 = (H3NHE) x H.
Proof. From Theorem 5.1 with s; =4, s, =2 and 6 = £
we know that

My = W
From this and Theorem 5.3 (with Z, = H*, Z, = H? and
V = H3), we get
[(HYOHE, HYle = [HYHP) NHE = HP NG,
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Therefore

= [Hlle}

H 1
2°2

[HY N HE HEL = HP N HE.
Substituting (5.6) and (5.3) into (5.5), we get

= (H3NHE) x H}.

(5.6)

3 1
1 2

(X r ) %
Therefore we have

X1 =X, & (X))

{5

A simple reasoning shows that by adding functions of the
form ax® + bx? to H3 N H2, we get H3N 7—[12 From here,
the proposition follows. |

Proposition 5.6: Let T be the semigroup generated by A
on X, as introduced in Section IV. If we extend T to X_ 1,
then its generator is an extension of A (still denoted by /i)
with D(A) = X% and D(A?) = 3

Indeed, this follows from what we said after (2.2). If we
take H? = X _ 1oas the state space, we get the following
results (see [13] “for the proof):

Proposition 5.7: B is admissible for T on the state space
X_1 and (using this state space) and the pair (A, B) is
exactly controllable in any time Tj > 0.

Proposition 5.8: The beam subsystem is an SPI system
with state space H? = X _ 1

a,bec}@ (('H%Hg) xfﬂg).

VI. WELL-POSEDNESS, REGULARITY AND EXACT
CONTROLLABILITY OF THE SCOLE MODEL

The rigid body system X ; that we extract from the SCOLE
model . (see (1.1) and (1.2)) is described by the following
Newton-Euler equations with control and observation:

G = — 1+ ﬁf’
G2 = — jY2+ 50, (6.1
U =41, U2 = @q2-

For this system, the state is ¢ = [d1] = w8 1 which

wmt(lvt) ’
is the last two components of z¢ in (1.3). The inputs are

f—y1 and v — yo. u = [41] is the output of both ¥ and
Y. It is easy to see that this system is a particular case of
the ﬁnite dimensional subsystem in Theorem 2.3 with a = 0,
b= } (using both torque and force control) and ¢ = I.

It is clear that (a, b) is controllable.

Theorem 6.1: The SCOLE model ¥, described by (1.1)
and (1.2) is well-posed, regular, and exactly controllable in
any time 7" > 0 with the state space

o {M € [HP N HE) x M} x C | z2<z>=q1}

when using both torque and force control in L2. It remains
regular with y = [¥1] from (4.1) as an additional output.
Proof. From Proposition 5.8 we know that the beam
subsystem Y, is an SPI system with state space H? = X _ 1.
From the descriptions of Y., ¥4 and Xy, it is clear that
they fit into the framework of Theorem 2.3. Therefore, by
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Theorem 2.3, . (with input u. and output [y ]) is well-posed
and regular with the state space

X =D(A) = {[ﬂ €X_ 1 xC?

W=

AercheX_;}

where A is the generator of the cascaded system in the state
space Xfé x C2.

From Proposition 5.7 we also know that ¥, is exactly
controllable in any time 7y > 0 with the state space
Hi=X ~1 using both velocity and angular velocity control.
Thus assumption (i) of Theorem 2.3 is satisfied. From the
beginning of this section, we know that (a, b) is controllable,
so that 1assumption (i) of Theorem 2.3 is satisfied. Since
ch = {ﬁ g is invertible, assumption (iii) is also satisfied.
As

a*(B) =BI,  BEpA),

we know that a*(8)* and A* have no common eigenvalues,
which is assumption (iv). So far all the assumptions of
Theorem 2.3 are satisfied. Thus the coupled system . is
exactly controllable in any time 7" > 0 with the state space
X.

Now we determine X. Recall that c = I. Take z € X7%
and ¢ € C2. The fact that Az + Bq € X_1 is equivalent to
(A—=1I)z+ Bq € X_y, which is equivalerzlt to

Z*(I*A)iqu € X%
Thus X is

([exs

Take {Z] € X. Lety = Pl} € X1 be such that
q Y2 2

xC?|z—(I—A)"'Bge Xé} . (62)

z=~+(—-A)""'Bq.

Define {gl] =(I-A)"'B {lh
g2 q2

which means that g;(0) = 0 and ¢1,.(0)
Remark 4.5, g1, g2 are the solution of

. It is clear that gl] e X,
2
= 0. According to

g1—92 =0, (6.3)
Nazzzz T 92 = 0, (6.4)
g2(l) = q1, g2z (1) = g2, (6.5)

which is equivalent to go = g1 and gi,4.. + g1 = O subject

to g1(1) = ¢1, g12(1) = g2, 91(0) = 0 and ¢1,,(0) = 0. Thus,
g1 is the solution of a fourth order ODE with four boundary
conditions. It is easy to see that

g1 = g2 € C[0,1] C H>.

Combing this fact, the boundary conditions of g; and Propo-
sition 5.5, we get that

z € [H30,1) NHE(0,1)] x H;.

From Proposition 5.5 we know that v2(l) = 0. Hence, from
equation (6.5) z2(l) = g¢2(I) = ¢1. Thus, we have proved
that

X cC {m €M NHT] x H} x C* | (1) = ql}. (6.6)
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Now we prove the reversed inclusion. Take
z Z 3 2 1 2 _
21

q
Consider z — (I — A)"'Bq = } - [91]’ where {91} is
Z2 92 92
the solution of (6.3)-(6.5). So g; = go € C*®[0,1] C H>. We
j} € [H3(0,1) N H3(0,1)] x H}(0,1) and
2
22(l) = ¢1. Combing these facts with equation (6.5), we get
(z=(I=A)"'Bg) € [H*(0,)NHF(0,1)] xH(0,1) = X .
We know that [H3(0,1) NHZ(0,1)] x H} (0,1) C X_

also know that

1 From

(6.2) it is now clear that [ﬂ € X, i.e, the reversed inclusion

of (6.6) holds. |
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