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computation of what is called a frozen-parameter process
evaluated at the current estimate. Consequently, the proposed
algorithm is not computable in a practical sense.
We consider multi-variable Gaussian linear stochastic systems in −∞ < t < +∞ given as

Abstract— We consider multi-variable continuous-time linear stochastic systems given in innovation form, with system
matrices depending on an unknown parameter that is locally
identifiable. A computable continuous-time recursive maximum
likelihood (RML) method with resetting has been proposed in
our ECC 09 paper. Resetting takes place if the estimator process
hits the boundary of a pre-specified compact domain, or if the
rate of change, in a stochastic sense, of the parameter process
would hit a fixed threshold. An outline of a proof of convergence
almost surely and in Lq was given, under realistic conditions.
In the present paper we show that the RML estimator differs
from the off-line estimator by an error of the magnitude of
logT /T in an appropriate sense. With this result a conjecture
formulated back in 1984 has been settled.

dx∗t = A(θ∗ )x∗t dt + K(θ∗ )dwt
dyt = C(θ∗ )x∗t dt + dwt ,
where w(.) is an vector-valued standard Wiener-process, and
dwt is the innovation process of dyt . The system parameter
θ is assumed to belong to an open set D ⊂ Rp . For all
θ ∈ Dθ the system is assumed to be stable and inverse stable.
K(θ∗ ) is the Kalman–gain. The problem is to estimate the
unknown parameter θ∗ in real time. To compute the negative
log-likelihood for any fixed θ, we invert the system to get
an estimated innovation process dε̄t (θ):

I. I NTRODUCTION
Continuous-time stochastic systems have attracted a lot of
attention recently due to their wide-spread use in finance.
Practically feasible recursive identification of these systems
is a basic problem, which has resisted attempts for a rigorous analysis until recently. A convergence theorem for a
computable continuous-time recursive maximum likelihood
(RML) method for finite dimensional linear stochastic systems, using resetting, has been presented for the first time
in [9]. The method itself with a heuristic analysis was given
back in 1984 in [7]. The objective of the present paper is to
complete the program formulated in [7], and to show that the
RML estimator and the off-line ML estimator are essentially
the same.
Our results extend earlier rigorous results on continuoustime recursive estimation given [14], and later in [3]. In
these papers the underlying stochastic systems is essentially an AR-system, for which the recursive maximumlikelihood (RML) estimation reduces to a recursive least
squares (RLSQ) estimation. Technically more involved problems have been solved in [2] and [11], but the results of these
papers are not satisfactory from a practical point of view.
A continuous-time RML method for general finite dimensional linear stochastic systems have been suggested in
[7], along the lines of discrete time recursive maximumlikelihood methods, but the analysis was admittedly incomplete. Recursive estimation in the same generality has
been studied in [2] under the condition that the process is
stopped if it reaches the boundary of a truncation domain
(see Condition b) of Theorem 1 of the cited paper). A rigorous convergence theory for a restricted class of non-linear
stochastic systems has been given in [11]. The limitation
of the algorithm proposed in [11] is that it requires the
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dε̄t (θ) = dyt − C(θ)x̄t (θ)dt,
where x̄t (θ) is the state vector obtained in the course of
system inversion. Then the gradient of the negative loglikelihood can be written as
Z t
T
Vθt (θ) =
ε̄˙θs (θ)dε̄s (θ),
0

where ε̄˙ denotes time derivative. We assume that the system
is locally identifiable, i.e. the Fisher information matrix R∗ is
non-singular. The off-line (conditional) maximum-likelihood
(ML) estimator θ̄t is given by solving the non-linear algebraic
equation
Vθt (θ) = 0.
A rigorous definition of an off-line estimator is given [5].
The estimators of θ∗ and R∗ will be denoted by θt and Rt .
The algorithm will be re-initialized if the estimator process
hits the boundary of a pre-specified compact domain, or if
the rate of change, in a stochastic sense, of the parameter
process would hit a fixed threshold. The number of resettings
up to time t will be denoted by Nt . The (RML) method with
resetting is then defined by
1
dθt = − Rt−1 ε̇θt dεt + (θ0 − θt )dNt
t

1
Ṙt =
ε̇θt ε̇Tθt − Rt + (R0 − Rt )dNt .
t
Then, completing the heuristic arguments of [7], that has
been made rigorous in [6] for discrete time systems, we get
the following result: under reasonable conditions the SDE
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with x̄0 (θ) = 0. Then the negative log-likelihood can be
written es
Z t
Z
1 t
2
T
(C(θ)x̄s (θ)) dys +
|C(θ)x̄s (θ)| ds
Vt (θ) = −
2
0
0

with jumps defining the RML method with resetting, has a
strong solution in [0, ∞), we have Nt < ∞ a.s. for any
t > 0, and


log t
θt − θt = OM
in a limited sense.
t

Formal differentiation with respect to θ gives the likelihood
equation
Z t
∂
Vt (θ) = Vθt (θ) =
ε̄˙θs (θ)dε̄s (θ) = 0,
(5)
∂θ
0

The notations on the right hand side will be explained below.
The main idea is to show, by using the Itô-Wentzel formula,
that
1
1
dVθ (θt ) = bt dt + 1/2 st dwt in a limited sense,
t
t
where for the processes bt , st we have bt , st = OM (1). An
important technical issue, the estimation of the moments of
Nt+1 −Nt , the number of jumps in an interval of unit length,
will be settled in Section VII. A second technical problem
is to show that

where ε̄˙θt is obtained from (4) as
∂
(C(θ)x̄t (θ)) = −Cθ (θ)x̄t (θ) − C(θ)x̄θ,t (θ).
∂θ
The asymptotic negative log-likelihood function is defined,
with z̄s (θ) = C(θ)x̄s (θ), as
ε̄˙θt = −

1
T
E ( z̄t (θ)−z̄t (θ∗ )) ( z̄t (θ)−z̄t (θ∗ )) (6)
t→∞ 2
with some constant L that does not depend on θ. It is easy
to see, that the limit above exist. Also it is easy to see that
for θ = θ∗ we have
∂
= 0.
(7)
W (θ)
∂θ
θ=θ ∗
W (θ) = L+ lim

dε̄t (θt ) − dεt = OM (1/t)dt,
in a limited sense, see Section VIII. Similar estimates are
needed for the gradient process. This requires in turn the
analysis of the exponential stability of homogeneous linear
differential equations of the form
Φ̇t = F (θt )Φt ,

For the elements of the Hessian of W (θ) at θ = θ∗ we have

where F (θ) is stable for all θ ∈ D, in our case with F (θ) =
A(θ) − K(θ)C(θ). In the analysis we rely heavily on [9],
providing a convergence analysis for the RML methods, and
on a set of results given on the stability of hybrid stochastic
systems given in [10].

∂2
W (θ)
∂θi ∂θj

θ=θ ∗

s→∞

Finally, set
R∗ =

II. T HE MODEL
Let us consider a multi-variable Gaussian linear stochastic
system given in the state space innovation representation via
a linear stochastic differential equation (SDE) and a linear
observation:
dx∗t = A(θ∗ )x∗t dt + K(θ∗ )dwt
dyt = C(θ∗ )x∗t dt + dwt ,

= lim E ε̄˙Tθi ,s (θ)ε̄˙θj ,s (θ).

∂2
W (θ)
∂θ2

θ=θ ∗
∗

= Wθθ (θ)|θ=θ∗ .

It is easily seen directly that R is positive semi-definite.
Condition 2. The pair (A(θ∗ ), K(θ∗ )) is controllable, and
the pair (C(θ∗ ), A(θ∗ )) is observable pair. Moreover, the
model class (1), (2) is locally identifiable, i.e. R∗ > 0, i.e.
R∗ is positive definite.

(1)
(2)

III. T HE RML METHOD

with −∞ < t < +∞, where x∗t ∈ Rk is the state-vector,
yt ∈ Rl is the observation process, w(.) is an l dimensional
standard Wiener–process over a filtered probability space
(Ω, F, Ft , P), A(θ∗ ), K(θ∗ ), C(θ∗ ) are matrices of appropriate dimensions, and K(θ∗ ) is the Kalman–gain. The system
parameter θ is assumed to belong to an open set D ⊂ Rp .

Let θt be an on-line, recursive approximation of the offline estimator to be defined below. We approximate x̄t (θt )
by a process xt which is defined by the time-varying linear
stochastic system

Condition 1. For all θ ∈ Dθ the system is stable and
inverse stable, i.e. the matrices A(θ) and A(θ) − K(θ)C(θ)
are stable, and (A(θ), K(θ)) is controllable. Moreover, the
matrices A(.), K(.), C(.) are in C 3 with respect to θ.

Here εt , is an approximation of ε̄(t, θt ), which is obtained in
a similar way, see (10) below. Thus we arrive at the following
set of state-equations:

dxt = A(θt )xt dt + K(θt )dεt ,

dxt = A(θt ) xt dt + K(θt ) dεt
dxθ,t = Aθ (θt ) xt dt + A(θt ) xθ,t dt+
Kθ (θt ) dεt + K(θt ) dεθ,t
dεt = dyt − C(θt ) xt dt
dεθ,t = −Cθ (θt )xt dt − C(θt )xθ,t dt = ε̇θ,t dt.

To compute the (conditional) log-likelihood of the observation {y(s) : 0 ≤ s ≤ t} assuming that system parameter
takes on the value θ, and the initial value for the state is 0 we
fix a θ, and invert the system to get an estimated innovation
process dε̄t (θ):
dx̄t (θ) = A(θ)x̄t (θ)dt + K(θ)dε̄t (θ)
dε̄t (θ) = dyt − C(θ)x̄t (θ)dt,

(3)
(4)

(8)
(9)
(10)
(11)

The description of the recursive maximum–likelihood (RML)
method in continuous time, without resetting, is completed
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by defining the dynamics for θt and Rt , where the latter is
expected to converge to R∗ :

[τi , τi+1 ) for all finite τi , in a stochastic sense. An important
additional device is that at any time-point τi the state is also
reset: we redefine (xt , xθt ) to be (x0 , xθ0 ).

1
dθt = − Rt−1 ε̇θt dεt
(12)
t

1
ε̇θt ε̇Tθt − Rt .
Ṙt =
(13)
t
To ensure regularity at t = 0 we replace the step-sizes 1/t
by 1/(T0 + t) with some T0 > 0, and we set R0 = r0 I with
some r0 > 0.

V. RML METHOD WITH PARAMETER AND
STATE - RESETTING
Letting Nt denote the counting process associated with
events that a resetting has taken place, we get the following final algorithm, with the extended state-process
(xt , xθt , εt , εθ,t ) being defined via (8)-(11):

IV. R ESETTING

1
R−1 ε̇θt dεt + (θ0 − θt− )dNt
(16)
T0 + t t

1
dRt =
ε̇θt ε̇Tθt − Rt dt + (R0 − Rt− )dNt . (17)
T0 + t
dθt = −

To ensure convergence of the RML method we need to
impose certain safeguards, in particular we need to introduce
a resetting mechanism, see [1] or [8]. Let DR denote the
open set of positive definite matrices, denoted by Rp×p+ .
First, we force estimators to stay inside a compact domain
of the form D0θ × D0R ⊂ Dθ × DR such that θ∗ ∈ int D0θ
and R∗ ∈ int D0R . If the estimator process (θt , Rt ) hits the
boundary of D0 = D0θ × D0R then we reset it to (θ0 , R0 ).
A second safeguard is to prevent (θt , Rt ) from having
excessive rate of change in a stochastic sense, i.e. if the drift
or the diffusion in (12), (13) exceeds a fixed threshold. Recall
that the dynamics for θt is given by
dθt = −

To ensure convergence we need to impose some conditions
on the associated ODE defined by:
1
R−1 Wθ (θt )
(18)
T0 + t t
1
Ṙt =
(R(θt ) − Rt ),
(19)
T0 + t

with Rij (θ) = limt→∞ E ε̄˙Tθi t (θ)ε̄˙θj t (θ) . The solution of
this ODE, starting from ξ at time s will be denoted by
y(t, s, ξ). The following condition is taken from [9], in a
slightly edited form.
θ̇t = −

1
R−1 ε̇θt dεt + (θ0 − θt− )dNt ,
T0 + t t

with

Condition 4. Let the compact truncation domain D0θ ×
D0R ⊂ Dθ × DR be such that η ∗ = (θ∗ , R∗ ) ∈ intD0θ ×
D0R . Moreover assume that: (i) There exists a compact
0
0
convex set D0θ
× D0R
⊂ Dθ × DR such that

dεt = (C(θ∗ )x∗t dt + dwt ) − C(θt )xt dt,
and ε̇θt = −Cθ (θt )xt − C(θt )xθt . Thus the dynamics of
θt involves terms like ε̇θt C(θ∗ )x∗t , so we do not have full
control over the rate of θt . Taking into account (10), (11),
an alternative, more convenient way of bounding the rate of
change from above is obtained by imposing the condition

1 
2
2
|xt | + kxθ,t k ≤ δ.
(14)
t + T0

0
0
y(t, s, ξ) ∈ D0θ
× D0R
y(t, s, ξ) ∈ Dθ × DR

(20)
(21)

0
0
,
× D0R
for all t ≥ s ≥ 1. Furthermore, for ξ ∈ D0θ

lim y(t, s, ξ) = η ∗ ,

t→∞

A resetting takes place if the left hand side equals the
threshold δ. Thus we enforce that |xt |, |xθt | ≤ Ct1/2 . With
this in mind we conclude that θt satisfies the condition:

0
0
and also for ξ ∈ D0θ
× D0R
,

∂
y(t, s, ξ) ≤ C0 (s/t)α
∂ξ

Condition 3. (Slow variation). The process θt satisfies
dθt = βt dt + σt dwt + qt |x∗t | dt + (θ0 − θt− )dNt

for ξ ∈ D0θ × D0R ,
0
0
for ξ ∈ D0θ
× D0R

(22)

with some C0 ≥ 1, α > 0 for all t ≥ s ≥ 1. (ii) We have an
initial estimate η0 = ξ such that for all t ≥ s ≥ 1 we have
y(t, s, ξ) ∈ int (D0θ × D0R ).

(15)

2

with |βt | + kσt k ≤ δ for all t, and kqt k ≤ c for any c > 0
if only t is large enough.

The main point in the above condition is in the characterization of the domains. It can be shown by local analysis that
we can take α > 1 − c for any c > 0. For the formulation
of our results we need the following concept.

Note that this condition defines a class of slowly time varying processes which is an extension of what was introduced
in [9]. The novelty is the appearance of the term qt |x∗t |.
Hence the arguments given in [9] have to be supplemented
by an analysis of the effect of this term, see the discussion
below Theorem 1.
Thus we get a strictly increasing sequence of stopping
times τi > 0 with τi = ∞ allowed, such that for any finite
τi we have θτi = θ0 and Rτi = R0 . Thus (θt , Rt ) t ≥ 0, is an
adapted, piecewise continuous càdlàg (right-continuous with
left limit) process. Moreover (θt , Rt ) is slowly varying in

Definition 1. Let ut be a causal function of the above
estimator process. We say that ut = OM (1) in a limited
sense, (briefly: i.l.s.), if for all finite m ≥ 1 there exists a
threshold δ0 , controlling the rate of change of the estimator
process in (14), such that
m

Mm (u) = sup E1/m |ut |
t

377

< ∞,

L. Gerencsér and V. Prokaj • Recursive Identification of Continuous-Time Linear Stochastic Systems - An Off-Line Approximation

provided that 0 < δ ≤ δ0 . Similarly, for ct > 0, deterministic, we say that ut = OM (ct ) in a limited sense, if
ut /ct = OM (1) in a limited sense.

We will first show that the effect of the jump term on the
r.h.s. is negligible. On the other hand, the first four terms on
the right hand side will be denoted as follows

The following theorem was stated as the main result of [9],
with an outline of proof, to be discussed after the theorem:

D1,t = ε̄˙θ,t (θt )dε̄t (θt )
1
D2,t = −Vθθt (θt )
R−1 ε̇θ,t dεt
T0 + t t
1
1
R−1 ε̇θ,t ε̇Tθ,t Rt−T dt
D3,t = Vθθθt (θt )
2
(T0 + t)2 t
1
ε̄˙θθ,t (θt )Rt−1 ε̇θ,t dt.
D4,t = −
T0 + t
The key observation is that the first two terms D1,t and D2,t
approximately cancel each other, while the effect of D3,t and
D4,t is easily seen to be OM (1/t)dt i.l.s. Having proven all
these, the proof of Theorem 3 will be completed.

Theorem 1. Assume that Conditions 1, 2, and 4 are satisfied.
Then the SDE with jumps defining the RML method with
resetting, (16) - (17), has a strong solution in [0, ∞), we
have Nt < ∞ a.s. for any t > 0, and for any fixed q > 1
sup |θt − θ∗ | = OM (s−1/2 ) in a limited sense,
s≤t≤qs

and similarly for Rt . It follows, that (θt , Rt ) converges to
(θ∗ , R∗ ) with probability 1, if δ0 is sufficiently small.

VII. E STIMATING Nt+1 − Nt

We should note that the outline of a proof given in [9] did
not take into account the effect of |x∗t |. The effect of |x∗t |
show up first in two technical results, which we now restate
in a modified form:

Lemma 2. Under the conditions of Theorem 1 we have for
any m ≥ 1
νt = Nt+1 − Nt = OM (t−m )

Lemma 1 (see Lemma 1 of [10]). Let Vt > 0 be an Itôprocess satisfying, with c > 0,

Proof. The counting process N increases at s exactly if one
of the following events takes place:

dVt = Vt (vt dt + c|x∗t | + dMt ) + ut dt,
vt ≤ −α and 0 ≤ ut ≤ C.

θs ∈ ∂D0θ

or

2

2

|xs | + kxθs k ≥ sδ

We consider only the case when θs ∈ ∂D or, the other
case can be handled similarly. Let t < τ1 < τ2 < ... be
successive time points when θs ∈ ∂D0θ . The first trick is to
2
consider the non-negative scalar process zt = |θt − θ0 | , the
dynamics of which can be written as
1
1
dzs = βs ds + σs dws − zs− dNs ,
s
s
where βs and σs are M –bounded i.l.s. Let us now write

Then, for sufficiently small c > 0,
sup E (Vt ) < ∞.
t

Theorem 2 (see Theorem 5 of [10]). Assume that F is a
stable matrix, and let Xt satisfy
dXt = F Xt dt + ut dt + Gdwt + (X0 − Xt− ) dNt ,

νt = Nt+1 − Nt .

q

with ut ≤ c |x∗t | with some c > 0. Let q ≥ 0, and E |X0 | <
∞. Then,
q
sup E (|Xt | ) < ∞.

The probability of the event that θs ever enters ∂D0θ for
t ≤ s ≤ t + 1 is bounded from above as follows: for any
m≥1
P (ν ≥ 1) = O(t−m ) i.l.s..

t

VI. O N - LINE VS .

i.l.s.

OFF - LINE

Indeed, this follows directly from by Proposition 2 of [9],
stating that |θs − θ∗ | = OM (t−1/2 ) i.l.s., combined with a
Markov inequality.
Now consider the case when νt ≥ 2. For each τi with
i ≥ 2 we must have zτi − > δ 0 with some δ 0 > 0. The lower
bound δ 0 is depends among others on the distance of θ0 from
the boundary ∂D0θ . Then we can write for all i = 1, .., νt −1
Z τi +1
1
1
βt ds + σs dws ≥ δ 0 .
s
s
τi

We have come to the formulation of the main result of the
present paper:
Theorem 3. Under the assumptions of Theorem 1 we have,
with θ̄t denoting the off–line ML estimation of θ∗ :


log t
in a limited sense.
(23)
θt − θ̄t = OM
t
Outline of proof. Following the arguments of [7] we consider
the dynamics of Vθ (t, θt ). Between jumps we can apply the
Itô–Wentzel formula, see [12], [13], thus we get

Adding up these inequalities for i = 1, .., νt − 1 gives
Z τν t
1
1
βt ds + σs dws ≥ (νt − 1)δ 0 .
s
s
τ1

dVθ,t (θt ) =dVθ,t (ϑ)|ϑ=θt + Vθθ,t (ϑ)|ϑ=θt dθtc +
1
Vθθθ,t (ϑ)|ϑ=θt d hθc it + d hVθθ (ϑ), θc iϑ=θt +
2
(Vθ,t (θ0 ) − Vθ,t (θs− )) dNt .
(24)

From here we easily conclude that
Z r
1
1
2 sup
βt ds + σs dws ≥ (νt − 1)δ 0 .
s
s
t≤r≤t+1
t
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But the left hand side is OM (1/t) i.l.s. We conclude that

The joint contribution of the first and the last terms on the
right hand side can be written as

(νt − 1)χ(νt −1≥1) ≤ Yt /t

dx̄t (ϑ)|ϑ=θt − dxt = F (θt )x̄(θt )dt + G(θt )dwt −
(F (θt )xt dt + G(θt )dwt + (x0 − xt− )dNt ) =
= F (θt )(x̄(θt ) − xt )dt − (x0 − xt− )dNt .

with some Yt = OM (1) i.l.s. But the l.h.s is at least 1, when
χ(νt −1≥1) = 1, and 0 otherwise, hence for any m ≥ 1, we
can also write
(νt − 1)χ(νt −1≥1) ≤ (Yt /t)m .

Thus we get that x̄t (θt ) − xt is defined via a linear, time
varying dynamics:

Thus we conclude that
(νt − 1)χ(νt −1≥1) = (νt − 1)χ(νt −1≥0) = OM (t−m )

dx̄t (ϑ)|ϑ=θt − dxt = F (θt )(x̄(θt ) − xt )dt + dut

i.l.s.

where the input term dut is defined by

for any m ≥ 1. Now, noting that νt χ(νt −1≥0) = νt χ(νt ≥1) =
νt , and taking into account that χ(νt ≥1) = OM (t−m ) i.l.s.,
the proposition follows

1
x̄θθt (ϑ)|ϑ=θt d hθc it +
2
d h x̄(ϑ), θc it |ϑ=θt+ (x̄(θ0 )− x̄(θt− ))dNt − (x0−xt− )dNt .

dut = x̄θt (ϑ)|ϑ=θt dθtc +

Using the above result the cumulative effect of jumps
when integrating (24) can be estimated as follows:
X

It is easily seen that dut can be written as
1
(bt dt + st dwt ) + vt dNt ,
t
where the processes b, s, v are M -bounded. To complete the
proof we have to establish an appropriate form of exponential
stability of the underlying homogeneous ODE.
dut =

Vθ,s (θ0 ) − Vθ,s (θs− ) ≤

s≤t
∞
X

|Vθ,s (θ) − Vθ,s (θ0 )| (Nt+1 − Nt ) .

sup

t=0 t≤s≤t+1,θ∈D0θ

IX. T HE ODE Φ̇t = F (θt )Φt

Now it is easy to see that
sup

Consider now the fundamental matrix of the homogeneous
linear ODE:
Φ̇t = F (θt )Φt , Φ0 = I.
(26)

|Vθ,s (ϑ) − Vθ,s (θ0 )| = OM (t).

t≤s≤t+1,θ∈D0θ

Taking into account Lemma 2 we get that the cumulative
effect of jumps is OM (1) i.l.s., thus it is negligible compared
to OM (log(t)).

with θt satisfying (15).
Theorem 5. Assume that θt satisfies Condition 3. Then for
the fundamental matrix Φt solving (26) we have for any
0≤s≤t
Φt Φ−1
≤ Cs (ω)e−α(t−s)
s

VIII. T HE PROCESS x̄t (θt ) − xt
A key technical step in carrying out the program outlined in Section VI is to find a good upper bound for the
differences like dε̄t (θt ) − dεt . This boils down to estimate
differences like x̄t (θt )−xt , where x̄t (θ) is a frozen parameter
process, and xt is its on-line approximation. To put the problem in a general framework, let F (θ) be a C 2 -functions of
stable matrices defined for θ ∈ D, and let θt be a parameter
process satisfying Condition 3. Let x̄t (θ) be generated by
the linear stochastic system, with x̄0 (θ) = OM (1),
dx̄t (θ) = F (ϑ)x̄t (θ)dt + G(θ)dwt ,

with some α > 0, where Cs = OM (1) in a limited sense.
Outline of proof. Following the arguments of [10], let xt
be any column of Φt , and consider the Lyapunov–function
Vt = Vt (xt ) = xTt Pt xt , where Pt is smooth solution of the
Lyapunov inequality
F (θt )T Pt + Pt F (θt ) ≤ −αPt
as in Lemma 8 of [10]. Then we get, as in [10], that

(25)

dVt ≤ Vt ( − αdt + dMt + c |x∗t | dt) .

Theorem 4. Let xt be defined by

With c = 0 we would apply Theorem 2 of [10], to conclude
that E (Vt ) = OM (1) in a limited sense. The effect of the
term c |x∗t | has to be first analyzed in Lemma 1 of [10]. For
this purpose the following exponential inequality is useful.

dxt = F (θt )xt dt + G(θt )dyt + (x0 − xt− )dNt ,
with x0 = OM (1). Then
x̄t (θt ) − xt = OM (1/t) in a limited sense.

Lemma 3. Let x∗t be the stationary solution of

Outline of the proof. We proceed as above by considering
the dynamics of x̄t (θt ) − xt . Using the Itô-Wentzel formula
we get

dx∗t = Ax∗t dt + Gdwt ,
with A stable. Then for any C > 0 we have for all T ≥ 0
(Z
)!

d(x̄t (θt ) − xt ) = dx̄t (ϑ)|ϑ=θt + x̄θt (ϑ)|ϑ=θt dθtc +
1
x̄θθt (ϑ)|ϑ=θt d hθc it + d h x̄(ϑ), θc it |ϑ=θt +
2
(x̄(θ0 ) − x̄(θt− ))dNt − dxt .

T

E

C |x∗t | dt

exp
0

with some C 0 depending on C.
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Note that the dominant term exactly cancels D1,t =
dVθt (θt ) = ε̄˙θt (θt )dε̄t (θt ). Integrating D1,t + D2,t over
[0, T ], we get, by Burkholder inequality, that the cumulative
contribution is OM (log T ) in a limited sense. With this the
proof of Theorem 3 is completed.

Taking into account this lemma we get by standard arguments of risk theory the following corollary.
Corollary 1. Let x∗t be as above and let M > E (x∗t ). Then
Z T
γs = sup
(|x∗t | − M )dt < ∞ a.s.
T ≥s

s
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sup E (exp {c0 γs }) < ∞.
s

X. E STIMATING D1,t + D2,t
In order to show that the terms D1,t and D2,t approximately cancel each other the key step is to estimate
Vθθt (θt )Rt−1 . We proceed as in [6]. First note that by
Theorem 1 of [9] we have Rt = R∗ + OM (t−1/2 ) in a
limited sense. Next, we have by Theorem 1.1 and 3.4 of [4]
we have
1
Vθθt (ϑ) − Wθθ (ϑ) = OM (t−1/2 ).
sup
ϑ∈D0 t
It follows that
1
Vθθt (θt ) = R∗ + OM (t−1/2 ) in a limited sense.
t
Thus we conclude that
1
Vθθt (θt )Rt−1 − I = OM (t−1/2 ) in a limited sense.
t
Now between jumps we have dεt = dε̄t (θt ) + OM (1/t)dt
and ε̇θt = ε̄˙θt (θt ) + OM (1/t), both i.l.s., thus
1
D2,t =Vθθt (θt )dθt = − Vθθt Rt−1 ε̇θt dεt =
t

− (I + OM (t−1/2 )) ε̄˙θt (θt )dε̄t (θt ) + OM (t−1 )dt
in a limited sense. Expanding the right hand side, and
replacing θt by θ∗ , except in the first, dominant term we
get:
Vθθt (θt )dθt = −ε̄˙θt (θt )dε̄t (θt ) + δt ε̄˙θt (θt )dwt + OM (t−1 )dt
where δt = OM (t−1/2 ).
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