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Observability Reduction of Piecewise-affine Hybrid Systems
Mihály Petreczky and Jan H. van Schuppen

the definition) with an event generation device which detects
crossing a guard, see Fig. 1. If we denote by H the LHS
above, and by G the event generator, then Σ is observable,
only if H is observable. Consider a LHS Ho such that Ho is
observable and Ho realizes the same input-output behavior as
H. If we consider the interconnection of Ho with the event
generator G, we then obtain a PAHS Σo with the following
property. The LHS component of Σo is observable and Σo
realizes the same input-output behavior as Σ.
Observability of LHSs is well-understood [10], [9], and
the computation of Ho can be carried out by an algorithm.
Hence, the proposed necessary condition and observability
reduction can be implemented numerically. In addition, the
dimension of Ho is not greater than that of H. In fact,
we believe that this link between DPAHSs and LHSsis
interesting on its own right and will be useful for problems
other than observability analysis of PAHSs .
Related work There is a vast literature on observability of
various classes of piecewise-linear hybrid systems, without
claiming completeness, see [1], [2], [3], [5], [13], [11] and
many others. However, most of the existing literature deals
with observability of hybrid systems which are related but
not identical to PAHSs. For example, typically reset maps
are not considered, and the switching mechanism is assumed
to be arbitrary, rather than state induced. The thus obtained
conditions are either not directly applicable to PAHSs, or
yield sufficient conditions. We believe that the necessary
conditions of the paper represent a new result with respect
to the existing literature.
To the best of our knowledge, observability reduction of
PAHSs was addressed only in [8]. The current paper is an
extension of [8].
Outline Section II presents the terminology and notation
used in the paper. Section III defines piecewise-affine hybrid
systems and the related system theoretic concepts. Section
IV presents the main results of the paper. Section V presents
a sketch of the proof of the main results.

Abstract— We present necessary conditions for observability
of piecewise-affine hybrid systems. We also propose an observability reduction algorithm for transforming a piecewiseaffine hybrid system to a hybrid system of possibly smaller
dimension which satisfies the formulated necessary condition
for observability.

I. I NTRODUCTION
In this paper we present necessary conditions for observability of piecewise-affine systems (abbreviated as PAHSs)
and a dimensionality reduction procedure, based on this
necessary condition.
A PAHS is a hybrid systems, continuous dynamics of
which is determined by affine control systems, the reset maps
are affine and the guards are polyhedral sets. The definition
of PAHS adopted in this paper is essentialy the same as in
[7], except that we allow the continuous state-space to be
also a polyhedron as opposed to a polytope.
Contribution of the paper The contribution of the paper
can be summarized as follows.
• Necessary condition for observability We formulate
an algebraic necessary condition for observability of a
general PAHS. This condition is a generalization of the
well-known rank condition for linear systems.
• Linear PAHSs
We introduce the class of linear
PAHSs. A linear PAHS is a PAHS such that the control
system in each discrete state is a linear (not affine) one,
and lives on a polyhedron defined by linear inequalities,
the reset maps are linear. For the class of linear PAHSs
we propose necessary conditions, which are tighter than
the ones for general PAHS. We refer to PAHSs which
satisfy the latter condition as weakly observable ones. In
particular, weak observability deals with discrete states
with the same observable dynamics.
• Observability reduction We formulate a procedure for
transforming an arbitrary PAHS to a linear, weakly
observable PAHS. The dimension of the thus obtained
PAHS is bounded by the dimension of the original
PAHS. Hence, the proposed transformation can be
viewed as model reduction procedure aimed at merging
observationally equivalent states.
Approach The main idea is to represent a (linear) PAHS
Σ as an output feedback interconnection of a linear hybrid
system without guards (abbreviated as LHS, see [10], [9] for

II. P RELIMINARIES
Let Σ be a finite set, referred to as the alphabet. Σ∗
denotes the set of finite strings (words) of elements of Σ,
i.e. element of Σ∗ is a sequence w = a1 a2 · · · ak , where
a1 , a2 , . . . , ak ∈ Σ, and k ≥ 0; k is the length of w
and it is denoted by |w|. If k = 0, then w is the empty
sequence (word), denoted by . The concatenation of the
words v = v1 · · · vk , and w = w1 · · · wm ∈ Σ∗ is the
word vw = v1 · · · vk w1 · · · wm . The empty word  is a unit
element for concatenation. i.e. w = w = w for all w ∈ Σ∗ .
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PAHS such that for each q ∈ Q, the polyhedron Pq is also
a polytope, then we say that Σ is an PAHS on polytopes
The evolution of Σ takes place according to the definition
[12], [7]. Assume that we feed in a Rm -valued input signal
u(t) ∈ Rm . As long as the value of the discrete state q does
not change, the continuous state and the continuous output
change according to the affine system ẋ(t) = Aq(t) x(t) +
Bq(t) u(t) + aq(t) and y(t) = Cq(t) x(t) + cq(t) . The discrete
state changes only when a discrete event occurs. A discrete
event e ∈ Γ takes place if the continuous state x(t) is
about to leave the polyhedron Pq through the exit facet
associated with γ, i.e. nTq,γ x(t− ) = bq,γ and nTq,γ ẋ(t− ) =
nTq,γ (Aq x(t− )+Bq u(t)+aq ) > 0. Here x(t− ) is the state just
before the discrete event occurs, i.e. x(t− ) is the left-hand
side limit x(t− ) = lims→t− x(s). Then the new discrete state
is determined by the discrete state-transition rule as q + =
δ(q, γ). The new continuous state x(t) = x(t+ ) ∈ Rnq(t+)
is obtained by applying the corresponding reset map, that
is, x(t+ ) = Mq+ ,γ,q x(t− ) + mq+ ,γ,q . The discrete output
is obtained from the discrete state by applying the discrete
readout map, i.e. o = λ(q). After that, the continuous state
and output evolve according to the affine system associated
with the new discrete state q + .
Note that the event generation mechanism described above
is non-deterministic, since the continuous state might cross
several exit facets at the same time. In turn, this nondeterminism could lead to non-uniqueness of state and output
trajectory. In order to ensure existence of a unique state
and output trajectory, we will parametrize PAHSs by so
called event generators, i.e. maps which choose which of
the potentially enabled events should be generated.
Definition 2 (Event-generator): An even generator is a
partial map
G : RE × RE → Γ

Denote by N the set of natural numbers including 0.
Let T be the real time-axis, i.e. T = [0, +∞). Denote
by P C(T, Rm ) the set of piecewise-continuous maps (i.e.
maps whose restriction to any finite interval is piecewisecontinuous in the sense of [6]) with values in Rm . For each
n > 0 and j = 1, 2, . . . , n, ej is the jth standard unit
basis vector of Rn , i.e. ej = (σ1,j , σ2,j , . . . , σn,j )T , where
σj,j = 1 and σi,j = 0 for i 6= j.
III. P IECEWISE - AFFINE HYBRID SYSTEMS
Definition 1: A continuous-time piecewise-affine hybrid
system (abbreviated as PAHS ) is a hybrid system in the
sense [12] of the following form

ẋ(t) = Aq(t) x(t) + Bq(t) u(t) + aq(t)





y(t)
= Cq(t) x(t) + cq(t)




o(t) = δ(q(t), γ(t)) and q(t+ ) = δ(q(t), γ(t))
Σ

x(t+ ) = Mq(t+ ),γ(t),q(t) x(t) + mq(t+ ),γ(t),q(t)





γ(t) = e ⇐⇒ nTq(t),e x(t) = bq , and nTq(t),e ẋ(t) > 0



h0 = (q0 , x0 )
(1)
The various parameters are as follows
• q(t) ∈ Q is the discrete state at time t, and Q is the
finite set of discrete states (modes),
• o(t) ∈ O is the discrete output at time t, and O is the
finite set of discrete outputs,
• γ(t) ∈ Γ is discrete event at time t, and Γ =
{1, 2, . . . , E}, E > 0 is the finite set of discrete events.
• δ : Q × Γ → Q is the discrete state-transition map,
• λ : Q → O is the discrete readout map,
• For each q ∈ Q, the affine system is described by
matrices Aq ∈ Rnq ×nq , Bq ∈ Rnq ×m , Cq ∈ Rp×nq
• The state x(t) of Σ associated with the discrete state
q ∈ Q lives on the (convex) polyhedron Pq of the form
\
Pq =
{x ∈ Rnq | nTq,γ x ≤ bq,γ }

such that for any h = (z, ż) the following holds.
1) If G(h) is defined and G(h) = e, then ze = 0 and
że > 0. Here ze and że denote the eth entry of z and
ż respectively.
2) If G(h) is not defined then for all e ∈ Γ, either ze 6= 0
or że ≤ 0.
In order to use even generators to describe the behavior of
a PAHS Σ, it is useful to introduce the following notation.
Definition 3 (Guard map): Assume that Σ is a PAHS of
the form (1). The guard map of Σ is a map
[
GΣ :
{q} × Rnq × Rnq → RE × RE

γ∈Γ

where nq,i ∈ Rnq , bq,i ∈ R. The facets of Pq are called
exit facets of the polyhedronPq .
n
• x(t) ∈ R q(t) = Xq(t) is the continuous state at time t,
p
• y(t) ∈ R , for p > 0, is the continuous output at time
p
t, and R is the space of continuous outputs,
m
• u(t) ∈ R , m > 0, is the continuous input at time t,
m
and R is the space of continuous inputs,
• The transition between the different continuous statespaces takes place via affine reset map Rq+ ,γ,q , q ∈ Q,
γ ∈ Γ, q + = δ(q, γ) where Rq+ ,γ,q (x) = Mq+ ,γ,q x +
mq+ ,γ,q , Mq+ ,γ,q ∈ Rnq+ ×nq , and mq+ ,γ,q ∈ Rnq+ .
• h0 = (q0 , x0 ), x0 ∈ Pq0 is the initial state of Σ.
S
The state space HΣ of Σ is HΣ = q∈Q {q} × Pq .
For the definition of evolution of a PAHS see [7]. Note that
in contrast to [7], we also allow discrete outputs. In addition,
we do not require the sets Pq , q ∈ Q to be polytopes, but
only polyhedrons. However, the case of Pq , q ∈ Q being a
polytope is a special case of the above definition. If Σ is a

q∈Q

defined as follows. For any (q, x, ẋ),
 T
  T 
nq,1 x − bq,1
nq,1 ẋ
 nTq,2 x − bq,2   nTq,2 ẋ 

 

GΣ (q, x, ẋ) = (
 ,  .. )
..



.
. 

nTq,E ẋ
nTq,E x − bq,E
The intuition behind the definition is as follows. GΣ maps
a hybrid state and the derivative of the continuous part to
their scalar product with the normal vectors of the exit facet
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of the polyhedron. More precisely, if the current state is
h = (q, x), then GΣ (q, x, ẋ) contains all the information
the event generator G needs in order to decide which event
to generate. That is, an event e is generated by Σ under the
event generator G, if G(GΣ (q, x, ẋ)) = e and no event is
generated if G(GΣ (q, x, ẋ)) is undefined.
Condition 1 of Definition 2 says that if G generates and
event e, then this can happen only if the continuous state is
about to cross one of the facets of the polyhedron. Condition
2 requires that G does not miss an event, i.e. if G(h) is not
defined, then the current continuous state is either inside the
polyhedron or it is sliding along one of the facets.
Equipped with the notion of an event-generator, we can
define a unique state trajectory of the PAHS Σ for each event
generator. To this end, we introduce the following definition.
Definition 4: A determinized PAHS (abbreviated as
DPAHS ) is a pair (Σ, G), where Σ is a PAHS of the form
(1) and G is an event generator.
Definition 5 (Time event sequence, [4]): A time event se∗
quence is a strictly monotone sequence (tn )nn=0 such that
n∗ ∈ N ∪ {+∞}, t0 = 0 and for all 0 < n < n∗ ,
0 ≤ tn < tn+1 . If n∗ = +∞ then let t∞ = sup{tn | n ∈ N}.
Notation 1: For a set A, AT is the set of all maps f :
[0, Tf ) → A, where Tf ∈ T ∪ {+∞}.
Definition 6 (Input-to-state map): Consider a DPAHS
(Σ, G), assume that Σ is of the form (1). Recall that HΣ
is the state-space of Σ. For any state h = (qinit , xinit ), with
qinit ∈ Q, xinit ∈ Pqinit , define the input-to-state map of
(Σ, G) induced by the state h as

Then,
−
G(GΣ (q(i), xi (t−
i+1 ), ẋi (ti+1 )) = γi+1 ∈ Γ
−
ẋi (t−
i+1 ) = Aq(i) xi (ti+1 ) + Bq(i) u(ti+1 ) + aq(i)

xΣ,G,h (u)(ti+1 ) = (q(i + 1), xi+1 (ti+1 ))
q(i + 1) = δ(q(i), γi+1 )
x(ti+1 ) = Mq(i+1),γi+1 ,q(i) xi (t−
i+1 ) + mq(i+1),γi+1 ,q(i)
Remark 1 (Well-posedness of xΣ,G,h ): Note that xΣ,G,h
need not be exist for all states h. Intuitively, xΣ,G,h exists,
if no state trajectory starting from h allows generation
of several consecutive events, such that one events occurs
immediately after another one. Note that in practice for most
of systems the latter scenario will not occur, and hence
xΣ,G,h will exist. If each reset map Rq+ ,γ,q of Σ maps
the boundary of the polyhedron Pq into the interior of the
polyhedron Pq+ , then it is easy to see that xΣ,G,h exists for
any state h of Σ. Note that if xΣ,G,h exists, then it is unique.
Remark 2: In the definition above, n∗ = ∞ and t∞ <
+∞ corresponds to Zeno-behavior.
Assumption 1: In the sequel, for any PAHS Σ considered,
it is assumed that for every event generator G, the input-tostate map xΣ,G,h0 , induced by the initial state h0 of Σ, exists.
Definition 7 (Input-output map): Assume that h is a state
of the DPAHS (Σ, G), such that the map xΣ,G,h exists. Then
the input-output map yΣ,G,h of (Σ, G) induced by h is a map
yΣ,G,h : P C(T, Rm ) → (O × Rp )T
such that for all u ∈ P C(T, Rm ) the domain of yΣ,G,h is
the same as that of xΣ,G,h , i.e. it is [0, Tu,h ), and for every
t ∈ [0, Th,u ), if xΣ,G,h (u)(t) = (q, x), then

T
xΣ,G,h : P C(T, Rm ) → HΣ

yΣ,G,h (u)(t) = (λ(q), Cq x)
Note that yΣ,G,h need not exist for all states h of Σ; the
input-output map yΣ,G,h exists precisely when the input-tostate map xΣ,G,h exists. In particular, due to the Assumption
1, yΣ,G,h0 exists, where h0 is the initial state of Σ.
Definition 8 (Observability): Two states h1 and h2 of a
DPAHS (Σ, G) are indistinguishable, if the input-outputs
maps yΣ,G,h1 and yΣ,G,h2 exist and they are equal, i.e. if
yΣ,G,h1 = yΣ,G,h2 . Note that the equality of yΣ,G,h1 =
yΣ,G,h2 also implies that the domains of yΣ,G,h1 (u) and
yΣ,G,h2 (u) are the same for all u ∈ P C(T, Rm ). The
DPAHS (Σ, G) is called observable, if there exists no pair of
distinct indistinguishable states, i.e. if for any h1 , h2 ∈ HΣ
such that yΣ,G,hi and yΣ,G,h2 exist, yΣ,G,h1 = yΣ,G,h2
implies h1 = h2 . The PAHS Σ is observable, if for any
event generator G, the DPAHS (Σ, G) is observable.
Note that observability has implications only for those states,
for which the input-output map exists.
Definition 9 (Realization): The input-output map of a
DPAHS (Σ, G), denoted by yΣ,G , is the input-output map
of (Σ, G) induced by the initial state h0 of Σ, i.e. yΣ,G =
yΣ,G,h0 . An input-output map f : P C(T, Rm ) → (O ×Rp )T
is said to be realized by (Σ, G), if f = yΣ,G .
Recall that the dimension of a polyhedron P equals n, if
there exists n + 1 affinely independent elements of P which
constitute an affine basis of the affine hull of P.

such that for any u ∈ P C(T, Rm ), xΣ,G,h (u) : [0, Tf,u ) →
HΣ , where Tu,h depends on u and h and the following holds.
∗
There exists a time event sequence (tn )nn=0 , such that

+∞ if n∗ < +∞
Tu,h =
,
t∞ if n∗ = +∞
∗

and there exists a (possibly empty) sequence (γk )nk=1 of
events from Γ, such that the following holds.
1) xΣ,G,h (u)(0) = h
2) For all i ∈ N, i ≤ n∗ , and all t ∈ [0, Tu,h ) such that
t ∈ [ti , ti+1 ), where for i = n∗ < +∞, tn∗ +1 = +∞,
xΣ,G,h (u)(t) = (q(i), xi (t))
where q(i) ∈ Q and the map xi : [ti , ti+1 ) → Pq(i)
satisfies the differential equation
ẋi (t) = Aq(i) xi (t) + Bq(i) u(t) + aq(i) ,
and for all t ∈ [ti , ti+1 ), G(GΣ (q(i), x(t), ẋ(t))) is
undefined.
3) For all i ∈ N, i < n∗ , the following holds. If ti+1 = 0,
then (q(0), x(0− ) = h, and if ti+1 > 0, then
∀t ∈ [ti , ti+1 ) : xΣ,G,h (u)(t) = (q(i), xi (t))
xi (t−
xi (t)
i+1 ) = lim
−
t→ti+1
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Definition 10 (Dimension): For each discrete state q ∈ Q,
denote by dq the dimension of Pq . Then the dimension
P of the
PAHS Σ, denoted by dim Σ, equals the pair (|Q|, q∈Q dq ).
In the sequel, we will use the following ordering on pairs of
natural numbers;(m, n) ≤ (p, q), if m ≤ p and n ≤ q. That
is, the pair (m, n) is smaller than or equal to the pair (p, q),
if m is not greater than p and n is not greater than q. Notice
that the above ordering is a partial order. That is, there can
be two PAHSs with incomparable dimensions.

Notation 5 (Product of matrices): For any q ∈ Q and
e ∗ define the nq̂ × nq matrix Π(q, w), where
sequence w ∈ Γ
q̂ = δ(q, w), recursively as follows.
• If w = , then Π(q, w) = Inq , where Inq is the nq × nq
identity matrix.
e v∈Γ
e ∗ , then
• If w = vσ for some σ ∈ Γ,

Aq Π(q, v)
if σ = e
Π(q, vσ) =
Mδ(q,γ),γ,q Π(q, v) if σ = γ ∈ Γ
Define the pE × nq output matrix O(q, w) as follows

IV. M AIN RESULTS

O(q, w) = Ĉδ(q,w) Π(q, w)
Next, we introduce the generalization of the notion of
Markov parameters for PAHSs.
Definition 11 (Markov parameters): The Markov parame∗
eter of Σ indexed by discrete state q ∈ Q, sequences w ∈ Γ
∗
and v ∈ Γ is defined as the following matrix

Below we present the main results of the paper. Throughout this section, Σ denotes a PAHS of the form (1). In order
to present the main results we need additional notation. For
the intuitive understanding of this notation, it is useful to
recall the approach of the paper. Namely, we can associate
with Σ a linear hybrid system HΣ without guards (abbreviated as LHS , [9], [10]). The state of H is the same as that
of Σ. The output of H is then the output of Σ and the scalar
product of the state with the normal vectors of the exit facets.
The latter is simply the value of GΣ at the current state. The
formal definition of HΣ will be presented in Section V. The
motivation for defining HΣ is that if Σ is a linear PAHS (the
notion of linear PAHS will be defined below), then for any
event generator G, (Σ, G) is a feedback interconnection of
HΣ and the event generator G, see Fig. 1.

Mq (w, v) = O(q, w)Bδ(q,v) ∈ RpE×m
Note that in the definition of the markov parameter Mq (w, v),
the sequence v is composed only of discrete events, while w
can contain the addition symbol e. The above definition is
inspired by theory of LHSs, in fact the Markov-parameters
of Σ are the Markov-parameters of the LHS HΣ . Intuitively,
the Markov parameter Mq (w, v) corresponds to a certain
derivative of the continous output generated from the discrete
state δ(q, v), with respect to the event times.
Finally, for any discrete state q ∈ Q of Σ we define the
generalization of observability subspace.
Definition 12 (Observability kernel): For any discrete
state q ∈ Q of Σ define the observability subspace OΣ,q of
Σ as a subset of Rnq of the following form
\
OΣ,q =
ker O(q, w)

DPAHS (Σ, G)

G
GΣ (q(t), x(t), ẋ(t))

γ(t)
u(t)

Fig. 1.

LHS HΣ

(o(t), y(t))

e∗
w∈Γ

DPAHS (Σ, G) as feedback interconnection of H = HΣ and G

Notation 2 (Augmented output matrices): Recall
Γ = {1, 2, . . . , E}. For any discrete state q ∈ Q,

T
Ĉq = CqT nq,1 nq,2 , . . . nq,E ∈ Rp+E

The space OΣ,q is a generalization of the observability
space for linear systems. In fact, OΣ,q is contained in the
observability space of the linear system (Aq , Cq ). However,
OΣ,q also takes into account the output after first, second, etc.
discrete-state transition. That is why products of the matrices
of the affine subsystems and of the reset maps are considered
too. The space OΣ,q is identical to the observability space
OHΣ ,q ([10], [9]) of the LHS HΣ associated with Σ.
Definition 13 (Full-dimensional PAHS): A PAHS Σ of
the form (1) is called full-dimensional, if for any q ∈ Q,
the dimension of the polyhedron Pq equals nq .
Definition 14 (Complete PAHS): We say that a PAHS Σ
is complete, if for any state h of Σ, and for any event
generator G, the input-output map yΣ,G,h exists.
With the notation above, we are ready to present the first
one of the main theorem.
Theorem 1: Assume Σ is a full-dimensional and complete
PAHS. If Σ is observable, then for each q ∈ Q, OΣ,q = {0}.
Theorem 1 can be viewed as a direct extension of the results
of [8]. Below we present a more tight necessary condition
for observability.
Definition 15 (Linear PAHSs): A PAHS of the form (1)
is called linear, if the for all q ∈ Q,

that
(2)

In other words, Ĉq is a block matrix, obtained by vertically
‘stacking up’ the matrix Cq and the normal vectors of the
facets of Pq . The matrix Ĉq corresponds to the readout
matrix of the LHS HΣ associated with Σ.
Notation 3 (Augmented event set): Let e be a symbol not
e = Γ ∪ {e}.
in Γ, and define the set Γ
Notation 4 (Discrete state-transition map): We extend to
e ∗ → Q as
discrete-state transition map δ to a map δe : Q × Γ
e∗
follows. For any discrete state q ∈ Q and sequence w ∈ Γ
e w) recursively as follows.
define the discrete state δ(q,
e
• If w = , then δ(q, w) = q.
e v∈Γ
e ∗ , then
• If w = vσ for some σ ∈ Γ,
(
e v)
δ(q,
if σ = e
e vσ) =
δ(q,
e v), γ) if σ = γ ∈ Γ
δ(δ(q,
By abuse of notation, we denote the extension δe of the
discrete state-transition map by δ as well.
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DPAHS (Σo , G)

aq = 0, cq = 0 and for all γ ∈ Γ, mδ(q,γ),γ,q = 0. That
is, the vector field for u = 0, the readout map and the
reset maps associated with q are linear (not affine).
• For each exit facet indexed by γ ∈ Γ, bq,γ = 0.
In order to simplify the presentation, we introduce the
following definition.
Definition 16 (Weak observability): The PAHS Σ is
called weakly observable, if the following conditions hold.
(i) For each two states s1 , s2 ∈ Q, s1 = s2 if and only if
•

∀v ∈ Γ∗ : λ(δ(s1 , v)) = λ(δ(s2 , v)), and
e ∗ : Ms (w, v) = Ms (w, v)
∀v ∈ Γ∗ , ∀w ∈ Γ
1

G
γ(t)
u(t)

GΣ (q, x, ẋ)
LHS Ho

(o(t), y(t))

Fig. 2. Observability reduction: (Σo , G) and (Σ, G) from Fig. 1 are inputoutput equivalent.

we present the relationship between PAHSs and LHSs. In
§V-C we present the behavior preserving transformation of a
PAHS to a linear full dimensional one. Finally, in §V-D we
sketch the proofs of the main results.

(3)

2

(ii) For each q ∈ Q, the zero vector is the only element of
the subspace OΣ,q , i.e. OΣ,q = {0}.
Later on we will show that weak observability is equivalent
to observability of the LHS HΣ associated with Σ.
Theorem 2: Assume Σ is a full-dimensional, linear and
complete PAHS. If Σ is observable, then it is weakly
observable.
Remark 3: It is possible to extend Theorem 1–2 to hold
for PAHSs which are not complete. To this end, one has to
define input-output maps for the case when several consecutive events may occur with no time lag between them. In
this paper we restrict attention to complete PAHSs only in
order to avoid complicated notation.
The intuition behind Theorem 2 is the following. Since
(Σ, G) is a feedback interconnection of HΣ with G, if (Σ, G)
is observable, then so is HΣ . In turn, weak observability of
Σ is equivalent to observability of HΣ .
Remark 4: Weak observability of Σ can be checked numerically, since weak observability of Σ is equivalent to
observability of the LHS associated with Σ, and by [9], the
latter can be checked numerically.
Theorem 3 (Observability reduction): Any (hence not
necessarily linear) PAHS Σ of the form (1) can be
transformed to a weakly observable, linear, and full
dimensional PAHS Σo , such that
(a) For any discrete-event generator G (Σo , G) realizes the
same input-output
Pmap as (Σ, G), i.e. yΣ,G = yΣo ,G ,
(b) dim Σo ≤ (|Q|, q∈Q (nq + 1)). If Σ is a linear fulldimensional PAHS , then dim Σo ≤ dim Σ.
Moreover, Σo can effectively be computed from Σ.
Note that the PAHS Σo above need not be complete. The
intuition behind the theorem is as follows. It is always
possible to convert a PAHS to a linear full-dimensional
PAHS realizing the same input-output map, see Section V.
Hence, without loss of generality we can assume that Σ is
linear and full dimensional. It is possible to convert the LHS
HΣ of Σ to an observable LHS Ho which realizes the same
input-output behavior. If in the feedback loop we replace HΣ
with Ho , then we obtain a PAHS Σo (see Fig. 2), which has
the same input-output behavior as Σ, but the associated LHS
of which is observable, i.e. Σo which is weakly observable.

A. Linear hybrid systems
The current section is a review of [9], [10].
Definition 17 (Linear hybrid systems,[9], [10]): A linear
hybrid system (abbreviated as LHS ) is a hybrid system
without guards of the form

ẋ(t) = Aq(t) x(t) + Bq(t) u(t), y(t) = Ĉq(t) x(t)




q(t+) = δ(q(t), γ(t)), o(t) = λ(q(t))
H:
 x(t+) = Mq(t+),γ(t),q(t) x(t)



h0 = (q0 , x0 )
(4)
q(t) ∈ Q is the discrete state at time t, and Q is the
finite set of discrete states (modes),
• o(t) ∈ O is the discrete output at time t, and O is the
finite set of discrete outputs,
• γ(t) ∈ Γ is discrete event at time t, and Γ is the finite
set of discrete events,
• δ : Q × Γ → Q is the discrete state-transition map,
• λ : Q → O is the discrete readout map,
n ×nq
, Bq ∈ Rnq ×m , Ĉq ∈ Rp̂×nq are the
• Aq ∈ R q
matrices, and Xq = Rnq , nq > 0, is the continuous
state-space, of the linear system in q ∈ Q,
n
• x(t) ∈ R q(t) = Xq(t) is the continuous state at time t,
p̂
• y(t) ∈ R , for p̂ > 0, is the continuous output at time
p̂
t, and R is the space of continuous outputs,
m
• u(t) ∈ R , m > 0, is the continuous input at time t,
m
and R is the space of continuous inputs,
n
×nq
• the matrices Mδ(q,γ),γ,q ∈ R δ(q,γ)
, q ∈ Q, γ ∈ Γ,
specify the linear reset maps.
• h0 = (q0 , x0 ) – initial state.
S
The state space HH of H is HH = q∈Q {q} × Xq .
In the rest of this section, H denotes a LHS of the form
(4). The state and output of an LHS evolves as follows.
If no discrete event occurs, the evolution is governed by
the linear system of the current discrete state. As soon as a
discrete event arrives, a discrete-state transition occurs, the
continuous state is reset according to the reset map, and the
system resumes its evolution according to the linear system
of the new discrete state. Note that for LHSs discrete events
are external inputs, and there are no guards For the formal
description, we need the following notion.
•

V. P ROOF OF THE MAIN RESULT
In this section we present the proof of the main result. In
§V-A we recall from [10], [9] the notion of LHSs. In §V-B

207

M. Petreczky and J. H. van Schuppen • Observability Reduction of Piecewise-Affine Hybrid Systems

Definition 18 (Timed sequences): A timed sequence of
events is a sequence
w = (γ1 , t1 )(γ2 , t2 ) · · · (γk , tk )

The set of discrete states, outputs, events, the discrete
state-transition map and the discrete readout map of HΣ
are all the same as those of Σ,
• The matrices Aq , Bq and Mδ(q,γ),γ,q , q ∈ Q, γ ∈ Γ, of
HΣ are the same as those of Σ.
• p̂ = p|Γ|, and the readout matrix Ĉa of HΣ is the
augmented readout map of Σ, as defined in (2).
• The initial state of HΣ is the same as that of Σ.
Conversely, we can associate a PAHS with each LHS.
Definition 24 (PAHS associated with LHS ): Consider
an LHS H of the form (4), such that p̂ = p + |Γ|. The
PAHS ΣH associated with H is a PAHS of the form (1),
such that the following holds.
• The set of discrete states Q, discrete outputs O, events
Γ, the state-transition map δ, and the readout map λ is
the same for ΣH as for H.
• For all q ∈ Q, the matrices Aq , Bq , Mδ(q,γ),γ,q of ΣH,
are the same as those of H. The vectors aq , cq and
mδ(q,γ),γ,q are all zero.
• For all q ∈ Q, the matrix Cq of ΣH is formed by the

T
first p rows of Ĉq , i.e. Ĉq = CqT n1,q . . . nE,q .
• For each q ∈ Q, the polyhedron Pq of ΣH is
\
Pq =
{x ∈ Rnq | nTq,γ x ≤ 0}
•

(5)

where γ1 , γ2 , . . . , γk ∈ Γ, k ≥ 0, and t1 , t2 , . . . , tk ∈ T . We
denote the set of all such sequences by (Γ × T )∗ . If k = 0,
then w is the empty sequence, and it is denoted by .
The interpretation of w above is the following. The event γi
took place after the event γi−1 and ti is the elapsed time
between the arrival of γi−1 and the arrival of γi . If i = 1,
then t1 is the arrival time of the first event γ1 .
Notation 6: Denote the set of inputs of an LHS by U =
P C(T, Rm ) × (Γ × T )∗ × T .
Definition 19 (State evolution): Consider a triple u =
(u, w, tk+1 ) ∈ U, where w is of the form (5). For a state
h = (q, x) ∈ HH of H, define the state ξH (h, u, P
w, tk+1 )
k+1
reached from h with inputs (u, w, tk+1 ) at time
j=1 tj
recursively on k as follows.
For k = 0, let q and x(t) ∈ Xq be the solution of (6)
ẋ(t) = Aq x(t) + Bq u(t)

(6)

with x(0) = x, and set ξH (h, u, , t1 ) = (q, x(t1 )).
If for v = (γ1 , t1 )(γ2 , t2 ) · · · (γk−1 , tk−1 ) ∈ (Γ × T )∗ ,
k > 0, the state ξH (h, u, v, tk ) = (qk , xk ) is already defined,
then set qk = δ(qk−1 , γk ), and let z(t) ∈ Xqk be the solution
of (7) with the initial condition z(0) = Mqk ,γk ,qk−1 xk .
ż(t) = Aqk z(t) + Bqk u(t +

k
X

tj )

γ∈Γ

where nTq,i is the p + ith row of Ĉq .
• The initial state of ΣH is the same as that of H.
Intuitively, ΣH is obtained from H by defining the polyhedron for each discrete state q ∈ Q as the polyhedron,
normal vectors of the exit facets of which correspond to the
last |Γ| rows of the readout matrix Ĉq of H. Notice that
the correspondence of Definition 24 is dual to the one of
Definition 23.
Lemma 1: With the notation of Definition 23, the LHS
HΣH associated with ΣH equals H.
Next, we present a result which relates the state and output
of PAHS with the state and output of the associated LHS. To
this end, we need the following. Consider a DPAHS (Σ, G)
such Σ is linear and it is of the form (1). For an input u ∈
P C(T, Rm ), state h of Σ, such that xΣ,G,h exists, consider
the domain Tu,h of xΣ,G,h . For any t ∈ [0, Tu,h ), define
the pair EVΣ,G (h, u, t) = (s, t̂) ∈ (Γ × T )∗ × T such that
s is the timed event sequence generated by (Σ, G) on the
interval [0, t], if started in state h and fed input u, and no
event occurs on (t − t̂, t]. Formally, if n∗ = 0, then t̂ = t and
s = ; if n∗ > 0, and t ∈ [ti , ti+1 ) for some i = 0, 1, . . . , n∗
then s = (γ1 , t1 ) · · · (γk , tk − tk−1 ) and t̂ = t − tk . Note that
for t ∈ [0, Tu,h ), EVΣ,G (h, u, t) depends only on υH,h , and
if υH,h (u, EVΣ,G (h, u, t)) = (o, (y, z)) with o ∈ O, y ∈
Rp , z ∈ RE , then yΣ,G,h (u)(t) = (o, y). Combining these
remarks, we get the following.
Lemma 2: Assume that Σi , i = 1, 2 are linear PAHSs and
let HΣi be the LHSs associated with Σi , i = 1, 2. Assume
that hi is a state of Σi and that for any event generator G,
yΣi ,G,hi exists, for i = 1, 2, If υHΣ1 ,h1 = υHΣ2 ,h2 , then for
any event generator G, yΣ1 ,G,h1 = yΣ2 ,G,h2 .

(7)

1

Set then ξH (h, u, w, tk+1 ) = (qk , z(tk+1 )).
Note that in ξH (h, u, w, tk+1 ), the argument tk+1 ∈ T
denotes the time which has passed since the arrival of the
last event γk . Next, we will define the input-output behavior
of LHSs induced by a state.
Definition 20 (Input-output maps): The input-output map
υH,h and the continuous input-output map yH,h of H induced by the state h ∈ HH are maps
υH,h : U → O × Rp̂ and yH,h : U → Rp̂
such that for each u ∈ U, if (q, x) = ξH (h, u), then
υH,h (u) = (λ(q), Ĉq x) and yH,h (u) = Ĉq x
Definition 21 (Realization): The LHS H is is a realization
of the map f : U → O × Rp̂ if f equals the input-output
map of H induced by the initial state, i.e. f = υH,h0 .
Definition 22 (Observability): Two distinct states h1 6=
h2 ∈ HH of the LHS H are indistinguishable, if the inputoutput maps induced by h1 and h2 are equal, i.e. υH,h1 =
υH,h2 . The system is called observable, if it has no pair of
distinct indistinguishable states.
B. Relationship between PAHSs and LHSs
We start by defining the LHS associated with a PAHS.
Definition 23 (LHS associated with PAHS ): Consider a
linear PAHS Σ of the form (1). Define the LHS HΣ
associated with Σ as the LHS of the form (4) such that the
following holds.

208

Proceedings of the 19th International Symposium on Mathematical Theory of Networks and Systems – MTNS 2010 • 5–9 July, 2010 • Budapest, Hungary

i = 1, . . . , nq , forms a basis of Rnq . Denote by Wq
the linear span wi , i = 1, . . . , dq and let Sq be the
isomorphism Sq : Wq → Rdq . Then Rnq is the direct
sum W ⊕ Wc . Define the linear map Πq : Rnq → Rdq
by Πq (x) = Sq (x1 ), where x = x1 + x2 , x1 ∈ Wq
and x2 ∈ Wc . We identify Πq with the corresponding
matrix and denote by Π−1
q the right inverse of Πq . Then

Next, we state a result, which is interesting on its own right.
Theorem 4: Assume that Σ is a linear, full-dimensional
and complete PAHS and let G be any event generator. If Σ
is observable, then the associated LHS HΣ is observable.
For the proof of Theorem 4, we need the following.
Lemma 3: Assume that H is an LHS of the form (4). For
any state (qi , xi ) of H, i = 1, 2, if υH,(q1 ,x1 ) = υH,(q2 ,x2 ) ,
then υH,(q1 ,0) = υH,(q2 ,0) . In addition, υH,(q,x1 ) = υH,(q,x2 )
is equivalent to yH,(q,x1 −x2 ) (0, w, t) = 0 for all w ∈ (Γ ×
T )∗ , t ∈ T . Moreover, yH,(q,x) (0, w, t) is linear in x.
The proof of Lemma 3 follows from the proof of Theorem
2, [10]. In addition, we need the following algebraic result.
Lemma 4: If P is a full dimensional polyhedron on Rn
and W is a proper (non-zero) linear subspace Rn , then there
exist x1 , x2 ∈ P such that x1 − x2 ∈ W .
Proof: [Sketch of proof of Theorem 4] Assume that Σ is
observable, but H = HΣ is not observable. The latter means
that there exists two states hi = (qi , xi ), i = 1, 2, such that
υH,h1 = υH,h2 . By Lemma 3, it then implies that υH,(q1 ,0) =
υH,(q2 ,0) . By linearity of Σ, 0 ∈ Pqi for i = 1, 2. But
then from Lemma 2 we obtain that yΣ,G,(q1 ,0) = yΣ,G,(q2 ,0) .
Hence, if q1 6= q2 , we obtain that Σ is not observable, which
is a contradiction.
Assume that q1 = q2 . Then by Lemma 3, υH,h1 = υH,h2
is equivalent to yH,(q,x1 −x2 ) = 0. Denote by Wq the set of all
elements x ∈ Rnq , such that yH,(q,x) = 0. From Lemma 3 it
follows that Wq is a linear space and x1 −x2 ∈ Wq , x1 6= x2
implies that Wq is not trivial. Then by Lemma 4 we get that
there exist x1 , x2 ∈ Pq such that x1 −x2 ∈ Wq . But it implies
that yH,(q,x1 −x2 ) = 0 and hence υH,(q,x1 ) = υH,(q,x2 ) . But
the latter, together with the fact that (q, x1 ) and (q, x2 ) are
both states of Σ and Lemma 2 implies that yΣ,G,(q,x1 ) =
yΣ,G,(q,x2 ) . But this contradicts to observability of Σ.

Âq = Πq Aq Π−1
q ,
Ĉq Π−1
q ,

ĉq = cq , M̂q+ ,γ,q v = Πq+ Mq+ ,γ,q Π−1
q ,

m̂q+ ,γ,q = Πq+ (mq+ ,γ,q ),
\
P̂q =
{x̂ | nTq,γ Π−1
q x̂ ≤ bq,γ }
γ∈Γ
• The initial state ĥ0 of F (Σ) is ĥ0 = (q0 , Πq (x0 )).
The above transformation preserves input-output behavior.
Theorem 5: With the notation of Definition 25, for any
state h = (q, x) of Σ, the state ĥ = (q, Πq (x)) is a state of
F (Σ) and for any event generator G, yΣ,G,h exists if and
only if yF (Σ),G,ĥ exists, and yΣ,G,h = yF (Σ),G,ĥ .
Next, we present the transformation of Σ to a linear PAHS.
Definition 26 (PAHS to linear PAHS ): Define the linear
PAHS L(Σ) associated with Σ as follows.
• The set of discrete states and outputs, the discrete statetransition map and the discrete readout map L(Σ) are
the same as the corresponding items of Σ.
• For each q ∈ Q, the continuous state-space of L(Σ) is
P̄q ⊆ Rnq +1 and the affine system is

˙
x̄(t)
= Āq x̄(t) + B̄q u(t)
y(t) = C̄q x̄(t)
For each γ ∈ Γ, the reset map R̄q+ ,γ,q . q + = δ(q, γ),
of L(Σ) is linear, i.e. Rq+ ,γ,q (x) = M̄q+ ,γ,q x. Here,


 


Aq aq
Bq
Āq =
, B̄q =
and C̄q = Cq cq
0
0
0


Mq+ ,γ,q mq+ ,γ,q
M̄q+ ,γ,q =
0
1


\
n
P¯q =
{x̄ | n̄Tq,γ x̄ ≤ 0}, n̄q,γ = q,γ , γ ∈ Γ
1

C. Conversion of a PAHS to a linear full-dimensional one
In this section, Σ is a PAHS of the form (1). First, we
present the transformation of Σ to a full dimensional PAHS.
Definition 25: Define the full-dimensional PAHS F (Σ)
associated with Σ as follows.
• The discrete state and output sets, the discrete statetransition and readout maps of Σ and F (Σ) are identical.
• For each q ∈ Q, let dq be the dimension of the affine
span of elements of Pq . Then the continuous state space
of F (Σ) in q is P̂q and the affine system is

γ∈Γ

R̂q+ ,γ,q (x̂) = M̂q+ ,γ,q x̂ + m̂q+ ,γ,q

• The initial state of L(Σ) is h̄0 = (q0 , (x0 , 1)).
The intuition behind the construction of L(Σ) is as follows.
In order to encode the affine component of the continuous
dynamics of Σ, for all discrete states an additional continuous
state component is added. Hence, the state (q, x, 1) of L(Σ)
corresponds to the state (q, x) of Σ.
Theorem 6: Using the notation of Definition 26, L(Σ) is
a linear PAHS . If Σ is full dimensional, then so is L(Σ).
For any state h = (q, x) of Σ, h̄ = (q, x, 1) is a state of
L(Σ), and for any event generator G, yL(Σ),G,h̄ exists if and
only if yΣ,G,h exists, and yL(Σ),G,h̄ = yΣ,G,h .

The matrices Âq , B̂q , Ĉq , M̂q+ ,γ,q , the polyhedron P̂q ,
and vectors âq , ĉq , m̂q+ ,γ,q are defined as follows. Let
v0 , v1 , . . . , vdq ∈ Pq be an affine basis of Pq . Then there
exists vdq +1 , . . . , vnq ∈
/ Pq such that wi = vi − v0 ,

D. Proof of Theorem 1 – 3
The proofs of Theorem 1 – 3 relies on the following result.
Theorem 7: A linear PAHS Σ is weakly observable if and
only if the associated LHS HΣ is observable.

˙
x̂(t)
= Âq x̂(t) + B̂q u(t) + âq
y(t) = Ĉq x̂(t) + ĉq
The reset map R̂q+ ,γ,q of F (Σ) associated with q ∈
Q, γ ∈ Γ, q + = δ(q, γ) is defined as

•

âq = Πq aq , B̂q = Πq Bq ,
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for any e ∈ Γ, if n̂Tqo ,γ denotes the γth row of Ĉqoo , then
n̂Tqo ,γ SC = nTq,γ , since nTq,γ is the γth row of Ĉq . This
and the construction of the polyhedron Pqoo of Σo associated
withSthe discrete state q o ∈ Qo , implies that Pqo contains
SC ( q∈S −1 (qo ) Pq ). Since each Pq contains an affine basis
D
S
−1
of Xq , V =
q∈SD
(q o ) Pq contains an affine basis of
L
Wqo = q∈S −1 (qo ) Xq . Due to subjectivity of SC , the map
D
K : Wqo ∈ x 7→ SC (x) ∈ Xqoo is a surjective linear map.
Hence, SC (V ) contains an affine basis of Xqoo , i.e. Pqoo is
full-dimensional.
Notice that υH,h0 = υHo ,ho0 . Moreover, H is the LHS
associated with Σ2 and hence by Lemma 2, yΣ2 ,G =
yΣ2 ,G,h0 = yΣ,G,h0 = yΣo ,G for any event generator G.
That is, Σ and Σo realizes the same input-output behavior.

The proof of Theorem 7 can directly be obtained by substituting the definition of Mq (w, v) and OΣ,q into Theorem 2
of [10].
Proof: [Proof of Theorem 2] Consider the LHS
HΣ associated with Σ. From Theorem 4 it follows that if Σ
is observable, then HΣ is observable, and hence by Theorem
7 Σ is weakly observable.
Proof: [Proof of Theorem 1] Consider the linear PAHS
L(Σ) associated with Σ and let H = HL(Σ) be the LHS
associated with L(Σ). Notice that if Σ is full dimensional,
then so is L(Σ). Assume that for some q ∈ Q, there exists
OΣ,q 6= 0. Since Pq is a full dimensional, from Lemma 4 we
get that there exists x1 , x2 ∈ Pq such that x1 − x2 ∈ OΣ,q .
Denote by W the subset of Rnq +1 formed by vectors of
the form (xT , 0)T , x ∈ Rnq . Denote OH,q = OL(Σ),q . Note
that OH,q is the observability subspace of H, as defined in
[10], [9]. Note that OH,q ∩ W = {(z T , 0)T | z ∈ OΣ,q }.
Hence, then 0 6= ((x1 − x2 )T , 0) ∈ OH,q ∩ W . If we set
x̂i = (xTi , 1)T , i = 1, 2, then x̂1 − x̂2 = ((x1 − x2 )T , 0) ∈
OH,q . Recall from [10] that x̂1 − x̂2 ∈ OH,q in fact implies
that yH,(q,x̂1 −x̂2 ) = 0. By Lemma 3 the latter implies that
υH,ĥ1 = υH,ĥ2 , ĥi = (q, x̂i ), i = 1, 2. Then by Lemma 2,
yL(Σ),G,ĥ1 = yL(Σ),G,ĥ2 for any event generator G. Since
by Theorem 6, yΣ,G,hi = yL(Σ),G,ĥi , i = 1, 2, where hi =
(q, xi ), i = 1, 2, we get that yΣ,G,h1 = yΣ,G,h2 and h1 6= h2 .
But this contradicts the observability of Σ.
Proof: [Sketch of the proof of Theorem 3] Consider a
PAHS Σ. Transform it to a full dimensional PAHS Σ1 =
F (Σ). Transform Σ1 to a linear (and full dimensional) PAHS
Σ2 = L(Σ1 ). By Theorem 6 and Theorem 5, if h0 is the
initial state of Σ and h20 is the initial state of Σ2 , then for
any event generator G, yΣ,G,h0 = yΣ2 ,G,h20 .
Consider the LHS H associated with Σ2 . Assume that H
is of the form (4) and Σ2 is of the form (1). By [10], [9] we
can transform H to an observable LHS Ho such that H and
Ho realize the same input-output map, i.e. υH,h20 = υHo ,ho0 ,
where h20 is the initial state of H (which is the same as the
initial state of Σ2 ), and ho0 is the initial state Ho .
We apply Definition 24 to Ho to obtain the PAHS Σo as
Σo = ΣHo , i.e. Σo is the PAHS associated with Ho . Since
HΣo = Ho and Ho is observable, we get that Σo is weakly
observable. In addition, dim Σo = dim Ho ≤ dim H =
dim Σ2 and dim Σ2 ≤ dim(p, r + p) where (p, r) = dim Σ1 ,
and dim Σ1 ≤ dim Σ. Moreover, if Σ is a linear PAHS ,
then so is Σ1 and Σ2 , and then instead of Σ2 we can take
simply Σ1 , i.e. then dim Σ2 = dim Σ1 ≤ Σ.
It is also easy to see that Σo is full dimensional, To this
end, recall from [10], [9] the definition of an LHS morphism
and recall that there exists a surjective LHS morphism S =
(SD , SC ) : H → Ho . The existence and surjectivity of S
implies that
LSD is a map
LSD : Q → Qo and SC is a linear
map SC : q∈Q Xq → qo ∈Qo Xqoo , where Qo is the set of
discrete states of Ho and Xqoo is the continuous state-spaces
of Ho associated with discrete state qo ∈ Qo . In addition, it
holds that SC (Xq ) ⊆ XSoD (q) and Ĉq SC = ĈSoD (q) , q ∈ Q,
where ĈSoD (q) is the output matrix of Ho associated with
−1 o
the discrete state SD (q). Hence, for all q ∈ SD
(q ) and

VI. C ONCLUSIONS
We presented necessary conditions for observability of
piecewise-affine hybrid systems, and observability reduction
algorithm. The latter transforms a piecewise-affine system
to a one which satisfies the necessary conditions. Future
research is directed towards obtaining necessary and sufficient conditions for observability of piecewise-affine hybrid
systems and an observability reduction algorithm.
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