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Smith-Predictor type Structure for a Class of Infinite-Dimensional
Systems: Optimal Control and Performance Limitation Formula
Kenji Kashima
control systems (NCS). This research aims to clarify the
relationship between the best achievable control performance
and plant parameters such as unstable poles/zeros, I/O delay
length or weighting functions. These results help us to characterize easily controllable plants, or even to design plants if
these parameters can be chosen by the designer, within some
constraints. Thus, for this purpose, it is desirable that the
obtained formula should satisfy the following requirements:
• plant parameters remain explicit,
• simple enough to allow intuitive interpretation, and
• capable of dealing with as large a class of plants (or
control problems) as possible.
It is, however, not easy to satisfy these conflicting requirements simultaneously.
In this talk, we focus on H 2 control problems. Concerning
the third requirement, the standard H 2 control problem can
cover a large class of these problems. For this problem,
a general solution via matrix Riccati equations is wellknown. However, it is obviously difficult to understand the
relationship between the achievable performance and plant
parameters (in this case, system matrices) because the analytical solution to the corresponding matrix Riccati equations
is not obtainable. Hence, most of the existing closed-form
expressions of the best achievable performance are based
on transfer function representation, which is adequate for
handling plant parameters directly. Although these results
were extended to MIMO cases, from a modern control
theoretic point of view, this is not the only possible line
of research to pursue.
In the following sections, we derive a closed formula
based on state-space representation. To this end, we confine ourselves to generalized plants with a special structure
represented by a transfer matrix and an inner function.
This formulation covers a large class of control problems,
and enables us to derive a new analytical expression for
the best achievable H 2 control performance via infinitedimensional control theory. While the obtained formula uses
the solutions of a couple of Riccati equations, the plant nonminimum phase factor or unstable modes, both of which are
represented by inner function, remains explicit. This result
clarifies how these properties degrade the performance limit
in the framework of the standard H 2 control problem.

Abstract— In this talk we investigate control problems for
infinite-dimensional systems whose transfer matrices are expressible in terms of a rational transfer matrix and a scalar
(possibly irrational) inner function. This class of systems is
capable of describing many practical control problems, when
weighting functions are rational and plants have at most a finite
number of unstable modes or zeros. In the first half of this talk
the concept of Smith-predictors, that was originally used for
I/O delay systems, is extended to the aforementioned class of
systems. This allows us to reduce the optimal control problems
to easily checkable criteria that do not require the solution of
operator-valued equations. Furthermore, the obtained (stabilizing or suboptimal) controllers are shown to have the structure
of Smith-predictors, or their dual. In the second half of the talk
we derive a new expression for the H 2 performance limit, based
on state-space representation. The resulting formula, given as
a functional of the inner function, helps us to understand how
achievable H 2 performance deteriorates due to the plant’s nonminimum phase properties or unstable modes. The example of
a linear quantum control system suffering from feedback delay
is given to illustrate the result.

I. I NTRODUCTION
It is known that a large class of standard control problems for infinite-dimensional systems end up with operatorvalued Riccati equations. Unfortunately, it is not necessarily easy to solve these operator equations due to their
infinite-dimensional nature. From the computational point
of view, the skew-Toeplitz approach and the so-called AAK
(Adamjan-Arov-Krein) theory are more attractive in that they
yield a finite rank condition for optimality. The author and
his colleagues have generalized these result to a practically
useful class of infinite-dimensional systems that maintain the
advantage of the finite-dimensionality assumed in the skewToeplitz approach [1], [2], [3], [4].
In the talk given by the author at the MTNS2010, these
results are introduced focusing on the performance limit
formula obtained in [1] and its application to quantum
systems [4]. This paper is the outline of the talk. It is not
intended to be a complete survey, and not all details could
be included here. For further reading see the papers listed in
the references section, and their references.
A. H 2 Performance Limit based on State-Space Representation
The analysis of performance limitation, one of the most
classical topics in control theory, has been paid renewed attention in recent years, especially in the context of networked

D EFINITION AND NOTATION
For a complex function matrix f , its para-Hermitian
T
conjugate is denoted by f˜(s) := f (−s) where X T is the
p
p
transpose of X. As usual, H (H− ) is Hardy p-space on the
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open right (left) half complex plane, respectively. The H 2 norm of f is denoted by ∥f ∥. For state-space realization of
rational transfer matrix,
[
]
A B
:= D + C(sI − A)−1 B.
C D
For transfer matrices of appropriate dimensions, the (lower)
linear fractional transform is denoted by Fl (·, ·). The size
of matrices is omitted as it is clear from the context.
A scalar function m ∈ H ∞ is said to be inner if |m(s)| =
1 a.e. on the imaginary axis. Since any inner function satisfies
mm˜ = 1

Fig. 1.

(1)

a.e. on the imaginary axis, the domain of m is analytically
extended to C− by using this equality, i.e., m = 1/m˜.
Therefore, zeros (respectively, poles) of m are poles (respectively, zeros) of m˜. For any inner m, mH 2 is right
shift invariant subspace in H 2 . Let H(m) be the orthogonal
complement of mH 2 on H 2 . Function space H(m) is left
shift invariant and satisfies
2
H(m) = {x ∈ H 2 : m˜x ∈ H−
}.

Problem formulation

II. P ERFORMANCE DETERIORATION DUE TO
NON - MINIMUM PHASE PROPERTIES
Define the generalized plant P by
][
[
I
P̆11 P̆12
P :=
0
P̆21 P̆22

(2)

with rational transfer matrix P̆

[
]
A
P̆11 P̆12
P̆ :=
:=  C1
P̆21 P̆22
C2

From (2) and m˜ = 1/m, every singularity of any element
of H(m) is a pole of m. See also [2] and references therein
for other properties of H(m).
For a scalar complex function f , let Mf be the set of
square matrices X such that m˜ is analytic in a neighborhood
of every eigenvalue of X. For X ∈ Mf , matrix function
m˜(X) can be defined as follows:
∫
1
f˜(X) :=
(3)
f˜(s)(sI − X)−1 ds,
2πj ∆
where the closed contour ∆ encircles all eigenvalues of X
counter-clockwise and f˜ is analytic inside ∆.
The generalized m-truncation π m [·] plays a crucial role
in this talk ([3]):
Definition 1: Let m be an inner function and W (s) =
C(sI − A)−1 B with A ∈ Mm . Define
[
]
A m˜(A)B
(m)
W
:=
(4)
C
0

0
mI

B1
0
D21

]
(6)

B2
D12 
D22

(7)

and an inner function m; see Fig. 1. We denote the set of its
internally stabilizing controllers by C. Our goal is to derive
an analytical expression of
Eopt := inf ∥Fl (P, C)∥.
C∈C

(8)

To see how practical control problems fall into this
problem, let us consider the mixed sensitivity optimization
problem for
G = m · Gr · Go ,
(9)
where m is inner, Gr is rational (possibly with unstable poles
and/or unstable zeros), and Go , Go −1 ∈ H ∞ . While Go , Gr
are allowed to be matrix-valued m is limited to a scalar
function. For rational weighting function Ws , Wt ,


Ws Ws Gr
P̆ =  0 Wt Gr 
(10)
1
Gr

π m [W ] := W − mW (m) ∈ H(m).
(5)
This definition does not depend on the choice of the
realization of W . It should be noted that π m [W ] is stable
even if W is unstable.
Throughout this paper, the internal stability of the interconnected system is defined as the stability of all input-output
maps; see e.g., Definition 1 of [3]. Moreover, we impose
the following standard assumption on systems matrices in
generalized plants:
Assumption 1:
1) (A, B2 ) is stabilizable and (A, C2 ) is detectable.
2) For any ω ∈ R,
[
] [
]
A − jωI B2
A − jωI B1
,
C1
D12
C2
D21

yields

[

Ws (1 − GC)−1
Wt GC(1 − GC)−1

]
= Fl (P, C) .

(11)

Here we ignored Go since it can be absorbed into the
controllers.
In this problem formulation, there are 2 problem data: a
rational transfer matrix P̆ and an inner function m. As seen
in the example above,
• m characterizes (a part of) plant non-minimum phase
property of the actual plant, and
• P̆ represents other dynamics of the actual plant (nonminimum phase factor which is not included in m,
unstable modes and outer part) and weighting functions.

are row- and column-full rank, respectively.
T
T
3) D12
D12 = I, D21 D21
= I.
4) D22 = 0.
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In what follows, we attempt to derive a closed formula
for Eopt in which m remains explicit. In other words, we
focus on the following question: How does non-minimum
phase property represented by inner functions m change
the H 2 performance limit in the standard control problem
framework? For the simplest example, the obtained formula
enables us to understand the performance changing effect
caused by unstable zero(s) when m is a Blaschke product.
Notice that the inner function m does not need to be rational.
Therefore, we take the pure delay m(s) = e−hs with h > 0
in order to analyze the effect of I/O delay length. For another
example of infinite-dimensional cases, it is known that the
transfer function of an Euler-Bernoulli beam equation also
has the factorization in (9).
Hereafter A ∈ Mm is assumed. This guarantees that no
unstable pole-zero cancellation exists between P̆ and m.
Therefore, under this assumption, the non-minimum phase
property m always degrades the performance limit, i.e.,
Eopt ≥ En where
(
)
(12)
En := min Fl P̆ , C̆


bc

Fig. 2.

AY + Y A +

B1 B1T

− LL

T

=

0,

(13)

=

0,

(14)

Note that both Jr and Π are independent of γ and the choice
of the stable free (but, norm-bounded) parameter ϕ. If we
allow ϕ to be any function in H ∞ then Fig. 2 gives a
parameterization of all internally stabilizing controllers.
In Fig. 2 the only infinite-dimensional part is the block
represented by Π in the feedback path. When m(s) =
e−hs , this block is a continuous-time FIR system which
can be implemented by finite-time integration. This structure
in delay compensating controllers is well-known as the
modified Smith predictor. As a natural extension, the effect
of the general non-minimum phase factor, represented by
inner function m, can be compensated for by the feedback
component Π ∈ H(m).

Theorem 1 says that the performance degrading effect
of non-minimum phase property is given by (17). Since,
however, E(m) is defined as the H 2 -norm of the infinitedimensional system π m [Θ], it is difficult to compute and
also to interpret. In view of this, the following formula for
E(m) is given:
Corollary 1 ([1]): Under the same assumption and notation as those in Theorem 1, suppose also A, −AT ∈ Mm
and that the pair (A, B1 ) and (−A, B1 ) has no common
controllable mode. Then Lyapunov equation

where F, L are given by
F

:=

L :=

T
C1 ),
−(B2T X + D12

(15)

−(Y

(16)

C2T

+

T
B1 D21
).

[

Then
E(m) := ∥π m [Θ]∥, Θ :=

A
F

L
0

]
(17)

with F, L defined in (15), (16) satisfies
2
= En2 + E(m)2 ,
Eopt

Smith-predictor type structure

Remark 1: An explicit realization of all required controllers can be obtained as follows: all γ-suboptimal controllers are parameterized in the form depicted in Fig. 2 with


AJ
−m˜(A)L B2
Jr := 
F
0
I 
−C2 m(A)
I
0
AJ := A + B2 F + m˜(A)LC2 m(A)
[
]
A
B2
∗
∗
Π := π m [P22
] ∈ H(m), P22
:=
.
−C2 m(A) 0

with C˘ being the set of internally stabilizing controllers of
P̆ . Moreover its effect can be simply characterized by the
following:
Theorem 1 ([1]): Suppose that P̆ in (7) satisfies Assumption 1 and that an inner function m satisfies A ∈ Mm . Let
X, Y ≥ 0 be stabilizing solutions to the following Riccati
equations:
T

bc



C̆∈C̆

XA + AT X + C1T C1 − F T F

Jr

(18)

where En and Eopt are given in (12) and (8).
Since the first term En in (18) is the nominal performance
limit, i.e., m(s) = 1, the second term E(m) represents the
performance deterioration due to the non-minimum phase
property. In (17), Θ does not depend on m. In this sense,
the inner function remains explicit in the expression. It is, in
general, impossible to write down the relationship between
E and system matrices of P̆ because the solutions of the
Riccati equations are used. This is a state-space counterpart
of the fact that most of transfer function based formulae
require the coprime factorization of the plant. However, the
fact that Θ and P̆ have the common A-matrix enables us to
intuitively interpret this result.

AW + W AT + B1 B1T = 0
has a solution W , and
( (
) )
E(m)2 = trace F m˜(A)Zm˜(A)T − Z F T

(19)

(20)

with Z := Y + W independently of the choice of W .
Recall that Z and F are independent of m in (20). Thus
Corollary 1 says that m˜(A) determines the performance
degrading effect caused by the non-minimum phase factor

333

K. Kashima • Smith-Predictor Type Structure for a Class of Infinite-Dimensional Systems: Optimal Control and Performance Limitation Formula

represented by inner function m. To be more precise, the
effect is given in quadratic form (20) with respect to m˜(A).
In what follows, we give a detailed interpretation of this
formula focusing on the stability of A.
Let us consider the case where A is anti-stable, i.e., −AT
is stable. In this case, Z is the observability Grammian for
stable Θ˜, that is, Z is a positive semi-definite matrix such
that
(
)
2
2
∥Θ∥H 2 = ∥Θ˜∥ = trace F ZF T .

where m is inner, Ĝr is rational (possibly with unstable
poles and/or unstable zeros), and Ĝo , Ĝ−1
∈ H ∞ . Since
o
m˜ = 1/m unstable zeros of m represents unstable poles
of G. Therefore we can analyze the effect on performance
limit caused by unstable modes by taking m an appropriate
Blaschke product. Again, m is not assumed to be rational.
Hence m can deal with even infinitely many unstable modes;
see Subsection IV.B.
Fortunately, we do not need to derive another formula for
Eu,opt because this problem can be converted to the computation of Eopt by changing problem data appropriately. We
again consider the weighted mixed sensitivity optimization
to explain the basic idea of this problem conversion. For
stable rational weights Ŵs and Ŵt , let us find an internally
stabilizing controller Ĉ that minimizes the weighted mixed
sensitivity
[
]
Ŵs (1 − ĜĈ)−1
.
Ŵt (1 − ĜĈ)−1 ĜĈ

−

Hence E(m) becomes arbitrarily large as an unstable zero of
m approaches to an eigenvalue of A. This can be viewed as a
generalization of the well-known fact that the achievable H 2
performance limit deteriorates when an unstable pole and an
unstable zero are located closely. Let us take m(s) = e−hs to
analyze the performance degrading effect of I/O delay length
h. In this case, E(m) is determined by m˜(A) = eAh and
increases exponentially with respect to h.
Conversely, if A is stable, −Z is the controllability Grammian for Θ in (17). Negative semi-definite matrix Z satisfies
(
)
2
∥Θ∥ = − trace F ZF T .

By straightforward computation, it can be verified that Ĉ
internally stabilizes Ĝ if and only if C := Ĉ −1 internally
stabilizes G := Ĝ−1 and
]
]
[
[
Ŵs (1 − ĜĈ)−1
Ŵt (1 − GC)−1
=
.
Ŵt (1 − ĜĈ)−1 ĜĈ
Ŵs (1 − GC)−1 GC
(27)
It readily follows from (26) that G has a factorization of the
form of (9). This problem, therefore, falls into the framework in the previous section. We generalize this problem
conversion technique under the following:
Assumption 2:
1) (Â, B̂2 ) is stabilizable and (Â, Ĉ2 ) is detectable.
2) D̂22 is nonsingular.
−1
3) A := Â − B̂2 D̂22
Ĉ2 belongs to Mm .
4) D12 = 0.
Remark 2: As is noted in the previous section, D22 in
(6) changes neither the stabilizability nor the best achievable
performance E in (8). However, this is not necessarily true
for D̂22 in (24). Roughly speaking, the nonsingularity of D̂22
guarantees that P̂ and m˜ cancels no unstable pole/zero at
infinity. In fact, when m˜ has a sequence {λi } of unstable
poles such that |λi | → ∞, the right-invertibility is necessary
for the existence of an internally stabilizing controller; see
[?].

Proposition 1: Suppose that P̆u in (23) satisfies Assumption 2 and define


A B1
B2
0
0 
P̆ :=  C1
(28)
C2 D21 D22


−1
−1
−1
Â − B̂2 D̂22
Ĉ2 B̂1 − B̂2 D̂22
D̂21 −B̂2 D̂22


:= 
Ĉ1
0
0
.
−1
−1
−1
D̂22 Ĉ2
D̂22 D̂21
D̂22

In the case of stable A, the performance degrading effect
E(m) saturates, that is,
2

E(m)2 ≤ ∥Θ∥

(21)

for any inner m (inner function such that m˜(A) = 0 yields
the equality).
Note that m˜(A) − I is positive (resp. negative) semidefinite for anti-stable (resp. stable) A. When A = a is a
non-zero real scalar we have
E(m)2 =

1
2
− 1 · ∥Θ∥L2 .
m(a)2

(22)

III. D UALITY BETWEEN NON - MINIMUM PHASE FACTOR
AND UNSTABLE MODES

In this section, we analyze the performance degrading
effect caused by unstable modes. Problem formulation is the
same as that in Section 3 except for the meaning of the inner
function. Define the generalized plant Pu by


[
]
Â B̂1
B̂2
P̂11 P̂12


P̂ :=
:=  Ĉ1
0
D̂12  (23)
P̂21 P̂22
Ĉ2 D̂21 D̂22
[
][
]
I
0
P̂11 P̂12
Pu :=
(24)
0 m˜I
P̂21 P̂22
with an inner function m. Denote the set of its internally
stabilizing controllers by Cu . In what follows, we derive an
analytical expression of
Eu,opt := inf ∥Fl (Pu , C)∥.
C∈Cu

(25)

In comparison to (9), we can formulate control problem for
the plant which can be factored as
Ĝ = Ĝr · Ĝo · m˜,

Then the following statements hold:
1) (A, B2 ) is stabilizable and (A, C2 ) is detectable,
2) A belongs to Mm , and

(26)
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3) Eu,opt in (25) is equal to Eopt defined by (28), (6) and
(8).
This proposition means that the effect of unstable modes
can be analyzed according to Theorem 2. We give 2 comments on the interpretation of the result. Firstly, in order to
analyze the performance degrading effect caused by unstable
poles, we need the solution to the Riccati equations corresponding not to (23) but to (28). Secondly, unstable modes
contribute only through

possible. However, some quantity of the time delay remains
in practice. Those delays are mainly originated from the
computational time for a controller and the transition delay of
signals. Thus, they should be modelled practically as inputoutput delays in the feedback loop, i.e., ut is determined by
the past output record {ys }s≤t−h .
Let us define the quantum noise vector
[ −iϕ
]
e Bt + eiϕ Bt†
wt :=
.
(33)
−iBt + iBt†

−1
m˜(Â − B̂2 D̂22
Ĉ2 ).

satisfying

−1
Since eigenvalues of Â − B̂2 D̂22
Ĉ2 are invariant zeros of
P̂ , we can interpret this result in the same way as in the
previous section; the best achievable H 2 performance limit
deteriorates when an unstable pole and an unstable zero are
located closely.
Remark 3: In the dual case investigated in Section 5, since
C Ĉ = I all suboptimal controllers are given by exchanging
the input and output signals in Fig. 2. As a result, any
suboptimal controller is given in the form of a rational system
with a common stable and infinite-dimensional feedforward
component. This compensates for the effect of unstable
modes represented by m˜.


⟨wt ⟩ = 0,
dwt dwsT =

(34)
Fϕ dt, if s = t
0,
otherwise

(35)

where ⟨·⟩ denotes the expectation and Fϕ is the non-negative
Hermitian matrix given by
]
[
1
ie−iϕ
Fϕ :=
.
−ieiϕ
1
Then, (31) and (32) can be rewritten as
dxt = Axt dt + B1 dwt + But dt,
[
]T
zt = xt + 1 1
ut ,
[
]
dyt = C2 xt dt + 1 0 dwt .

IV. E XAMPLES
A. Linear Quantum Systems
1) Problem formulation: Consider a quantum system
which interacts with a vacuum electromagnetic field through
the system operator
c = C x,
(29)

with
B1
C2

where x = [q, p]T and C ∈ C1×2 . Further, suppose that the
system is trapped in a harmonic potential, and that a linear
potential is an input to the system. The system Hamiltonian
Ht at time t is given by
[
]
1 T
0 1
T
Ht = x Gx − x ΣBut , Σ =
(30)
−1 0
2

( [
:= Σ Im C †

2 exp(−iϕ)
1 + exp(−i2ϕ)
:= e−iϕ C + eiϕ C ∗ .

(36)

2i
1 + exp(−i2ϕ)

])

Here, the additional output signal zt was introduced to define
the cost functional
J := lim ⟨ztT zt ⟩.
t→∞

(37)

By introducing Sϕ := 12 (Fϕ + FϕT ) and applying the result
in the previous section, we can analytically give the infimum
opt
Jh,ϕ
of the cost functional J over all control laws.
2) Effect of Feedback Delay: In this section, we investigate how the time delay deteriorates the optimal control
performance, taking the detector parameter tuning into explicit consideration. It should be noted that the optimal
measurement parameter was first discussed by Wiseman
and Doherty in 2005 for the delay-free systems, i.e., the
opt
optimization of Jϕ,0
.
opt
First of all, when A is unstable, Jh,ϕ
increases exponentially as h → ∞ independently of ϕ. On the other hand,
the remaining two classes, i.e., stable and marginally stable
systems, are relatively insensitive to the time delay and it is
worth to analyze them in detail.
Stable system – Consider a damped cavity with an onthreshold parametric down converter. The system Hamiltonian and the coupling operator are given by
γ
(38)
Ht = (qp + pq) − ut q, c = δ(q + ip),
2

where ut ∈ R is the control input at time t, G = G ∈
R2×2 and B ∈ R2 . Then, by using the commutation relation
[q, p] = i, we obtain the following linear equation for xt =
[qt , pt ]T :
T

dxt = Axt dt + But dt + iΣ(C T dBt† − C † dBt ),

{

(31)

where A := Σ[G + Im(C C )], and the field operators Bt†
and Bt are the creation and annihilation operator processes
that satisfy the quantum Itô rule. Measurement processes
are described as follows. Suppose that the field observable
e−iϕ Bt + eiϕ Bt† is measured by the perfect homodyne
detector, where ϕ ∈ [0, 2π) denotes the detector parameter
that the experimenter can change. Then, the infinitesimal
increment of the observable yt ig given as
†

dyt = (e−iϕ C + eiϕ C ∗ )xt dt + e−iϕ dBt + eiϕ dBt† . (32)
In the experiment of the feedback control, it is of importance to reduce the time delay by carefully setting up
the experimental devices and achieve the best performance
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1.36
opt
Jh,ϕ
1.32

opt
Jh,ϕ

1.28
1.24
1.20

0

2

4

h

6

8

10

Fig. 3. Optimal performance curves for a damped cavity with an onthreshold parametric down converter. A dashed line depicts the value of
J when ut ≡ 0. Three solid lines correspond to the optimal control
performances with the detector parameters ϕ = 1.68, 2.28, 1.98, from
the top downwards, respectively, where ϕ = 1.98 is the optimal detector
parameter.

0

2

4

h

6

8

10

Fig. 4. Optimal performance curves for a harmonic oscillator. A solid
line, dashed line and chain line correspond to the optimal performances
with ϕ = 0, 2π/18, 3π/18, respectively.

-d- k·
−
6

where γ > 0 and δ > 0 are constant parameters. If they
opt
satisfy γ < δ 2 , the system is stable, and consequently Jh,ϕ
converges as h → ∞. When we choose the parameter as
γ = 1/2 and δ = 1, the optimal performance curves with
the different detector parameters ϕ are given by Fig. 3. The
dashed line depicts the value of J when there is no control
input field, i.e., ut ≡ 0 for any t ≥ 0. We can see from
the figure that even in the large delay limit, the appropriate
choice of ϕ significantly enhances the control performance
compared to the uncontrolled case. For the optimal detector
parameter, the following relation holds:
Theorem 2: Consider Ht and c defined by (38). Let ϕopt
h
opt
denote the detector parameter that minimizes Jh,ϕ
for the
fixed delay length h. Then,

s−a
s+b

-

e−hs 
Fig. 5.

Block diagram of a system with delayed feedback

large. This is a natural result of the fact that the matrix A
has only pure imaginary eigenvalues. On the other hand, the
second statement gives us a nontrivial insight: the growth
rate A and the oscillation amplitude B are independent of the
detector parameter ϕ. Therefore, we can conclude that if the
system suffers from the large delay, the apparatus adjustment
is not significant.
B. Control of Delayed Feedback System

opt
(39)
lim ϕopt
h = ϕ0 .
From the discussion above, we can conclude that the optimal
tuning for delay-free case is valid for the stable delay systems
opt
for large h.
in that ϕopt
h ≈ ϕ0
h→∞

Consider the delayed feedback system in Fig. 5 where
k > 1, a > b > 0 and h > 0. Its transfer function Ĝ
Ĝ =

Marginally stable system – The next system is a single
particle trapped in the harmonic potential and coupled to the
probe field via the position operator. The system Hamiltonian
and the coupling operator are given by

k(s − a)
s + b + k(s − a)e−hs

(42)

can be rewritten in the form of (26) with
Ĝr =

1
1 2
mω 2 q 2 +
p − ut q, c = q,
(40)
2
2m
where m and ω are the mass of the particle and the angular
frequency of the harmonic potential, respectively. For this
system, the shape of the optimal performance curves is
analytically calculated.
Theorem 3: Consider Ht and c defined by (40). Then
there exist constants A, B and θ such that the best achievable
performance is given by
Ht =

opt
Jh,opt
= Jϕopt + Ah + B sin(ωh + θ).

8
7
6
5
4
3
2
1
0

s−a
,
s+a
Ĝo =

m=

(s + b) + k(s − a)e−hs
,
(s − b)e−hs + k(s + a)

k(s + a)
.
k(s + a) + (s − b)e−hs

Here m is an inner function with infinitely many unstable
zeros. This means that Ĝ has infinitely many unstable modes.
The performance deterioration caused by these unstable
modes is investigated as follows.
Consider the sensitivity optimization for this plant, i.e.,
the problem of minimizing ∥(1 − ĜĈ)−1 ∥2 by stabilizing
controllers. In view of (27), we evaluate the following
complimentary sensitivity optimization limit

(41)

Moreover, A and B are independent of the choice of ϕ.
opt
Roughly speaking, the first statement says that Jh,ϕ
increases
linearly with the oscillation as the delay length h becomes

E ∗ = inf

C∈C
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(1 − GC)−1 GC

(43)
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where C denotes the set of all internally stabilizing controllers for G := m · Ĝ−1
r . Theorem 4 and Corollary 8 yield
the expression
E ∗ 2 = En (a)2 + α(a)(m˜(a)2 − 1)

channels. As in the example of the delayed feedback plant,
the obtained formula is simple (quadratic form of m˜(A)),
nevertheless provides a new way of characterizing easily
controllable plants.

(44)
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for any a > b > 0, k > 1.
We can also conclude that b and k affect the performance
limit only through m˜(a). For example, (44) and (45) imply
that E ∗ monotonically increases with respect to k. For
sufficiently large k, the relationship is linear1 . Therefore, this
plant with a larger gain k in the feedforward path is more
difficult to control.
V. C ONCLUSION
An analytical expression of the H 2 performance limit
for a class of MIMO system is given. Unlike most of
existing formula, the main result Theorem1 is based on statespace representation. This is accomplished by assuming a
generalized plant with a special structure and by applying
several methods in infinite-dimensional control theory. While
the obtained formula uses the solutions of a couple of Riccati
equations, the performance degrading effect of non-minimum
phase factors (represented by inner function) can be analyzed
independently of other components. Two equivalent formula
are also given in order to help us to compute and interpret
Theorem 1. As a dual result, performance degrading effect
due to unstable modes can be analyzed in the same manner.
The obtained results are applicable to a wide class of infinitedimensional systems with finite-dimensional input and output
√

1 The

growth rate is given by

2a

α(a)
.
a+b
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