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EM Identification of continuous–time state space models from fast
sampled data
Juan I. Yuz, Jared Alfaro, Juan C. Agüero and Graham C. Goodwin
readily consider non-uniformly sampled data. Continuoustime system Identification from non-uniform sampled-data
has been also considered in [19] in the frequency domain
using an approximate output reconstruction with B-splines.
Another identification procedure for non-uniform sampling
was proposed in [20]. The method proposed in that work
is based on a least squares approach where the states are
estimated by using Kalman filtering in shift operator form.
In our approach we develop a procedure based on maximum
likelihood and the system is parametrized in incremental
form.
We apply the EM algorithm to maximize the likelihood
function associated with the incremental model to obtain an
estimate of the continuous-time model parameters. EM is a
recursive two step procedure where, in a first step, a function
of the state sequence estimate is obtained assuming that
the parameters are known (E-step). Then, in a second step,
that function is maximized with respect to the parameters to
obtain a new estimate (M-step). This yields a new parameter
estimate to be used in the next iteration of the algorithm
[21]. We present the modifications required in both steps of
EM when dealing with non-uniform fast-sampled data and
incremental models.

Abstract— In this paper we apply the ExpectationMaximization (EM) algorithm to the identification of
continuous-time state-space models from fast sampled data. We
modify the standard EM formulation, using a parametrization
of the sampled-data model in incremental form. This model
recovers the underlying continuous-time system when the sampling period goes to zero. Also, the use of the incremental
model parametrization shows better numerical behavior for
fast sampling rates. We also consider the case of non–uniform
sampling and a robust identification procedure that can be
applied in the time or frequency domain.

I. I NTRODUCTION
State space models are widely used to represent multivariable dynamic systems in many areas including control
[1], and econometrics [2]. In particular, for multivariable
systems, state-space models provide a concise and flexible
representation [3]. In this paper, we are interested in identifying continuous-time state-space models from sampled
data. We use maximum likelihood estimation to identify the
continuous system parameters. However, the main difficulty
in identifying a system expressed in state space form is that
the likelihood function is non-convex. Thus, algorithms such
as Expectation-Maximization (EM) [4], [5], [6], [7], have to
be applied.
To estimate parameters in continuous-time state-space
models, one usually first obtains the discrete-time matrices
and then, in a second step, a transformation to recover
the continuous-time matrices is applied. This operation may
involve the computation of the logarithm of the system
matrix or the use of Padé-like approximations [8], [9]. Also,
different derivative approximations can be used to discretize
the model, however, they have an impact on the quality of
the estimates (see, for example, [10]).
In this paper we parametrize the discrete-time model in
incremental form (also known as δ-operator form [11], [12]).
Incremental models are obtained by simply reparametrizing the discrete model. The use of this kind of model is
known to provide improved numerical properties. It also
gives a framework which allows one to unify discreteand continuous-time results in estimation and control when
fast sampling rates are utilized (see, for example, [13],
[14], [15], [16], [17], [18]). Our approach allows us to

II. P ROBLEM STATEMENT
A. Continuous-time system description
In this paper we consider a general multiple-input
multiple-output (MIMO), linear time-invariant (LTI) continuous system subject to stochastic disturbances. To describe
such a continuous system by a meaningful mathematical
model we should use a stochastic differential equation (SDE)
model [22]:
dx(t) = Ac x(t) dt + Bc u(t) dt + dw(t)
dz(t) = Cc x(t) dt + Dc u(t) dt + dv(t)

where u(t) ∈ Rnu , x(t) ∈ Rn , y(t) ∈ Rny are the input, the
system state, and the output signal respectively; the system
matrices are Ac ∈ Rn×n , Bc ∈ Rnu ×n , Cc ∈ Rny ×n ,
and Dc ∈ Rny ×nu ; and the incremental state disturbance
dw(t) and incremental measurement disturbance dv(t) are
stochastic processes that are independent (in time), zero
mean, and have Gaussian distribution (i.e., w(t) and v(t)
are Wiener processes) such that
#
"
(

T ) 
Q
0
c

dt ; t = s
dw(t) dw(s)
(3)
E
=
0 Rc
dv(t) dv(s)


0
; t 6= s

Juan I. Yuz and Jared Alfaro are with the Electronic Engineering Department, Universidad Técnica Federico Santa Marı́a,
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where Qc ∈ Rn×n is a positive semi-definite matrix, and
Rc ∈ Rny ×ny is a positive definite matrix. The initial state
of the system is assumed independent of dw(t) and dv(t),
and Gaussian distributed having mean µo and covariance Σo .
The SDE description in (1)-(2) can be formally expressed
as the following state-space form
dx(t)
= Ac x(t) + Bc u(t) + ẇ(t)
dt
dz(t)
= Cc x(t) + Dc u(t) + v̇(t)
dt

assume that an integrate and reset filter (IRF) is included at
the system output before instantaneous sampling [23], [12].
Z tk+1
Z tk+1
dzτ
1
1
dz(τ )
dτ =
ȳ(tk+1 ) =
tk+1 − tk tk
dτ
∆k tk
(11)
z(tk+1 ) − z(tk )
=
(12)
∆k

(4)

An additional advantage of this sampling strategy is that,
as the sampling rate is increased, the sampled output ȳ is
consistent with the continuous-time output:

(5)

where the process noise ẇ(t) ∈ Rn and the measurement
noise v̇(t) ∈ Rny are the formal derivatives of the Wiener
processes w(t) and v(t), respectively. Such processes are
referred to as continuous-time white noise (CTWN) processes
with zero mean, Gaussian distribution, and covariance structure:
(

T ) 

ẇ(t) ẇ(s)
Qc 0
E
=
δ(t − s)
(6)
v̇(t) v̇(s)
0 Rc

z(tk+1 ) − z(tk )
dz(t)
=
∆k →0
∆k
dt

ȳ(t) = lim

Lemma 1: Consider the continuous-time state-space
model (1)-(2), where the input is generated by ZOH device
(10) and the output is sampled after the IRF (11). Then
the following incremental discrete-time model has the same
second order output properties as the sampled output of the
continuous-time system:

where δ(·) is the Dirac delta function.
Remark 1: A key observation in the continuous-time noise
model in (6), or in (3), is that the matrices Qc and Rc
correspond to spectral densities of the noise processes [12].
In this paper, our prime interest is in obtaining an estimate
of the system parameter
c

θ = {Ac , Bc , Cc , Dc , Qc , Rc }

ȳk+1 ∆k =

; for all k ∈ 0, . . . , N − 1

(15)

=

Ckδ xk ∆k

+

Dkδ uk ∆k

+

dvk+

(16)

The matrices are given by
eAc ∆k − I
#
" ∆Zk
∆k
1
Ac η
δ
e
dη Bc
Bk =
∆k 0
"
#
Z ∆k
1
Ckδ = Cc
eAc η dη
∆k 0
"
#
Z ∆k Z ξ
1
δ
Aη
Dk = Dc + Cc
e dη dξ Bc
∆k 0
0

(7)

Aδk =

(8)

(17)
(18)
(19)
(20)

and the covariance structure of the noise vector is given by
 +   +   δ

d wk
Qk
Skδ
d w`
E
=
∆k δK [` − k] (21)
(Skδ )T Rkδ
d v`+ d vk+

k

where


¯ for all k.
such that 0 < ∆k ≤ ∆,

Qδk
(Skδ )T

B. Sampled-data model

where

We assume that the continuous-time input to the system,
u(t), is generated from an input sequence, uk , by a zeroorder hold (ZOH) device:
; tk ≤ t < tk+1

(14)

d zk+

d fk+ = fk+1 − fk

Assumption 1: We assume that the sampling intervals
¯ i.e.,
{∆k } are uniformly bounded by a positive constant ∆,
there exists
¯ , max ∆k
∆
(9)

u(t) = uk

+
δ
δ
d x+
k = Ak xk ∆k + Bk uk ∆k + dwk

where the increments are defined as

from a finite set of input-output samples {uk = u(tk ), yk =
y(tk )}, where k ∈ {0, . . . , N }, i.e., we assume that input
updates and output samples are synchronized. To include in
our analysis the case of non-uniform sampled data we assume
that the sampling interval depends on the discrete-time index
k:
∆k = tk+1 − tk > 0

(13)



Z ∆k
1
Qc
Skδ
M
=
0
Rkδ
∆k 0

M =
Cc

Ac η

Z eη
0

eAc ξ dξ


0
M T dη
Rc
0



I



(22)

(23)

Proof: The details of the proof can be found, for
example, in [12]. A numerically stable implementation to
obtain the different integrals of matrix exponential in (17)(22) is presented in [24].
Remark 2: The incremental model closely resembles the
continuous-time representation (1)-(2). In fact, as the maxi¯ goes to zero, the incremental model
mum sampling period ∆

(10)

The sampling process of the system output has to be
dealt with carefully. From (5), we see that the output has
a pure CTWN component. Instantaneous sampling of this
output would lead to a sequence having infinite variance. We
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(14)-(15) converges to the stochastic differential equation
representation.
As mentioned in Remark 1, one of the key facets of
the parametrization of the discrete-time system by the incremental model (14)-(22) is that the noise processes are
described by spectral densities. This is easy to see in the
uniform sampling case where, for example, the spectrum of
d w+
the discrete-time white noise process { ∆k } is given by [12]
Φdw̄ (ω)

∞
X
Qδ
=∆
δK [`]e−jω`∆ = Qδ
∆

(14)-(22), to identify the continuous (time-invariant) system
parameters from fast-sampled data.
Remark 3: Note that, from the limiting result in (34), if
Sc = 0 then Skδ will converge to zero for fast sampling rates,
and, thus, it can be assumed to be zero in order to simplify
the calculations.
III. T HE EM ALGORITHM
The likelihood function is the conditional probability of
the data Y given the parameter vector θ. When the measurements are Gaussian distributed, it is common to maximize
the logarithm of the likelihood function

(24)

`=−∞

Lemma 2: The discrete-time model (14)-(22) can also be
represented in terms of the q- or forward-shift operator
q xk = xk+1 =
ȳk+1 =

Aqk xk
Ckq xk

+ Bkq uk
+ Dkq uk

+ w̃k
+ v̄k

`(θ) = log p(Y |θ)

(25)
(26)

EM is an iterative method used to maximise the loglikelihood function. If we choose some variable X as hidden
data, the log-likelihood can be decomposed as:

where the covariance structure of the noise vector is given
by
     q

Qk
Skq
w̃` w̃k
E
=
δ [` − k]
(27)
v̄`
v̄k
(Skq )T Rkq K

log p(Y |θ) = Q(θ, θ̂i ) − H(θ, θ̂i )

lim Bkq = 0

∆k →0

lim Qq
∆ →0 k

lim Rq
∆ →0 k

=0

k

=∞

(32)

∆k →0

(38)

(39)

This step is known as the M-step. (iv) Finally, go to
step (ii), increasing the index i → i + 1, and iterate
until convergence (or some predefined level of accuracy) is
achieved.
The EM algorithm is known to converge to a stationary
point of the likelihood function which, for most problems,
corresponds to a local maximum [4].
Remark 4: The EM algorithm has been previously applied to identify continuous-time state space models from
sampled data. However, previous approaches have had two
key restrictions, namely, (i) uniform sampling is necessary,
and (ii) procedurally, one first estimates the shift domain
model parameters as in [6], and then, in a second stage, these
parameters are transformed to continuous-time. Our approach
is different: we use the incremental form and identify the
(reparametrized) discrete-time system parameter θkδ , given in
(33). Based on the fast sampling assumption, we know that

(33)

we have that, for every k,
= lim θkδ = θc

H(θ, θ̂i ) = E{log p(X|Y, θ)|Y, θ̂i }

θ

independently of the underlying continuous-time description.
On the other hand, the exact sampled-data incremental
model given by (14)-(22) provides a better way to highlight
the relationship between continuous- and discrete-time statespace system matrices. In fact, if we consider the (timevarying) parameter

lim θkδ
¯
∆→0

(37)

θ̂i+1 = arg max Q(θ, θ̂i )

(31)

k

θkδ = {Aδk , Bkδ , Ckδ , Dkδ , Qδk , Rkδ , Skδ }

Q(θ, θ̂i ) = E{log p(X, Y |θ)|Y, θ̂i }

Using Jensen’s inequality it is easy to show that
H(θ, θ̂i ) ≤ H(θ̂i , θ̂i ) [4]. As a consequence, if one finds a
value of θ that increases the function Q(θ, θ̂i ), then one can
generate an iterative procedure to maximize the likelihood
function (35). For state space models, the natural choice for
the hidden variables X es the state sequence.
The steps of the EM algorithm are thus: (i) Start with
an initial estimate of the system parameter θ̂0 . (ii) Obtain
the function Q(θ, θ̂i ), defined in (37), which is the expected
value of the complete data (X, Y ) given the observed data
Y and an available estimate θ̂i . This step is known as the
E-step. (iii) Maximize the function Q(θ, θ̂i ) with respect to
the parameter θ. This yields a new parameter estimate, i.e.

Ckq = Ckδ
Dkq = Dkδ
(30)
Proof: The shift operator model and the matrix transformation readily follow by substituting the increments defined
in (16) into (14).
The shift operator model (25)-(26) is the most commonly
used when identifying discrete-time state-space models.
However, this kind of model may give poor results when
attempting to recover the underlying continuous-time system.
In particular, from (34) and (28)-(30), we have that
lim Aqk = I

(36)

where θ̂i is an available estimate of the parameter θ, and

The transformation between the matrices in the incremental model (17)-(22) and the shift form in (25)-(27) is given
by
1 δ
R
(28)
Qqk = ∆k Qδk
Skq = Skδ
Rkq =
∆k k
Aqk = I + ∆k Aδk Bkq = ∆k Bkδ
(29)

∆k →0

(35)

(34)

¯ is the maximum sampling interval and θc is the
where ∆
continuous-time parameter (7).
As a consequence, for the problem of interest in this paper,
we can use the exact time-varying sampled-data model
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θkδ → θc and, thus, we directly obtain an estimate of the
continuous parameters.
We next review the two steps of the EM algorithm applied
to the time-varying discrete-model (25)-(27).

A. E-Step: the Kalman smoother in incremental form

A. The E-step for shift-operator models
For shift operator models, the function (37) can be expressed as
−2·Q(θ, θ̂i ) = L0 + N log det Qqk + N log det Rkq
h
n
oi
T
+ log det Σ0 + trace Σ−1
0 E (x0 − µ0 ) (x0 − µ0 )
+

N
X

 
h

T
[Aqk , Bkq ]T
trace (Qqk )−1 E xk xTk − E xk zk−1

k=1


T
T
− [Aqk , Bkq ]E xk zk−1
i

T
+ [Aqk , Bkq ]E zk−1 zk−1
[Aqk , Bkq ]T
+

N
−1
X

Here we rewrite the, so called, RTS Kalman smoother implementation originally presented in [25] and later rederived
by several authors (see, for example, [21]). In that work an
extension is also presented to continuous-time systems. In
[26], the result is rederived in a purely continuous framework
where equivalent (but simpler) expressions are derived. Here
we present a sampled-data version of the Kalman smoother,
i.e., a discrete time formulation that explicitly includes the
sampling interval ∆k .
We first describe an alternative form of the RTS Kalman
smoother. This gives the estimate x̂k|N = E{xk |Yk } and
its associated error covariance matrix Pk|N , based on the
Kalman filter estimate x̂k|k and the associated error covariance matrix Pk|k .
Lemma 3: The RTS smoother equations can be expressed
in the following alternative form:
x̂k|N = x̂k|k + Pk|k (Aqk )T wk

h
 

trace (Rkq )−1 E yk ykT − E yk zkT [Ckq , Dkq ]T

Pk|N = Pk|k −

k=0


T
− [Ckq , Dkq ]E yk zkT
i

+ [Ckq , Dkq ]E zk zkT [Ckq , Dkq ]T


(41)

Pk|k (Aqk )T Ωk Aqk Pk|k

(42)

where wk and Ωk satisfy the following respective recursive
equations:
(40)

wk−1 = (I − (Ckq )T (Kkq )T )(Aqk )T wk + m,k
Ωk−1 = (I −



xk
and L0 accounts for constant terms. All
uk
of the expected values are conditioned to the data Y .
The expected values can be obtained by using a standard
Kalman smoother. In [6] the Rauch-Tung-Streibel (RTS) [25]
algorithm is implemented.
In frequency-domain formulations of EM, this smoothing
is replaced by simple matrix operations (see, for example,
[7], [9]).

where zk =

(Ckq )T (Kkq )T )(Aqk )T Ωk Aqk (I
+ (Pk|k−1 )−1 Kkq Ckq

(43)

−

Kkq Ckq )
(44)

where the backward recursions are initialized by wN = 0
and ΩN = 0. The innovations k and modified innovations
m,k are respectively given by:
k = yk − Ckq x̂k|k−1 − Dkq uk
−1

(45)

Kkq k

m,k = (Pk|k−1 )
(46)
Proof: See, for example, [27] and [28].
The following additional covariance matrices are also
required for the E-step [5], [6].
The above alternative implementation of the RTS filter
appears, for example, in [27, Chapter 13]. However, no
reference to sampling is made. In the next result, we present
the incremental form of the RTS Kalman smoother. This
form of the smoother explicitly includes the sampling period.
Lemma 4: Consider the incremental model given in (14)(22). The corresponding incremental RTS Kalman smoother
is given by

B. The M-step for shift-operator models
When uniform sampling is used then the M-step is relatively straightforward. In this step, we obtain the parameter
vector that maximizes the auxiliary function Q(θ, θ̂i ). The
new parameter vector θ̂i+1 can then be obtained by differentiating Q(θ, θ̂i ) and setting the derivative to zero, to find its
maximum. (Explicit expressions can be found, for example,
in [21, Chapter 6] or [6]). However, we face a difficulty when
non-uniform sampling is used since the discrete parameter
is time-varying and is a nonlinear function of the underlying
continuous system parameters. Hence, maximization with
respect to the continuous parameters will, in general, be a
non-convex problem. We will show in Section IV-B below
how we can simplify the M-step when Assumption 1 holds
and we use the incremental model parametrization.

δ
δ
δ
d x̂+
k|k = [Ak x̂k|k + Bk uk ]∆k + Kk+1 k+1 ∆k+1 (47)
+
d Pk|k−1
= [Aδk Pk|k + Pk|k (Aδk )T + Qδk ]∆k
δ
δ
− Kk+1
Ck+1
Pk|k ∆k+1 + ∆2k Aδk Pklk (Aδk )T
δ
δ
− ∆k ∆k+1 (Kk+1
Ck+1
(Aδk Pk|k + Pk|k (Aδk )T

+ ∆k Aδk Pklk (Aδk )T )
IV. EM ALGORITHM FOR FAST- SAMPLED SYSTEMS

Kkδ

=

Pk|k−1 (Ckδ )T (∆k Ckδ Pk|k−1 (Ckδ )T

(48)
+

Rkδ )−1
(49)

In this section, we present the equivalent incremental form
of the EM algorithm.

Pk|k = (I − ∆k Kkδ Ckδ )Pk|k−1
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subject to x̂f (0) = µo and Pf (0) = Σ0 , together with

combined with the incremental form of the RTS smoother
(41)-(46), i.e.
x̂k|N = x̂k|k + Pk|k (I + ∆k Aδk )T wk

x̂s (t) = x̂f (t) + Pf (t)w(t)
Ps (t) = Pf (t) − Pf (t)Ω(t)Pf (t)

(51)

Pk|N = Pk|k − Pk|k (I + ∆k Aδk )T Ωk (I + ∆k Aδk )Pk|k
(52)

−d w(t) = (ATc − CcT Kc (t)T )w(t)dt + dm (t)

=

(Aδk

−

Kkδ Ckδ

+

∆k Aδk Kkδ Ckδ )T wk ∆k

+ Ω(t)(Ac − Kc (t)Cc ) + (Pf (t))−1 Kc (t)Cc ]dt
(64)

+ m,k
(53)

subject to w(Tf ) = 0 and Ω(Tf ) = 0, where Tf = N ∆ is the
final time instant of the considered smoothing interval. The
innovations and modified innovation signal are respectively
given by

δ
δ δ T
δ
δ δ
−d Ω+
k−1 = [(Ak − Kk Ck ) Ωk + Ωk (Ak − Kk Ck )

+ (Pk|k−1 )−1 Kkδ Ckδ ]∆k
+ [(Aδk − Kkδ Ckδ )T Ωk (Aδk − Kkδ Ckδ )T Ωk
− (Aδk Kkδ Ckδ )T Ωk − Ωk Aδk Kkδ Ckδ ]∆2k
−

[(Aδk

d(t) = dz(t) − Cc x̂f (t)dt − Dc u(t)dt

− Kkδ Ckδ )T Ωk Aδk Kkδ Ckδ
+ (Aδk Kkδ Ckδ )T Ωk (Aδk − Kkδ Ckδ )]∆3k
+ [(Aδk Kkδ Ckδ )T Ωk Aδk Kkδ Ckδ ]∆4k
(54)

dm (t) =
(66)
Proof: The proof readily follows from the incremental
form of the smoother presented in Lemma 4. When the
¯ goes to zero, all the sampling
maximum sampling interval ∆
intervals ∆k also go to zero.
Remark 5: The continuous and discrete smoother equations appear to be unstable when using the innovations as
driving input (see equations (43), (53), and (63)). However,
when considering the relationship between available data
(u, y) as input and smoothed estimates x̂ as output, this is
stable (see, for example, [29], [30]).

m,k = (Ckδ )T (∆k Ckδ Pk|k−1 (Ckδ )T + Rδ )−1 k ∆k (55)
Proof: The incremental form of the filter is obtained by
manipulating the Kalman filter equations. The derivation can
be found, for example, in [13]. An important observation is
that the Kalman gain has to be scaled by the corresponding
sampling period in order to achieve convergence to the
continuous filter (see Lemma 5 below), i.e.
=

∆k Kkδ

B. M-step for the incremental model

(56)

In this section we reformulate the second step of the EM
algorithm by using the incremental model, which is more
appropriate for fast sampling rates.
The transformations between the matrices in the incremental and shift-operator models are given in (28)-(30). Then we
have the following closed form result for the maximization
step:
Lemma 6: Consider the use of fast non-uniform sampling
subject to Assumption 1. When using incremental models,
the system parameters that maximize the auxiliary function
Q(θ, θ̂i ) are given by

To obtain the incremental form of the RTS Kalman
smoother, we substitute the matrix transformations in (28)(30) into (41)-(46). Equations (53)-(54) are the obtained by
rearranging terms. For example, from (43), we have that:
wk−1 = (In − (Ckq )T (∆k Kkδ )T )(In + ∆k Aδk )T wk + m,k
= (In + ∆k [(Aδk )T − (Ckq )T (Kkδ )T ]
− ∆2k [(Ckq )T (Kkδ )T (Aδk )T ])wk + m,k
Hence
wk−1 −wk = (Aδk − Kkδ Ckδ − ∆k Aδk Kkδ Ckδ )T wk ∆k + m,k
(57)

[Âc , B̂c ] = (Ψ − Υ) Γ−1
−1

[Ĉc , D̂c ] = Λ · Π

1 
T
Q̂c =
Φ − (Ψ − Υ) Γ−1 (Ψ − Υ)
N

1
R̂c =
Ω − Λ Π−1 ΛT
N
where

which corresponds to (53). Equation (54) is similarly obtained.
The above lemma describes an incremental form of the
RTS smoother which explicitly includes the sampling period.
The following result shows that the RTS smoother converges
¯ → 0.
to the corresponding continuous-time smoother as ∆
Lemma 5: As the sampling rate is increased, i.e., the
¯ goes to zero, the incremental form of the RTS
bound ∆
smoother converges to the continuous-time form:
d x̂f (t) = Ac x̂f (t)dt + Bc u(t)dt + Kc (t)d(t)
d Pf (t) = [Ac Pf (t) +
Kc (t) =

Pf (t)ATc

Pf (t)CcT (Rc )−1

(65)

CcT Rc−1 d(t)

where the modified innovations are given by:

Kkq

(63)

−d Ω(t) = [(Ac − Kc (t)Cc )T Ω(t)

where
+
−d wk−1

(61)
(62)

Φ,
Ω,

(58)

+ Qc − Kc (t)Cc Pf (t)]dt
(59)

Ψ,

(60)

N
X

k=1
N
−1
X
k=0
N
X
k=1
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n
o
T
∆−1
E
(x
−
x
)
(x
−
x
)
k
k−1
k
k−1
k

(67)
(68)
(69)
(70)

(71)

∆k yk ykT

(72)


T
E xk zk−1

(73)
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Γ,
Λ,
Π,
Υ,

N
X


T
∆k E zk−1 zk−1

k=1
N
−1
X


∆k E yk zkT

(75)


∆k E zk zkT

(76)


T
E xt−1 zt−1

(77)

k=0
N
−1
X
k=0
N
X

For example, EM has been used when there are missing
measurements in the data [32].
The EM algorithm can also be applied to maximize the
likelihood function when the data is transformed to the
frequency domain using the discrete Fourier transform (DFT)
[7], [9]. In [33], frequency domain maximum likelihood
is applied on a restricted bandwidth in order to achieve
robustness to the assumptions about the system model. This
is particularly important for sampled-data models where, unmodelled high frequency dynamics (even beyond the Nyquist
π
) have an impact on the exact sampled-data model due
rate ∆
to the aliasing effect.
More recently [34] it has been shown that, instead of
discarding some frequency components in the likelihood
function, these can be included as hidden variables in the EM
algorithm. This approach allows us to preserve the properties
of the maximum likelihood estimates. The basic idea is to
define a (non-invertible) matrix transformation

(74)

t=1




xk
and we use the definition zk =
uk
Proof: The above expressions are obtained by replacing
the definitions (28)-(30) into the M-step described in (40) and
then maximizing the auxiliary function Q(θ, θ̂i ) with respect
to the incremental model matrices.
A key observation is that, with fast sampling rates, δkδ →
c
δ , i.e., we can assume time-invariant parameters provided
we make ∆k explicit!
The details of the proof are similar to those presented in
[31] and can be found in [28].
Remark 6: From the E-step we have available the optimal
estimate of the system state given the output data Y =
{y0 , . . . , yN }. This is given by the RTS Kalman smoother.
The matrices (71)-(77) are then given by
Φ=

N
X

~g = E~y

where ~y is the available (time-domain) data, E is a (non
invertible) matrix, and ~g is the data that we trust. Note that
(85) may correspond to missing measurements in vector ~y ,
or, if E includes the DFT matrix transformation, to consider
only some frequency domain components.
 
~h
The hidden variable can then be chosen as X =
,
~x
where ~h = E⊥ ~y , and ~x is the state
Matrix E⊥ is
 sequence.

E
chosen such that the matrix F =
is non-singular.
E⊥
The methodology presented in [34] in the context of
discrete-time state-space models can be equally applied to
incremental models. Thus, for fast sampling rates, it can be
exploited to identify continuous state-space models such that
robustness is achieved, for example, to high frequency undermodeling.


T
∆−1
(x̂k − x̂k−1 ) (x̂k − x̂k−1 ) + Pk|N
k

k=1
T
− Mk|N − Mk|N
+ Pk−1|N

Ω=

Ψ=

Γ=

Υ=

Λ=

N
−1
X
k=0
N
X
k=1
N
X
k=1
N
X

∆k yk ykT

T
xk ẑk−1
+ Mk|N

(78)
(79)

0



(80)



P
T
∆k ẑk−1 ẑk−1
+ k−1|N
0

k=1
N
−1
X




T
x̂k−1 ẑk−1
+ Pk−1|N


0
0


0

∆k yk ẑkT

(85)

VI. E XAMPLES
(81)

In this section we present examples to illustrate the application of the EM algorithm for incremental models at fast
sampling rates.
Example 1: Consider a state-space continuous-time system as in (1)-(2), where the matrices are given by




−6.00 −2.50
2.00
Ac =
Bc =
(86)
2.00
0
0


Cc = 1.00 1.50
Dc = 0
(87)

(82)

(83)

k=0
N
−1
X




Pk|N 0
T
Π=
∆k ẑk ẑk +
(84)
0
0
k=0
Remark 7: Two important points need to be made about
the expressions given above, namely (i) they directly lead
to the continuous parameters and (ii) the sampling period
sequence {∆k } appears explicitly.

The spectral densities of the continuous-time process and
measurement noise are respectively given by


0.05
0
Qc =
Rc = 0.1
(88)
0
0.05
The corresponding transfer function from the deterministic
input u(t) to the output is given by

V. ROBUST DUAL - DOMAIN EM
For state space models, the natural choice for the hidden
variables X is the state sequence. However, the choice of
the hidden variables is highly dependent on the application.

G(s) =

368

2(s + 3)
s2 + 6s + 5

(89)
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Fig. 1. Comparison between real and estimated systems for ∆ = 0.15[s].
The thick black line corresponds to the true continuous-time system G. The
green dot-dashed line corresponds to the exact sampled-data model Gdisc ,
whereas the red dashed line is the estimated shift-operator model Gqe , and
the blue dotted line is the estimated incremental model Gde (Example 1).

20

Magnitude (dB)

0

To compare the EM algorithm using incremental and shiftoperator models we consider a uniform sampling period ∆ =
0.15.
To simulate data from the associated continuous-time
system we use the exact sampled-data model obtained in
Section II-B. The continuous-time input is generated using
a pseudo-random binary sequence of length 2047 = 211 − 1,
passed through a ZOH of fixed sampling period ∆ = 0.15.
The continuous-time horizon is Tf = 300. Thus we have
N = 2000 data points.
Figure 1 shows the frequency and the step response of the
true and identified systems for a sampling period ∆ = 0.15.
The thick black line corresponds to the true continuoustime system G. The green dot-dashed line corresponds to
the exact sampled-data model Gdisc , whereas the red dashed
line is the estimated shift-operator model Gqe , and the blue
dotted line is the estimated incremental model Gde . The
estimated models are the average of the models obtained
for 60 realizations of the noise processes.
We see that the incremental model can hardly be distinguished from the exact discrete-model at the resolution of
the plot. Figure 1(b) shows a clear bias in the DC gain for
the model estimated using EM for shift-operator model. This
is consistent with the Bode diagram in Figure 1(a). On the
other hand, the incremental model presents a better accuracy
in the time constant and the DC gain estimation.
The problem with the shift operator model arises from the
presence of several outliers in the estimated models. These
outliers arise for numerical issues and are much less common
when using the EM algorithm for incremental models. This
can be seen in Figure 2, where the Bode plots of the
estimated (shift-operator and incremental) models are shown
for each of the realizations.
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(b) EM for incremental models
Fig. 2. Frequency response for the models estimated for 60 different noise
realizations when ∆ = 0.15 (Example 1).

Example 2: We consider the same continuous-time system in Example 1. However in this case we assume nonuniform sampled data.
The sampling instants are generated (only once) as tk =
∆(k + ηk ), where we consider the smallest sampling period
in the previous example, i.e., ∆ = 0.006, and ηk is a
random perturbation, uniformly distributed on the interval
[−0.25; 0.25]. This means that there is a variation of ±25%
in the nominal sampling period. However, note that these
sampling instants are exactly known by the algorithm.
The results are shown in Figure 3. The left hand side plot
shows the frequency response of the true system G and the
(average) estimated system Ge . The estimated continuoustime system is obtained from the matrices obtained in Lemma
6. The plot on the right hand side of each figure shows the
estimated systems corresponding to each of 20 realization of
the experiment. We can see that, in both cases, the proposed
implementation of EM gives a an excellent estimate of the
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Fig. 3. System identification with nonuniform fast-sampled data for ±25%
variation of the nominal sampling interval (Example 2). The left hand side
plot compares the true and estimated (averaged) model. The right hand side
plot shows the result the estimated model for 20 different realizations.

continuous-time system.
VII. C ONCLUSIONS
In this paper we have shown the use of the EM algorithm
to identify continuous-time state-space models from sampled
data. The sampling intervals are not assumed constant and,
as a consequence, a discrete time-varying system has been
used in the development. Assuming that the sampling rate is
fast (i.e., all the sampling intervals are small) the discretetime description has been parametrized in incremental form,
in order to estimate the continuous-time system parameters.
The results show that the use of incremental models in the
EM formulation provides excellent numerical behaviour and
a direct way to estimate continuous state-space models.
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